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Abstract 
 
This paper studied a continuous-time model of a production maintenance system in which a manufacturing 
firm produces a single product selling some and stocking the remaining. The problem of adaptive control of 
a production-maintenance system with unknown deterioration has been presented. Using Liapunov technique, 
the production rate and updating rule of deterioration rate are derived as non-linear functions of inventory 
level perturbation. Numerical analysis for the system has been presented for a set of parameter values and 
demand rate. 
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1. Introduction 
 
Applications of optimal control theory to management 
science, in general, and to production planning, in par-
ticular, are proving to be quite fruitful; see for example 
Sethi and Thompson [1]. Naturally, with the optimal 
control theory, optimal control techniques came to be 
applied to production planning problems and others. For 
example, Dobos [2] have discussed the problem of a re-
verse logistics system with special structure. The prob-
lem was presented as an optimal control problem with 
two state variables and with three control variables with 
an objective to minimize the sum of the quadratic devia-
tion from the goal values. Nahmias [3], Porter and Taylor 
[4], Raafat [5], and Khemlnitsky and Gerchak [6] have 
discussed the problems of production inventory systems 
with inventory levels dependant on demand rate, the 
problem of modal control of production inventory sys-
tems, and inventory systems with deteriorating items. 
Caldwell [7], Aseltine, Mancini and Sartune [8], Landau 
[9], and Narendra and Annaswamy [10] have solved 
many problems by using the adaptive control of linear 
and non linear dynamical systems using a feedback ap-
proach. El-Gohary and Al-Ruzaiza [11] have studied the 
adaptive control of a continuous time three species prey 
predator populations. They have derived the nonlinear 
feedback control inputs asymptotically stabilized the 
system about its steady states. El-Gohary and Yassen [12] 
have used the adaptive control and synchronization pro-

cedures to the coupled dynamo system with unknown 
parameters. Based on the Liapunov stability technique, 
an adaptive control laws are derived such that the cou-
pled dynamo system is asymptotically stable and the two 
identical dynamo systems are asymptotically synchro-
nized. Also, the update rules of the unknown parameters 
are derived. Tadj, Sarhan and El-Gohary [13] have dis-
cussed the optimal control of an inventory system with 
ameliorating and deteriorating items. Different cases for 
the difference between the ameliorating and deteriorating 
items are considered. Foul, Tadj, and Hedjar [14] have 
studied the problem of adaptive control of a production 
inventory system in which a manufacturing firm pro-
duces a single product selling some and stocking the re-
maining. Model reference adaptive control with feedback 
is applied to track the output of the system toward the 
inventory goal level. 

The paper studies a production-inventory model which 
produces a single item with a certain production rate and 
seeks an adaptive actual production and inventory rates. 
This model has a dynamic nature and an adaptive control 
approach seems particularly well suited to achieve its 
goal level and production rate. Also, the unknown dete-
rioration rate will be derived from the conditions of as-
ymptotic stabilization about the steady-state. 

The rest of the paper is organized as follows. Follow-
ing this introduction, the mathematical model is intro-
duced in Section 2. In Section 3, the problem of adaptive 
control of the production inventory system with un-
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known deterioration rate is discussed. Also the desired 
production rate and updating rule of the deterioration rate 
are derived from the conditions of the asymptotic stabil-
ity of the system. In Section 4, we present some illustra-
tive examples. The numerical solution of the controlled 
model is presented. Section 5 presents a conclusion of 
the paper. 

 

2. Mathematical Model 
 

Consider a manufacturing system that produces a single 
product, selling some units and adding others to inven-
tory. We start by writing the differential equation mod-
els. These can be conveniently formulated in terms of 
Moreover, the following variables and parameters are 
used: 

( )I t
( )P t

: the inventory level at time t,  

a

( )D t
: the actual production rate at time t, 
: the demand rate at time t, 

( )u t : the desired production rate at time t, 
 : the deterioration rate, 
 : the inverse of exponential delay time, 
I : the inventory level at the steady state, 

aP : the actual production rate at steady state, 
D : the demand rate at steady state. 
All functions are assumed to be nonnegative, continu-

ous and differentiable. Assume that at the time instant t 
the demand occurs at rate , the actual production at 
rate , and the actual production rate responds to 
the desired production rate with an exponential 
time-delay of 

