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Parametric Equations of Plane Curves

Definition

A plane curve is a set of ordered pairs (f(t), g(t)), where f and g are continuous on an interval |.

Definition

Let C be a curve consists of all ordered pairs (F(t), g(t)), where f and g are continuous on an interval |. The equations

x = f(t), y=g(t) fort €l

are parametric equations for C with parameter t.
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Parametric Equations of Plane Curves

Definition

A plane curve is a set of ordered pairs (f(t), g(t)), where f and g are continuous on an interval |.

Definition

Let C be a curve consists of all ordered pairs (F(t), g(t)), where f and g are continuous on an interval |. The equations

x = f(t), y=g(t) fort €l

are parametric equations for C with parameter t.

Example: Consider the plane curve C given by y = x2.

¥

Now, let x = t and y = 2 for
—1<t<2. (24)

=
"

b
We have the same graph where
x(t) and y(t) are called para-
metric equations for the curve C (Y]
with parameter t.
[ (N [ |
X
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Parametric Equations of Plane Curves

M Notes.

o The parametric equations give the same graph of y = f(x).

e The parametric equations give the orientation of the curve C indicated by arrows and determined by increasing values of
the parameter as shown in the previous figure.

e To find the parametric equations, we introduce a third variable t. Then, we rewrite x and y as functions of t.
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Parametric Equations of Plane Curves

M Notes.

o The parametric equations give the same graph of y = f(x).

e The parametric equations give the orientation of the curve C indicated by arrows and determined by increasing values of
the parameter as shown in the previous figure.

e To find the parametric equations, we introduce a third variable t. Then, we rewrite x and y as functions of t.

Write the curve given by x(t) = 2t + 1 and y(t) = 4t> — 9 as y = f(x).
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Parametric Equations of Plane Curves

M Notes.

o The parametric equations give the same graph of y = f(x).

e The parametric equations give the orientation of the curve C indicated by arrows and determined by increasing values of
the parameter as shown in the previous figure.

e To find the parametric equations, we introduce a third variable t. Then, we rewrite x and y as functions of t.

Write the curve given by x(t) = 2t + 1 and y(t) = 4t> — 9 as y = f(x).

Solution:
Since x = 2t + 1, then t = (x — 1)/2.

This implies

y=4t2—9
x—1

2
—9
5)

:4(

iy:x272xf8

Prof. Mohamad Alghamdi MATH 106 November 1, 2023



Parametric Equations of Plane Curves

Sketch and identify the curve defined by the parametric equations

x=5cos t, y=4sint, 0<t< 2w
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Parametric Equations of Plane Curves

Sketch and identify the curve defined by the parametric equations

x=5cos t, y=4sint, 0<t< 2w

Solution:
X
x:5cost:>cost:E ¥
=4 sint int=2
y =4 sin =>s|nt—z i+£,
(04)] 25" 16
By using the identity
3
o
coszt+sin2t:1 |
123 450 i3
we have ) )
X Yy
—+—==1 0,—4
25 16 ( )

Thus, the curve is an ellipse.
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Parametric Equations of Plane Curves

The curve C is given parametrically x = sin t, y =cos t, 0 < t < 2m. Find an equation in x and y, then sketch the graph
and indicate the orientation.
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Parametric Equations of Plane Curves

The curve C is given parametrically x = sin t, y = cos t,

0 < t < 27. Find an equation in x and y, then sketch the graph
and indicate the orientation.

Solution: By using the identity cos? t+sin® t =1, we obtain

x2+y2:1.

Therefore, the curve is a circle. The orientation can be indicated as follows:

3
t 0 z =z 27
X 0 1 0 -1 0
y 1 0 1 0 1
(x,y) | (0,1) (1,00 (0,-1) (=1,0) (0,1)

oD tyi=1

Note. The arrows on the curve indicate the direc-
tion in which the point (x, y) traces the curve as t
increases from 0 to 27r.

(-1.0) (10 X

(0.-1)
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Tangent Lines

M Suppose that f and g are differentiable functions. We want to find the slope of the tangent line to a smooth curve C given by
the parametric equations x = f(t) and y = g(t) where y is a differentiable function of x.

Chain Rule
y = h(x)

dy B dy dx

dt  dx dt

dy

d =X

=2 g

dx 3

rdy dy/dt  dx

= = I —
dx dx /dt dt

#0 )

@ Ifdy/dt = 0 such that dx/dt # 0, the curve has a horizontal tangent line.

@ Ifdx/dt = 0 such that dy/dt # 0, the curve has a vertical tangent line.

Prof. Mohamad Alghamdi MATH 106 November 1, 2023 7 /41



Tangent Lines

Find the slope of the tangent line to the curve at the indicated value.

Q x=t+1,y=1"+3tatt=-1
3 —3t,y=t2—5t—1;att=2

©
X
Il

e x =sin t, y = cos t;att:%
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Tangent Lines

Find the slope of the tangent line to the curve at the indicated value.

Q x=t+1,y=1"+3tatt=-1
3 —3t,y=t2—5t—1;att=2

©
X
Il

e x =sin t, y = cos t;att:%

Solution:
o The slope of the tangent line at P(x, y) is
’ dy dy/dt 2t + 3
T odx dx/dt 1

=2t+3.

The slope of the tangent lineat t = —1is m =2(—1)+3 = 1.
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Tangent Lines

Find the slope of the tangent line to the curve at the indicated value.

