MATH 111 - Integral Calculus
Second Semester - 1447 H
Solution of the Second Exam
Dr Tariq A. Alfadhel

Question (1): [1 + 1 = 2 marks|
Find the derivative of the following functions :

1. f(z) =sinh™ (In|z 4 1]) .

Solution :
1 1 1

fa)= = :
itz +1)2 P @1+ (e + 1)

2. g(x) = csch™ (Vz+2).

Solution :

~1 1 ~1
- T+2\/( T+2)2+12\/x+272(x+2)\/$ 3°

g (x)

Question (2): [2 marks]

Calculate lim ;—l .
e—0t \In(z+1) =

Solution :

1 1
li _— = -
S0+ (ln(x +1) x) (00 = 00)

. 1 1 . x—In(z+1) 0
im (—————— )= lm ————= =
a—ot \In(z+1) = a—0t z In(x +1) 0

Using L'Hopital’s rule.

1 1 ((z+1)71)
lim __tl = lim ot
e=0+ In(z 4+ 1) 4o 5 @0t (<x+1> 1n<x+1)+x)
& x+1

. T 0
= lim —
e—0+ (z+ DIn(z+ 1)+ <O)
Using L’Hopital’s rule.
1 . 1 1 1

lim T = lim = = _
a0t In(z+ 1)+ (2 +1) ;33 +1  e—orln(+1)+2 0+2 2

Therefore, lim I = 1 .
a—0+ \In(z+1) = 2



Question (3): [1.5+ 1+ 1+2+4 2+ 2+ 1.5 marks]
Evaluate the following integrals :

1. /x sech™ 'z dz .

Solution : Using integration by parts.

uw = sech 'z dv =x dz
-1 x?
du= ———— dzx v=—
zv/1 — 22 2
x? x? -1
x sech 'z do = = sech 'z — / — ————dx
/ 2 2 V1 —2a?

2
T _1 1 x
i?SQCh z+§/ﬁdx
2 1 1
:%sech 1x+§_—2 (1—2%) 2 (—2z) dz
2 1 (1-22)3 2 V1— 22
:%bech 13:—1( T ) +c:2 sech_la:—Tx+c

1
_—
/ ay/(n|z])® — 1

Solution :

S — dr = 7(%) d
/m/(1n|x|)2_1 /\/(ln|x|)2—1

3. /sec3x tan® z dx

z = cosh™" (In|z|) + ¢ .

Solution :
Using the substitution u = secx .

Hence du = secx tanz dx .

/secga: tan® z dx = /sech tan®z secz tanz dx

:/seczx (seczxfl) secx tanx al:rz/u2 (u271) du

(U4*u2) du:uisfuingC:SeCsxisec?’x
5} 3 5 3



1
4. / dx
(r —2)vV—a?+4x—2
Solution : By completing the square.

a2t tdr —2=—(2? —4z)—2=—(2* —da+4)-2+4

=2 (2% —dr+4)= (\/5)2—(95—2)2.

/ ! dr = ! dx
(r = 2)v=r? 4w =2 (@ -2/ (V3)’ — (2 — 22

1 1 f(x—=2
:—Esech (\/§>+C.

Solution : Using trigonometric substitutions.

Put £ = 2sinf — sin@zg .

dx = 2cosf df.

3 3 3 3
(4—2%)2 = (4—4sin®0)* = [4 (1 —sin®0)]* = [(2)* cos®0]* = 2% cos® 0.
/ 1 adx:/ 2cosf d@:i/ 1 a0

(4—22)2 23 cos3 0 22 | cos?0

1 1
:1/5%29 d9:1tan9—|—c
. x
81n9:§. 2
From the triangle :
tan ) = —— C/

4 — 2 4-%

1 1 T
——dr=- ——=+c

/(4_952)3 4 /4= 22

/ 3x2+x+4
| ————dx

x(x? + 4)

Solution : Using the method of partial fractions.
3z2+x+47é Bx+C

v(z2+4) x  22+4
322 +x+4  A@®+4)  (Bz+C)x

r(z2 +4)  x(x?+4) x(z? 4+ 4)




322+ +4= Az’ +4A+ Bz® + Cx
32 +x+4=(A+ B)z> + Cr + 44

By comparing the coefficients of the two polynomials in each side :

(1)

H
C = — (2)
—

3)

=1.

YN

From equations (3) : 44 =4 — A=

From equations (1) : A+ B=3 = 1+B=3 = B=2.
[t (152 v
:/%dm—k/ifg%i dx
:/%M+/P%Zm+/@ﬁiﬁgm

1
=In|z| 4+ In(z* +4) + = tan™* (E> +c.

2 2
1
./gfgﬁdx.
xr2 + x4

Solution :

N

Using the substitution # = u*, then u =

dz = 4u® du .

1 43 3
r2 + 1 (u4)§—|—(u4)1 u“ +u
3 _
:4/u7du:4 Lduﬂ/wdu
u? (1 +u) u+1 u+1

:4/ url 1 du:4/ PR S
u—+1 u+1 u+1

=4(u—Infu+1))+c=4du—4lnju+1|+c=4z7 —4ln

x%+1‘+c.