( )D t
( )aP t

1 , it follows that the inventory level 
( )I t  and the actual production rate  evolve ac-

cording to the following first order differential equa-
tions: 

( )aP t

ˆ( ) ( ) ( ) ( ) ( ),

( ) ( ) ( ) ,( )

a

a a

I t P t t I t D t

P t u t P t





  


  




         (1) 

where, the “dot” means the differentiation with respect to 
time and the initial state is 0(0)I I , a . This 
balance equations were also used by Porter and Taylor 
(1972), Bradshaw and Porter (1975), and Riddalls and 
Bennett (2001) without deterioration rate 

(0)aP  P

 . The 
steady-states of this system can be derive by setting both 

( )I t  and  equal to zero. That is: ( )aP t

 1 ,aI p D   ap u              (2) 

Next, in what follows we will discuss the adaptive 
control of the production inventory model with unknown 
deterioration rate using Liapunov technique. 

3. Adaptive Control Problem 
 
In this section, we will discuss in details the adaptive 
control problem of the reference model. The rates of de-
mand and desired production, and updating rule of dete-
rioration rate will be derived from the condition of as-
ymptotic stability of the reference model. To study the 
adaptive control problem we start by considering the val-
ues of required inventory goal level, and actual produc-
tion goal rate as the steady-state solution of the reference 
model Equation (1). We consider the adaptive system as 
follows: 

ˆ( ) ( ) ( ) ( ) ( ),

( ) ( ) ( ) ,( )

a

a a

I t P t t I t D t

P t u t P t





  


  




        (3) 

where, ˆ( )t  is the dynamic estimator of the unknown 
deterioration rate  . Following, we assume that ( )I t I , 

( )a aP t P , ( )u t u , ( )D t D , and ˆ( )t   is a spe- 
cial solution for the system Equation (3). The equations 
of perturbed states of the reference system about its 
steady states can be derived by introducing the following 
new variables: 

1 2( ) ( ) , ( ) ( ) ,

ˆ( ) ( ) , ( ) ( ) , ( ) ( ) ,

a at I t I t P t P

v t u t u d t D t D t t

 

  

    


      
  (4) 

Substituting from Equation (4) into Equation (3) we 
get the following perturbed system: 

1 2 1 1

2 2

( ) ( ) ( ) ( ) ( ) ( ) ( ),

( ) ( ) ( ) ,[ ]

t t t t t I t d t

t v t t

     

  

    


  




  (5) 

The system Equation (5) will be used to study the 
adaptive control problem using the Liapunov technique 
for the system of Equation (4). The following theorem 
gives the desired production rate and updating rule for 
deterioration rate ensure the asymptotic stability of the 
reference production inventory model with uncertain 
deterioration rate. 
 
Theorem 1 
If the perturbations of both desired production rate and 
updating rule of the deterioration rate are given by: 

 1 2( ) ( ) ( )v t t k t                (6) 

and 
2

1 1( ) ( ) ( ) ( )t t I t m t                 (7) 

where, k, and m are positive real control gains parameters. 
Then the special solution ( ) 0, ( 1,2)i t i   , ( ) 0v t  , 
and ( ) 0t   of the systems Equations (5) and (7) is 
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t

asymptotically stable in Liapunov sense if the demand 
rate is linear function of the perturbation of the inventory 
level or the actual production rate. Otherwise, the as-
ymptotic stability of the solution requires further mathe-
matical analysis. 

Proof: The proof of this theorem based on the selec-
tion of a suitable Liapunov function for the system con-
sists of the two combined systems Equations (5) and 
(7). 

Assume this function has the form: 

 
22

2
1 2

1

, , ( ) ( )
i i

t    


            (8) 

This function is a positive definite function of the 
variables ( ), ( 1, 2)i t i  , and ( )t . The total time de-
rivative of the Liapunov function Equation (8) along the 
trajectory of the systems Equations (5) and (7) give: 

2 2 2
1 2( ) ( ) ( ) ( ) ( ) ( )[ ]t k t m t d t          

1 t   (9) 

Since 0k  

( ) ( )f t t

, , the sign of  depends 
upon the perturbation of the demand rate. In this paper, 
we will consider the following two possibilities which 
are: 1

0m  

( )d t   or 2( ) ( ) ( )d t g t t . Hence, the 
total time derivative of the Liapunov function takes the 
form: 

2 2 2
1 2

2 2 2
1 2 1

( ( )) ( ) ( ) ( ) ( ),

( ) ( ) ( ) ( ) ( ) ( ) ( ),

f t t k t m t

t k t m t g t t

    

     

     


  
    



2 t

 

(10) 

So, the special solution: ( ) 0, ( 1,2)i t i   , ( ) 0v t  , 
and ( ) 0t   is asymptotically stable in the Liapunov 
sense if: 2 ( )g k    which completes the proof. 