Q x=t+1,y=1"+3tatt=-1
3 —3t,y=t2—5t—1;att=2

©
X
Il

e x =sin t, y = cos t;att:%

Solution:
o The slope of the tangent line at P(x, y) is
’ dy dy/dt 2t + 3
T dxjdt 1
The slope of the tangent lineat t = —1is m =2(—1)+3 = 1.

e The slope of the tangent line at P(x, y) is
’ dy dy/dt 2t —5

T dx dx/dt 32 -3
22)—5 -1

The slope of the tangent lineatt =2 ism= —— = .
3(2)2 -3 9
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Tangent Lines

Find the slope of the tangent line to the curve at the indicated value.

Q x=t+1,y=1"+3tatt=-1
3 —3t,y=t2—5t—1;att=2

©
X
Il

e x =sin t, y = cos t;att:%

Solution:
o The slope of the tangent line at P(x, y) is
’ dy dy/dt 2t + 3
T odx dx/dt 1

=2t+3.

The slope of the tangent lineat t = —1is m =2(—1)+3 = 1.
e The slope of the tangent line at P(x, y) is
’ dy dy/dt 2t —5

T dx dx/dt 32 -3

. . 2(2) —5 -1
The slope of the tangent lineatt =2 ism= ——— = —.
3(2)2 -3 9
e The slope of the tangent line at P(x, y) is
’ dy dy/dt —sin t
=—= = = —tan t.
dx dx/dt cos t
™
The slope of the tangent line at t = 7 is m = —tan i —1.
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Tangent Lines

Find the squati%ns of the tangent line and the vertical tangent line at t = 2 to the curve C given parametrically by
x=2t, y=1t"—1.
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Tangent Lines

Find the squati%ns of the tangent line and the vertical tangent line at t = 2 to the curve C given parametrically by
x=2t, y=1t"—1.

Solution: The slope of the tangent line at P(x, y) is

7dy7dy/dt72t7t
Y T T a2 ¢

The slope of the tangent line at t = 2 is m = 2.

The point corresponding to t = 2 is (xg, yo) = (4, 3). Thus, the equations of the tangent line is

y—3=2(x—4) Point-Slope form: y — yg = m(x — x)
. . . . .. -1 —1
Since the slope of the tangent line at t = 2 is m = 2, then the slope of the vertical tangent line is — = -
m

Thus, the equation of the vertical tangent line is

3= —t(e—a)
—3=——(x—4).
Y 2
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Tangent Lines

Let the curve C has the parametric equations x = f(t) and y = g(t) where f and g are differentiable functions. To find the

dy
second derivative e we apply the formula:
X

Py _dy) _ o/ (2)
dx2  dx  dx/dt

d?y  d%y/dt?
Note that — —_—
dx? # d?x /dt?

d d?
IEx= £y = t2 = 1 findl =2 and| = e £ =1l
Ix dx?
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Tangent Lines

Let the curve C has the parametric equations x = f(t) and y = g(t) where f and g are differentiable functions. To find the

dy
second derivative e we apply the formula:
X

Py _dy) _ o/ (2)
dx2  dx  dx/dt

d?y  d%y/dt?
Note that — —_—
dx? # d?x /dt?

d d?
IEx= £y = t2 = 1 findl =2 and| = e £ =1l
dx dx?

s ooody dx _
Solution: G =2 F=1

d) dy/dt 2t d)
y':—y: y/ = — =2t= att:l,wehave—y:Q(l):2
dx dx /dt 1 dx

d?y  dy'/dt 2 d?
7}/: v/ -=2= att:l,wehave—y:Z
dx? dx/dt 1 dx2
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Arc Length and Area of Revolution Surface

) _dy dy
If x =sin t, y = cos t, find — and — att = %
dx dx?
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Arc Length and Area of Revolution Surface

) _dy dy
If x =sin t, y =cos t, find — and — att= %
Ix dx?

-
Solution: Z{ — sin t, % =cos t
d) dy/dt — sin t ks d)
/77}/: v/ = = — tan t = attzf,wehave—yzfx/g
dx dx /dt cos t 3
d2y dy’ /dt —sec? t 3 ™ d2y
— = = ———— = —sec t= att= —,we have— =
dx? dx/dt cos t dx?
Prof. Mohamad Alghamdi

MATH 106

November 1, 2023 11 / 41



Arc Length and Area of Revolution Surface

Let C be a smooth curve has the parametric equations x = f(t), y = g(t) where a < t < b, and f’ and g’ are continuous.
Assume that the curve C does not intersect itself, except possibly at the point corresponding tot = a and t = b.

o The arc length of the curve is

e If y > 0 over [a, b], the surface area generated by revolving C about x-axis is

b d d
S.A:27r/ y () 4 ()P
2 dt

e If x > 0 over [a, b], the surface area generated by revolving C about y-axis is

b dx dy
SA=2 /x —)2 1 (=)
7 a (dt) (dt)
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Arc Length and Area of Revolution Surface

Find the length of the curve x = et cos t, y =efsin t, 0 <t < %
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Arc Length and Area of Revolution Surface

Find the length of the curve x = et cos t, y =efsin t, 0 <t < %

b dx dy dx dy
Solution: We apply L :/ —)2 + (— 2 gt First, we find — and —:
PRy a (dt) (dt) dt

dt’

dx dx
—e'cos t —e'sin t = (—)2 = (efcos t — efsin t)?,

dt dt

dy dy
=e'sin t+efcos t = (—)2 = (e'sin t+ e’ cos t)2.

dt dt

Thus,
dx dy
((7 2 + d— 2 = e cos? t—2e* cos t sin t + etsin® ¢ + &%t sin? t+282t sin t cos t+ et cos? t
t t

= ezt(cos2 t + sin? t) + eZt(cos2 t + sin? t) Remember: cos’ t 4 sin t =1
_ e2t + eZt _ 2ezt

d d)
Eyp(Eyzovaet
dt dt

b | dx dy
When applyin, L:/ —2+f2dt, e have
ppying a (dt) (dt) we hav

L:\/i/(;%etdt:\/i[et}og:ﬁ(e%_l),

(
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Arc Length and Area of Revolution Surface

Find the surface area generated by revolving the curve x = 3cos t, y =3sin t, 0 < t < % about x-axis.
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Arc Length and Area of Revolution Surface

Find the surface area generated by revolving the curve x = 3cos t, y =3sin t, 0 < t < % about x-axis.

