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Question 1 (a) (b) (c) (d) (e)

Answer (ii) (ii) (ii) (i) (iii)

Question 1

Choose the correct answer (write it down on the table above):

(a) F (x) = (x + 1)2 is an antiderivative of

(i) x2 + 2x + 1

(ii) 2(x + 1)

(iii) 1
3
(x + 1)3 + c

(iv) None.

Solution: (ii) F ′(x) = f(x) =⇒ f(x) = 2(x + 1).

(b)
7∑
i=3

i(i− 1) equals

(i) 35

(ii) 110

(iii) 40

(iv) None.

Solution: (ii)

7∑
i=3

i(i−1) =
7∑
i=1

(i2−i)−
2∑
i=1

(i2−i) =
[7(8)(15)

6
−7(8)

2

]
−
[2(3)(5)

6
−2(3)

2

]
= 112−2 = 110.

(c) If f(x) = x and g(x) =
√
x, then

(i)
∫ 2

1

√
xdx ≥

∫ 2

1
xdx

(ii)
∫ 2

1

√
xdx ≤

∫ 2

1
xdx

(iii)
∫ 2

1
1
x
dx ≥

∫ 2

1

√
xdx

(iv) None.

Solution: (ii) Since
√
x ≤ x on the interval [1, 2] then

∫ 2

1

√
xdx ≤

∫ 2

1
xdx.
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(d)
∫ 2π

0
sinxdx equals

(i) 0

(ii) 1

(iii) 2

(iv) None.

Solution: (i)
∫ 2π

0
sinxdx = − cosx

∣∣∣2π
0

= −(1− 1) = 0

(e) If
∫ 6

1
g(x)dx = 3 and

∫ 9

1
g(x)dx = 10, then

∫ 9

6
g(x)dx equals

(i) 3

(ii) -7

(iii) 7

(iv) None

Solution: (iii)
∫ 6

1
g(x)dx +

∫ 9

6
g(x)dx =

∫ 9

1
g(x)dx =⇒

∫ 9

6
g(x)dx =

∫ 9

1
g(x)dx−∫ 6

1
g(x)dx = 10− 3 = 7
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Question 2

(a) If f(x) is continuous on [a, b] and F (x) =
∫ x
a
f(t)dt, prove that F ′(x) = f(x) on

[a, b].

Solution: We do a regular partition From the definition of the integral

F ′(x) = lim
h→0

F (x + h)− F (x)

h

= lim
h→0

1

h

[ ∫ x+h

a

f(t)dt−
∫ x

a

f(t)dt
]

= lim
h→0

1

h

[ ∫ x+h

a

f(t)dt +

∫ a

x

f(t)dt
]

= lim
h→0

1

h

[ ∫ x+h

x

f(t)dt
]

Since h = x + h− x then by the Integral mean value theorem we have

F ′(x) = lim
h→0

f(c)

for number c ∈ (x, x + h). Since c between x and x + h we have c → x as h → 0
and since f is continuous

F ′(x) = f(x).

(b) If F (x) = (sinx)2
∫ x
0

√
tdt

(i) Find F ′(x).
Solution: Let g(x) = (sin x)2 and h(x) =

∫ x
0

√
tdt, then

F (x) = g(x)h(x) ”Product of two functions”

= g′(x)h(x) + g(x)h′(x)

Since g′(x) = −2 cosx sinx and by The Fundamental Theorem of Calculus
h′(x) =

√
x, Then

F ′(x) = −2 cosx sinx

∫ x

0

√
tdt + (sinx)2

√
x.

(ii) Find F ′(0).

Solution: F (0) = −2 cos(0) sin(0)
∫ 0

0

√
tdt + (sin(0))2

√
0. = 0 + 0 = 0
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Question 3

(a) Find
∫ 3

0
(x2 + 1)dx using limit of Riemann sum and right endpoints. Solution:∫ b

a

f(x)dx = lim
n→∞

n∑
i=1

f(ci)∆x

a = 0, b = 3, f(x) = (x2 + 1).

1. ∆x = b−a
n

= 3−0
n

= 3
n

2. ci = xi = xi−1 + ∆x

x0 = a = 0, x1 =
3

n
, x2 =

3

n
+

3

n
= 2

3

n
, x3 =

3

n
+2

3

n
= 3

3

n
, . . . , xn = n

3

n
= 3 = b

this implies that ci = xi = i( 3
n
).

3. ∫ 3

0

(x2 + 1)dx = lim
n→∞

n∑
i=1

f(
3i

n
) · 3

n

= lim
n→∞

n∑
i=1

(
(
3i

n
)2 + 1

)
· 3

n

= lim
n→∞

n∑
i=1

(9i2

n2

)
· 3

n

= lim
n→∞

3

n

[ n∑
i=1

9

n2
i2 +

n∑
i=1

1
]

= lim
n→∞

3

n

[ 9

n2

n∑
i=1

i2 +
n∑
i=1

1
]

= lim
n→∞

3

n

[ 9

n 62
6 n(n + 1)(2n + 1)

6
+ n
]

= lim
n→∞

3

n

[ 3

n

(2n2 + 3n + 1)

2
+ n
]

= lim
n→∞

3

n

[3(2n2 + 3n + 1) + 2n2

2n

]
=

3

2
lim
n→∞

[(6n2 + 9n + 3 + 2n2)

n2

]
=

3

2
lim
n→∞

[8n2 + 9n + 3

n2

]
=

3

2
(8) = 12.
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(b) Find the value of c that satisfies the Integral Mean Value Theorem for f(x) = 4x3+1
on [0, 1].
Solution:

f(c) =
1

b− a

∫ b

a

f(x)dx (1)

a = 0, b = 1 and∫ 1

0

f(x)dx =

∫ 1

0

(4x3 + 1)dx = (4.
x4

4
+ x)

∣∣1
0

=6 4x
4

6 4

∣∣∣1
0

+ (1− 0) = (14 − 0) + 1 = 2

Substitute in (1)

f(c) = 4c3 + 1 = 2 =⇒ 4c3 = 1

=⇒ c3 =
1

4

=⇒ c =
3

√
1

4
∈ (0, 1)

Integral Calculus 6



King Saud University Math 111

Question 4

Evaluate the following integrals:

(i)
∫ √

x 3
√
xdx =

∫
(x)

1
2 (x)

1
3dx =

∫
x

1
2
+ 1

3dx =
∫
x

5
6dx = x

5
6+1

5
6
+1

+ c

(ii)
∫

1
x lnx

dx

Let u = lnx then du
dx

= 1
x

=⇒ du = 1
x
dx

Substitute in the integral∫
1

u
du = ln |u|+ c = ln | lnx|+ c

(iii)
∫ 1

−1 f(x)dx, where f(x) =

{
2x x > 0

1 x ≤ 0∫ 1

−1 f(x)dx =
∫ 0

−1 dx +
∫ 1

0
2xdx = x

∣∣∣0
−1

+ x2
∣∣∣1
0

= (0− (−1)) + (1− 0) = 1 + 1 = 2.

(iv)
∫

cosx−sinx
sinx+cosx

dx.

Let u = sinx + cosx then
du
dx

= cos x− sinx =⇒
∫

cosx−sinx
sinx+cosx

dx =
∫

1
u
· du
dx
dx =

∫
1
u
du = ln |u| + c =

ln | sinx + cosx|+ c
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