Now, substituting the adaptive controlled desired pro-
duction rate and updating rule of the deterioration rate 
Equation (5) into Equation (4) we get the following con-
trolled system: 

1 2 1 1

2 1 2 2

2
1 1

( ) ( ) ( ) ( ) ( ) ( ) ( ),

( ) ( ) ( ) ( ),

( ) ( ) ( ) ( ),

t t t t t I t d t

t t k t t

t I t t m t

     

   

   

    



    


   







(11) 

The above system is used to study the time evolution 
of inventory levels and dynamic estimators of deteriora-
tion rates. It appears from Equation (11) that the analyti-
cal solution of the system is difficult to derive since it is 
non-linear and therefore we solve it numerically in the 
next section. 

4. Numerical Solution 
 

The objective of this section is to study the numerical 
solution of the problem to determine an adaptive control 
strategy for a production inventory model with unknown 
deterioration rate. The numerical solution algorithm is 
based on numerical integration of the system using the 
Runge-Kutta method. This section displays graphically 
the numerical integration of system Equation (11) of 
differential equations for a set of parameter values. 
 
4.1. Example 1 
 
In this example we will graphically display the system 
behavior subjected to linear demand rate of the inventory 
perturbation. The following set of parameter values is 
assumed: 

Parameter k m f   I  

Value 3 3 2 0.05 50 0.2

With the following values of initial perturbations of 
inventory level, actual production rate, and deterioration 
rate: 1(0) 40  , 2 (0) 15  , (0) 0.02   respectively. 
The numerical results are illustrated in Figures 1(a)-(d) 
as follows: 

Figures 1(a)-(c) have indicated that both the perturba-
tions of inventory level and deterioration rate are damp-
ing oscillate about their goal values. While Figure 1(b) 
indicates that the actual production rate perturbation ex-
ponentially tends to its goal value. Finally, Figure 1(d) 
shows that the desired production rate exponentially os-
cillates about its goal value. 
 
4.2. Example 2 

 
In this example we will graphically display the system 
behavior subjected to linear demand rate of the actual 
production rate perturbation. The following set of pa-
rameter values is assumed: 

Parameter k m f   I  

Value 0.05 0.01 0.2 0.05 200 5 

With the following values of initial perturbations of 
inventory level, actual production rate, and deterioration 
rate: 1(0) 50  , 2 (0) 15  , (0) 0.02   respectively. 

The numerical results are illustrated in Figures 2(a)-(d) 
as follows: 

Figures 2(a)-(d) have indicates that the perturbations of 
inventory level, deterioration rate, and desired production 
rate are damping oscillate about their goal values. While 
Figure 2(b) indicates that the actual production rate per-
turbation exponentially tends to its goal value. 
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(c)                                                      (d) 
Figure 1. (a) Perturbation of inventory level; (b) Perturbation of actual production rate; (c) Perturbation of deterioration 
rate; (d) Perturbation of desired production rate. 
 

   
 

(a)                                                     (b) 
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(c)                                                      (d) 

Figure 2. (a) Perturbation of inventory level; (b) Perturbation of actual production Rate; (c) Perturbation of deterioration 
rate; (d) Perturbation of desired production Rate. 
 
5. Conclusions 

 
In this paper we have discussed the problem of adaptive 
control of a production inventory system with unknown 
deterioration rate. The desired production rate and up-
dating rule of deterioration rate are derived from the 
condition of asymptotic stability about its steady state 
using Liapunov technique. The demand rate is consid-
ered as linear function of both inventory level and actual 
production rate. Numerical examples are presented to 
show the system behavior for a set of parameter values. 
It was found that the actual production rate exponentially 
tends to its goal value while the inventory level, deterio-
ration rate, and desired production rate are damping os-
cillate about their goal values. 
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