Solution: Since the revolution is about x-axis, we apply the formula
b dx dy
S.A=2r / — )24 (—)?
a Y ( dt ) ( dt )

.oodx dy
We find — and — as follows:
dt dt

dx dx
— = —3sin t = (—)2 =9sin® ¢
dt dt
d dx
¥ 3cos t = (—)2 =9cos? t
dt dt
Thus,
dx d)
(—)%+ (—y)2 =9(sin® t+cos® t) =9 Remember: cos® £+ sin® t = 1
dt dt
This implies
" T us s
S.A:27r/ 3 3 sin t\/§dt:187r/3 sin ¢ dt = —187 | cos t}03
0 0
1
= —18x [5—1] =or.
Prof. Mohamad Alghamdi MATH 106 November 1, 2023 14 / 41



Polar Coordinates

Definition

The polar coordinate system is a two-dimensional system consisted of a pole and a polar axis (half line). Each point P on a
plane is determined by a distance r from a fixed point O called the pole (or origin) and an angle 6 from a fixed direction.

M Cartesian Coordinates (Rectangular Coordinates) M Polar Coordinate

:}r /[
P(xy,y1)
) I .
X1 x Pole Polar axis
Prof. Mohamad Alghamdi MATH 106
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Polar Coordinates

M Notes.

(1) From the definition, the point P in the polar coordinate system is represented by the ordered pair (r, 0) where r, 6 are

called polar coordinates.

(2) The angle @ is positive if it is mea-
sured counterclockwise from the axis,
but if it is measured clockwise the an-
gle is negative.

(3) In the polar coordinates, if r > 0,
the point P(r, 8) will be in the same
quadrant as 6; if r < 0, it will be in
the quadrant on the opposite side of
the pole with the half line. That is, the
points P(r, 8) and P(—r, 0) lie in the
same line through the pole O, but on
opposite sides of O.

Prof. Mohamad Alghamdi

P(r,8)

Polar axis

P(r,—8)
P(r,0)
0
Polar axis
P(-1,6)
MATH 106 November 1, 2023
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Polar Coordinates

(4) In the Cartesian coordinate system, every point has only one representation while in a polar coordinate system each point
has many representations. The following formula gives all representations of a point P(r, ) in the polar coordinate system

P(r,0 +2nmw) = P(r,0) = P(—r,0 + (2n+1)w), n€Z. (4)

P(r,0) = P(r,8 + 2m) P(r,6)

P(-1,6+n)

A
h{ibi Polar axis
) ‘

\ / Polar axis

P(r,6 +m)
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Polar Coordinates

Plot the points whose polar coordinates are given.

Q (1.57/4) Q (1. —37/4) Q@ (1.137/4) Q (-1.7/4)
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Polar Coordinates

Plot the points whose polar coordinates are given.

Q (1.57/4) Q (1. —37/4) Q@ (1.137/4) Q (-1.7/4)

Solution:
1

Polar axis
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Polar Coordinates

Plot the points whose polar coordinates are given.

Q (1.57/4) Q (1. —37/4) Q@ (1.137/4) Q (-1.7/4)

Solution:
1

(2)

Polar axis
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Polar Coordinates

Plot the points whose polar coordinates are given.

Q (1.57/4) Q (1. —37/4) Q@ (1.137/4) Q (-1.7/4)

Solution:
1

(2)

Polar axis

(3)
1% '\_7_/" Polar axis
i i31r
(L)
13

T o 5T 4 oop
r,0) = P(r, 0 + 2n7) choosing n = 1

—

P
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Polar Coordinates

Plot the points whose polar coordinates are given.

(1,57 /4) Q (1. —37/4) Q@ (1.137/4) Q (—1,7/4)
Solution:
1 (2
\
£ 1
Polar axis
(3) 4
3
» p(l—z)
15 '\_7_/" Polar axis /7’_;‘_".\\
5 d n “:
137, '
Vil 4 Polar axis

/// 111
P(-17)
":57"4»277 T _5m

4 2
r,0) = P(r, 0 + 2n7) choosing n = 1 P(r,0) =

1
P

@

- T
(—r,8+(2n+1)7) choosing-n = ~1
Prof. Mohamad Alghamdi MATH 106 November 1, 2023
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e Relationship between Cartesian and Polar Coordinates

M Let (x, y) be the Cartesian (rectangular) coordinates and (r, 0) be the polar coordinates of the same point P.

M Let the pole be at the origin of the Cartesian coordinates system, and let the polar axis be the positive x-axis and the line

0= % be the positive y-axis as shown in the figure.
In the triangle, we have

X
cos § = — = x=rcos 0, y
r

. y .
sin @ = = = y=rsin 0.
r

Hence,

2yt = (r cos 6)2 + (rsin 0)2,

= rz(cos2 0 + sin? 0)

= (cos? 0 +sin% 6 = 1) Pole

The previous relationships can be summarized as follows:
x = rcos 6, y = rsin 6,
y
tan 6 = = for x #0,
X

2

Prof. Mohamad Alghamdi MATH 106

021)= (n)
2
-
)
E 8

rcosf I g4
Polar axis
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The Relationship between Cartesian and Polar Coordinates

Convert from polar coordinates to rectangular coordinates.

Q (.7/4) Q e

Prof. Mohamad Alghamdi MATH 106 November 1, 2023 20 / 41



e Relationship between Cartesian and Polar Coordinates

Convert from polar coordinates to rectangular coordinates.

Q (.7/4) Q e

Solution:

™
0 We have r =1 and 6 = Z From the formulas given above,

0= (1) T 1
X = r cos = Ccos — = ——
4 V2
in 0= (1)s ™ 1
= rsin = sin — = —.
Y 4 V2

Therefore, in the Cartesian coordinates, the point (1, 7 /4) is represented by (%,

Prof. Mohamad Alghamdi MATH 106

1
vz

November 1, 2023

20 / 41



e Relationship between Cartesian and Polar Coordinates

Convert from polar coordinates to rectangular coordinates.

Q (.7/4) Q e

Solution:

™
0 We have r =1 and 6 = Z From the formulas given above,

0= (1) ™ 1
X = r cos = Ccos — = ——
4 V2
T 1
y =rsin 0 = (1)sin i

V2

Therefore, in the Cartesian coordinates, the point (1, 7 /4) is represented by (%, %)

e We have r = 2 and @ = 7, hence
x=rcos § =2cos ™= —2,

y =rsin  =2sin ™ =0.

The point (2, ) is represented in the Cartesian coordinates by (—2, 0).

Prof. Mohamad Alghamdi MATH 106
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The Relationship between Cartesian and Polar Coordinates

For the given Cartesian point, find one representation in the polar coordinates.

Qu-1 Q (v3.-2
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e Relationship between Cartesian and Polar Coordinates

For the given Cartesian point, find one representation in the polar coordinates.

Qu-1 Q (v3.-2

Solution:

o We have x = 1 and y = —1. By using the formulas given above,

As mentioned in Note 4, in a

2 2 2 -~ polar coordinate system, each
Xty =r=r= \/E’ point has several

representations:
3% ™

tanf=-=-1=60=——.

X 4 P(r,0) = P(r,0+2n7), n€ Z.

In the polar coordinates, the point (1, —1) can be represented by (\/5, -7)

Bl P(r, ) = P(—r, 0+(2n+1)r)
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e Relationship between Cartesian and Polar Coordinates

For the given Cartesian point, find one representation in the polar coordinates.

Qu-1 Q (v3.-2

Solution:

o We have x = 1 and y = —1. By using the formulas given above,

As mentioned in Note 4, in a

2 2 2 -~ polar coordinate system, each
Xty =r=r= \/E’ point has several

representations:
3% ™

tanf=-=-1=60=——.

X 4 P(r,0) = P(r,0+2n7), n€ Z.

In the polar coordinates, the point (1, —1) can be represented by (\/5, -7)

4 P(r,0) = P(—r, 0+(2n+1)m)
e We have x = 2v/3 and y = —2. Hence,
x2+y2:r2:>r:4,
y —1 57
tanf == = — => 0= — .
X V3 6

Therefore, the point (4, %’r) in the polar coordinate system is one representation of the point (21/3, —2).
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Polar Equations

M In Cartesian coordinates (x, y), the equations are either of the form y = f(x) or x = f(y).
M In polar coordinates (r, 0), the equations take one form, which is r = f(6).

Note: a solution of the polar equation is an ordered pair (rp, 6g) satisfies the equation i.e., rp = f(6g).

Example The polar points (1, 5) and (V/2, T) are solutions of the polar equation r = 2 cos 6:
Put 0 = & = r=2cos(§) = 2(%) = 1. This means (1, §) is a solution of the polar equation r = 2cos 6.

Also,
Put 0 = 7 = r=2cos(}) = 2(%) = /2. This means (v/2, 7) is a solution of the polar equation r = 2 cos 6.
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Polar Equations

M In Cartesian coordinates (x, y), the equations are either of the form y = f(x) or x = f(y).
M In polar coordinates (r, 0), the equations take one form, which is r = f(6).

Note: a solution of the polar equation is an ordered pair (rp, 6g) satisfies the equation i.e., rp = f(6g).

Example The polar points (1, 5) and V2, 7) are solutions of the polar equation r = 2 cos 6:
Put 0 = & = r=2cos(§) = 2(%) = 1. This means (1, §) is a solution of the polar equation r = 2cos 6.

Also,
Put 0 = 7 = r=2cos(}) = 2(%) = /2. This means (v/2, 7) is a solution of the polar equation r = 2 cos 6.

Find a polar equation that has the same graph as the equation in x and y.
x=1 Q 2ty =4

ey:—3 oy2:9x

Prof. Mohamad Alghamdi MATH 106 November 1, 2023 22 /41




Polar Equations

M In Cartesian coordinates (x, y), the equations are either of the form y = f(x) or x = f(y).
M In polar coordinates (r, 0), the equations take one form, which is r = f(6).

Note: a solution of the polar equation is an ordered pair (rp, 6g) satisfies the equation i.e., rp = f(6g).

Example The polar points (1, 5) and V2, 7) are solutions of the polar equation r = 2 cos 6:

Put 0 = & = r=2cos(§) = 2(%) = 1. This means (1, §) is a solution of the polar equation r = 2cos 6.

Also,

Put 0 = 7 = r=2cos(}) = 2(%) = /2. This means (v/2, %) is a solution of the polar equation r = 2cos 6.

Find a polar equation that has the same graph as the equation in x and y.
=7 e 2ty =4

X
ey:—3 oy2:9x

Solution:

0x:7¢rcos 0=7
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Polar Equations

M In Cartesian coordinates (x, y), the equations are either of the form y = f(x) or x = f(y).
M In polar coordinates (r, 0), the equations take one form, which is r = f(6).

Note: a solution of the polar equation is an ordered pair (rp, 6g) satisfies the equation i.e., rp = f(6g).

Example The polar points (1, 5) and V2, 7) are solutions of the polar equation r = 2 cos 6:

Put 0 = & = r=2cos(§) = 2(%) = 1. This means (1, §) is a solution of the polar equation r = 2cos 6.

Also,

Put 0 = 7 = r=2cos(}) = 2(%) = /2. This means (v/2, %) is a solution of the polar equation r = 2cos 6.

Find a polar equation that has the same graph as the equation in x and y.
=7 e 2ty =4

X
ey:—3 oy2:9x

Solution:

0x:7¢rcos 0=7=r=7-1

cos 6
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Polar Equations

M In Cartesian coordinates (x, y), the equations are either of the form y = f(x) or x = f(y).
M In polar coordinates (r, 0), the equations take one form, which is r = f(6).

Note: a solution of the polar equation is an ordered pair (rp, 6g) satisfies the equation i.e., rp = f(6g).

Example The polar points (1, 5) and V2, 7) are solutions of the polar equation r = 2 cos 6:

Put 0 = & = r=2cos(§) = 2(%) = 1. This means (1, §) is a solution of the polar equation r = 2cos 6.

Also,

Put 0 = 7 = r=2cos(}) = 2(%) = /2. This means (v/2, %) is a solution of the polar equation r = 2cos 6.

Find a polar equation that has the same graph as the equation in x and y.

x=1 Qx2+y2:4
Q- Q o
Solution:
o x =17 = rcos 9:7:>r:74c0i9 = r = Tsech. Remember x = rcos 0
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Polar Equations

M In Cartesian coordinates (x, y), the equations are either of the form y = f(x) or x = f(y).
M In polar coordinates (r, 0), the equations take one form, which is r = f(6).

Note: a solution of the polar equation is an ordered pair (rp, 6g) satisfies the equation i.e., rp = f(6g).

Example The polar points (1, 5) and V2, 7) are solutions of the polar equation r = 2 cos 6:

Put 0 = & = r=2cos(§) = 2(%) = 1. This means (1, §) is a solution of the polar equation r = 2cos 6.

Also,

Put 0 = 7 = r=2cos(}) = 2(%) = /2. This means (v/2, 7) is a solution of the polar equation r = 2 cos 6.

Find a polar equation that has the same graph as the equation in x and y.

x=1 Qx2+y2:4
Q- Q o
Solution:
o x =17 = rcos 9:7:>r:74c0i9 = r = Tsech. Remember x = rcos 0

ey:73§rsin 6=-3
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Polar Equations

M In Cartesian coordinates (x, y), the equations are either of the form y = f(x) or x = f(y).
M In polar coordinates (r, 0), the equations take one form, which is r = f(6).

Note: a solution of the polar equation is an ordered pair (rp, 6g) satisfies the equation i.e., rp = f(6g).

Example The polar points (1, 5) and V2, 7) are solutions of the polar equation r = 2 cos 6:

Put 0 = & = r=2cos(§) = 2(%) = 1. This means (1, §) is a solution of the polar equation r = 2cos 6.

Also,

Put 0 = 7 = r=2cos(}) = 2(%) = /2. This means (v/2, 7) is a solution of the polar equation r = 2 cos 6.

Find a polar equation that has the same graph as the equation in x and y.

x=1 Qx2+y2:4
Q- Q o
Solution:
o x =17 = rcos 9:7:>r:74c0i9 = r = Tsech. Remember x = rcos 0

ey:73§rsin 6=-3=>r=-3

_1
“sin 6

Prof. Mohamad Alghamdi MATH 106 November 1, 2023 22 /41




Polar Equations

M In Cartesian coordinates (x, y), the equations are either of the form y = f(x) or x = f(y).
M In polar coordinates (r, 0), the equations take one form, which is r = f(6).

Note: a solution of the polar equation is an ordered pair (rp, 6g) satisfies the equation i.e., rp = f(6g).

Example The polar points (1, 5) and V2, 7) are solutions of the polar equation r = 2 cos 6:

Put 0 = & = r=2cos(§) = 2(%) = 1. This means (1, §) is a solution of the polar equation r = 2cos 6.

Also,

Put 0 = 7 = r=2cos(}) = 2(%) = /2. This means (v/2, 7) is a solution of the polar equation r = 2 cos 6.

Find a polar equation that has the same graph as the equation in x and y.

x=1 Q 2+y2=4
Q- Q o
Solution:
o x =17 = rcos 9:7:>r:74c0i9 = r = Tsech. Remember x = rcos 0
e y =—3 = rsin 9:73:r:73.ﬁ = r = —3csch. Remember y = rsin 6
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Polar Equations

M In Cartesian coordinates (x, y), the equations are either of the form y = f(x) or x = f(y).
M In polar coordinates (r, 0), the equations take one form, which is r = f(6).

Note: a solution of the polar equation is an ordered pair (rp, 6g) satisfies the equation i.e., rp = f(6g).

Example The polar points (1, 5) and V2, 7) are solutions of the polar equation r = 2 cos 6:

Put 0 = & = r=2cos(§) = 2(%) = 1. This means (1, §) is a solution of the polar equation r = 2cos 6.

Also,

Put 0 = 7 = r=2cos(}) = 2(%) = /2. This means (v/2, 7) is a solution of the polar equation r = 2 cos 6.

Find a polar equation that has the same graph as the equation in x and y.

x=7 ex2+y2:4
ey:_3 oy2:9x
Solution:
o x =17 = rcos 9:7:>r:74c0i9 = r = Tsech. Remember x = rcos 0
e y =—3 = rsin 9:73:r:73.ﬁ = r = —3csch. Remember y = rsin 6
9X2+y2:4?’2:4 Remember x2+y2 = /2
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Polar Equations

M In Cartesian coordinates (x, y), the equations are either of the form y = f(x) or x = f(y).
M In polar coordinates (r, 0), the equations take one form, which is r = f(6).

Note: a solution of the polar equation is an ordered pair (rp, 6g) satisfies the equation i.e., rp = f(6g).

Example The polar points (1, 5) and V2, 7) are solutions of the polar equation r = 2 cos 6:
Put 0 = & = r=2cos(§) = 2(%) = 1. This means (1, §) is a solution of the polar equation r = 2cos 6.

Also,
Put 0 = 7 = r=2cos(}) = 2(%) = /2. This means (v/2, 7) is a solution of the polar equation r = 2 cos 6.

Find a polar equation that has the same graph as the equation in x and y.

x=7 ex2+y2:4
ey:—3 oy2:9x
Solution:
o x =17 = rcos 9:7:>r:74c0i9 = r = Tsech. Remember x = rcos 0
e y =—3 = rsin 9:73:r:73.ﬁ = r = —3csch. Remember y = rsin 6
9X2+y2:4?’2:4 Remember x2+y2 = /2
o y2 =9x = r’sin?> 0 = 9rcos 0
= rsin® 0 =9cos 0
cos 6 1
=r = r =9cot fcsc 6.

sin 0 sin 0
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Polar Equations & Tan Line to Polar Curves

Find_an equation in x and y that has the same graph as the polar equation.
r=3 r =6cos 6

er:sine er:secﬁ
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Polar Equations & Tan Line to Polar Curves

Find_an equation in x and y that has the same graph as the polar equation.
r=3 r =6cos 6

er:sine er:secﬁ

Solution:
o r:3:>r2:9:>x2+y2:9
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Polar Equations & Tangent Line to Polar Curves

Find_an equation in x and y that has the same graph as the polar equation.
r=3 r =6cos 6

er:sine er:secﬁ

Solution:
o r:3:>r2:9:>x2+y2:9
e r:sin9:>r2:rsin9:>rZ:y:>x2+y2:y:>X2+y27y:0_
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Polar Equations & Tangent Line to Polar Curves

Find_an equation in x and y that has the same graph as the polar equation.
r=3 r =6cos 6

er:sine er:secﬁ

Solution:
(1) r=3=r=9=x>+y>=9
e r:sin9:>r2:rsineﬁrZ:y:>x2+y2:y:>x2+y27y:o_
e r:GCOS9§r2:6rcos6:>r2:6X:>X2+y276X:O.
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Polar Equations & Tangent Line to Polar Curves

Find_an equation in x and y that has the same graph as the polar equation.
r=3 r =6cos 6

er:sine er:secﬁ

Solution:
(1) r=3=r=9=x>+y>=9
e r:sin9:>r2:rsineﬁrZ:y:>x2+y2:y:>x2+y27y:o_
e r:GCOS9§r2:6rcos6:>r2:6X:>X2+y276X:O.

1
o r=sec 0 =>r=—— =>rcos § =1=x=1.
cos 6
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Polar Equations & Tangent Line to Polar Curves

Find_an equation in x and y that has the same graph as the polar equation.
r=3

r =6cos 6
er:sine er:secﬂ
Solution:
(1) r=3=r=9=x>+y>=9
e r:sin9:>r2:rsineﬁrZ:y:>x2+y2:y:>x2+y27y:o_
e r:GCOS9§r2:6rcos6:>r2:6X:>X2+y276X:O.

1
o r=sec 0 =>r=—— =>rcos § =1=x=1.
cos 6

B Tangent Line to Polar Curves
Since r = f(0) is a polar equation, then x = rcos 6 => x = f(0)cos 0 and y = rsin 0 = y = f(6)sin 6.
From the chain rule, we have

dx . , i dr
— = —f(0)sin 0 +f (0)cos O = —rsin 6+ — cos 6,
do do
dy 1oy < dr .
— =f(0)cos O+ f (0)sin @ =rcos 6 + — sin 0.
de de
dx
If 70 # 0, the slope of the tangent line to the graph of r = £(0) is

dy dy/d0  rcos 6 +sin 6(dr/d)

dx  dx/d0  —rsin 0 + cos O(dr/d6)’
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Tangent Line to Polar Curves

Let r = f(0) be a polar equation where ' is continuous. The slope of the tangent line to the graph of r = f(8) is

dy dy/d6 rcos 6 +sin 0(dr/do)
dx  dx/d6  —rsin 6 + cos 6(dr/d)’

B Remark

dx

mIf el = 0 such that — # 0, the curve has a horizontal tangent line.

do do

dx dy ) .
M If — = 0 such that — ## 0, the curve has a vertical tangent line.

cZIO do

IX

mIf s # 0 at 6 = 09, the slope of the tangent line to the graph of r = f(6) is

rg cos Og + sin 90(dr/d9)9:90
—rgsin 6y + cos 90(dr/d9)9:90

, where ry = f(0p)

Find the slope of the tangent line to the graph of r = sin 0 at 0 = %.
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Tangent Line to Polar Curves

Let r = f(0) be a polar equation where ' is continuous. The slope of the tangent line to the graph of r = f(8) is

dy dy/d6 rcos 6 +sin 0(dr/do)
dx  dx/d6  —rsin 6 + cos 6(dr/d)’

B Remark

dx

mIf el = 0 such that — # 0, the curve has a horizontal tangent line.

do do

dx dy X .
M If — = 0 such that — ## 0, the curve has a vertical tangent line.

cZIO do

IX

mIf s # 0 at 6 = 09, the slope of the tangent line to the graph of r = f(6) is

rg cos Og + sin 90(dr/d9)9:90
—rgsin 6y + cos 90(dr/d9)9:90

, where ry = f(0p)

Find the slope of the tangent line to the graph of r = sin 0 at 0 = %.

Solution: x = rcos 6 = x = sin Ocos 6 = % =cos? 0 —sin? 0 , and

y=rsin = y=sin® 6 = I =2sin 6cos 0.

dy _ dy/d® _ 2sin O cos 6
From the theorem, we have dx = dx/d0 = o 6—sn2 0
T dy dx
At 0 = —, we have =1and

= 0. Thus, the slope is undefined and in this case, the curve has a vertical tangent line!
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Graphs in Polar Coordinates

B Symmetry in Polar Coordinates

o Symmetry about the polar axis.
The graph of r = f(0) is symmetric with respect to the polar axis if replacing (r, 0) with (r, —6) or with (—r, ™ — 6)
does not change the equation.

e Symmetry about the vertical line 6 = %
The graph of r = f(0) is symmetric with respect to the vertical line if replacing (r, 0) with (r, @ — 0) or with
(—r, —0) does not change the equation.
e Symmetry about the pole 6 = 0.
The graph of r = f(0) is symmetric with respect to the pole if replacing (r, 6) with (—r, 6) or with (r, 0 + 7) does
not change the equation.

.
A B ©
; ¥ y
(ra-6) i (r.6) (rm— 6)! ] . (r,6) Ly (r.6)
(r8) \ P
. 7 R
X ® AR
(Al ol .
Polaraxis  * Pole | ¢ L Poloraxis Pa Polar axis
(-rn-8)
(r-9) (n-8)

(-rB)=(r,n +6)
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Graphs in Polar Coordinates

B Some Special Polar Graphs

M Lines in polar coordinates

c
o The polar equation of a straight line ax + by = cis r = ——— .
acos 0 + bsin 6
Since x = rcos 0 and y = rsin 6, then

c
ax+ by =c=r(acos @ +bsin ) =c=>r= —— —
(acos 6 + bsin 0)

e The polar equation of a vertical line x = kis r = ksec 0 .

k
Let x = k, then rcos 0 = k. This implies r = —— = ksec 6.
cos 6
e The polar equation of a horizontal line y = kis r = kcsc 6.
k
Let y = k, then rsin 6 = k. This implies r = 70 = rcsc 0.
sin

o The polar equation of a line that passes the origin point and makes an angle 6y with the positive x-axis is 8 = 6.
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Graphs in Polar Coordinates

M Circles in polar coordinates

o The circle equation with center at the pole O and radius |a| is r = a.
For item 2, r = 2a cos 0

r? = 2arcos O

e The circle equation with center at (a, 0) and radius |a| is

r =2acos 6 x2+y2:23x

. . . . . (xfa)eryz:a2
e The circle equation with center at (0, a) and radius |a| is

Equation of a circle with

r = 2asin 0 center (a, 0).

9% ¥, %
el a-t r=2asin@
/\ m a>0
t t
LA KA f
7 =2acosf T =2acos@ tT e e
a<0 a>0 a<0
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Graphs in Polar Coordinates

Sketch the graph of r = 4sin 6.

Solution:
s

Note that the graph of r = 4sin 0 is symmetric about the vertical line 6 = 5 since 4sin (m — 0) = 4sin 6.

We restrict our attention to the interval [0, 7w /2] and by the symmetry, we complete the graph.

0 0 3 S S S
6 4 3 2
r 0 2 4//2 2v/3 4
Yi Vi
P(;‘A] ”
~ P(gﬁzm
F(EWJ
\ n
P(=.2) \ A
b

Polel P00 Polaraxis X ME Polaraxis X
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Graphs in Polar Coordinates

M Cardioid curves
1. r = a(1 % cos 6)

r=a(l+cos )

y,

r=a(l— cos 0)

(N )
o

2a

2. r=a(1£sin 6)

r=a(l+sin 0)
e

a(1 —sin 0)

]
1N

MATH 106

2a
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Graphs in Polar Coordinates

M Limacons curves
1. r=a= bcos 0

o r=a+ bcos 6
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Graphs in Polar Coordinates

2. r=ad= bsin 6

o r=a-+ bsin 6

ath
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Graphs in Polar Coordinates

M Roses (Note that if n is odd, there are n petals; however, if n is even, there are 2n petals.)

o r=a cos (n9) where n € N

+ ¥ *

r=a sin (n9) where n € N.

ERE S
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Graphs in Polar Coordinates

M Spiral of Archimedes
r=a6

2>0 a<0
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Area in Polar Coordinates

Case 1 A== /ﬁ (£(0))? do

1 16
Case 2 A= E /a [(“9))2*(5(9))2] do
Case 3
— Lo 2
m=s e a0
_ L% a2
Ay = 2/92 (F(0))% do

Total: A= A; + Ay
Prof. Mohamad Alghamdi

MATH 106
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Area in Polar Coordinates

Find the area of the region bounded by the graph of the polar equation.
r=3 e r=2cos 6
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Area in Polar Coordinates

Find the area of the region bounded by the graph of the polar equation.

0r=3 r=2cos 6

Solution:
¥
r=3
(1) The graph of r = 3 is obtained by letting 6 takes values from i
0 to 27. Thus, the area is
1 2w 9 2w 9 2 I |
A:—/ 32d9:—/ do=_[0]" =or. — — 5
2Jo 2 Jo 2 0
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Area in Polar Coordinates

Find the area of the region bounded by the graph of the polar equation.

0r=3 r=2cos 6

Solution:
¥
r=3
(1) The graph of r = 3 is obtained by letting 6 takes values from i
0 to 27. Thus, the area is
1 2w 9 2w 9 2 I |
A:—/ 32d9:—/ do=_[0] " =or — — x
2Jo 2 Jo 2 0

Note that one can evaluate the area in the first quadrant and multiply the result by 4 to find the area of the whole region i.e.,

™

1712 2 7
A:4(5/0 3d<9):2/0 9d9:18[9}

© ol
Il
o
3
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Area in Polar Coordinates

(2) We find the area of the upper half circle and multiply the
result by 2 as follows:

115 5 i
A:2(5/0 (2cos ) de) r = 2cosf

z 1+ cos 20
:/24c0529d9 :coszézf
0

sy
:2/”(1+mszmdo ; ;
0

=20+

sin 29] z
2 0

~2[Z -

=T.
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Area in Polar Coordinates

Find the area of the region that is outside the graph of r = 3 and inside the graph of r = 2 + 2 cos 6.
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Area in Polar Coordinates

Find the area of the region that is outside the graph of r = 3 and inside the graph of r = 2 + 2 cos 6.

Solution: The intersection point of the two curves in the first quadrant is

2+42cos § =3 = cos 0 =
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Area in Polar Coordinates

Find the area of the region that is outside the graph of r = 3 and inside the graph of r = 2 + 2 cos 6.

Solution: The intersection point of the two curves in the first quadrant is

2+ 2cos § =3 = cos O = =0 =

™
3

As shown in the figure, we find the area in the first quadrant and then we double the result to find the area of the whole region.

173 2

A=2(Z 4(1 + cos 6)2 —9) dO s
(2/0 (4(1 + cos 6)° —9) do) - 8=z
s P =

:/3 (4(1 + 2cos 0 + cos® 0) — 9) db Sl
0

fud
:/3(8cos 0 + 4 cos® 6 —5) do
0

™ 3 4
= [Ssin 0 +sin 20 — 39]03
9
=-V3—m.
2
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Area in Polar Coordinates

Find the area of the region that is inside the graphs of the equations r = sin @ and r = \/3 cos 6.
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Area in Polar Coordinates

Find the area of the region that is inside the graphs of the equations r = sin @ and r = \/3 cos 6.

Solution:

First, we find the intersection points of the two curves

sin 6 = v/3cos 0 = tan 9:\/599:2.
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Area in Polar Coordinates

Find the area of the region that is inside the graphs of the equations r = sin @ and r = \/3 cos 6.

Solution:

First, we find the intersection points of the two curves
U
sin 6 = v/3cos 0 = tan 9:\/599:3.

The origin O is in each circle, but it cannot be found by solving
the equations. Therefore, when looking for the intersection points
of the polar graphs, we sometimes take under consideration the
graphs.

The region is divided into two small regions: below and above the line %

/41
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Area in Polar Coordinates

Region(1): below the line Z-. ¥
1 3 1 z
A1:—/3sin20d6:—/3(1—cos26)d9 it
2 Jo 4 Jo gi==
1 sin 201 T s
== [9 _ } 3 T
4 2 0 5 62 r= sinf
. 2w r=v3cos
_ 1[3 _ sin T] | x
al3 2 13
1 [71' 3] 2
T4l 4 1
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Area in Polar Coordinates

Region(1): below the line Z-.

3
1,z 1 ,T
A1:—/3sin20d6:—/3(1—cos26)d9
2 Jo 4 Jo
71[ sin 260 %
T4 2 Jo
1[1r sin 27"]
T als 2
1[71' 3]
T4l 4
Region(2): above the line .
1 z 3 z
AZ:—/Q(\/gcos0)2d9:—/2(1+cos29)d9
2/ 4/
3 3
73[ sinQG}%
4 2 Iz
3p, m T 3
= G-9-G+)]
73[77 \/5}
“ale 4 1

Prof. Mohamad Alghamdi
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Area in Polar Coordinates

Region(1): below the line Z-. ¥,
113 o 13
A1:7/ sin 0d9:7/ (1 — cos 20) d6 .
2 Jo 4 Jo gi==
1 sin 201 T =
-3
4 2 0 i 2
1,7 sin 2T7r r =3 cosé
=ils -1 2
1 [71' 3]
T4l 4 1
Region(2): above the line . ¥,
13 2 3 /%
Az:—/ (V3cos 0) d9:—/ (1+ cos 26) do
2/ 4 )
3 3
_ E [ sin 20} 5 1
™
4 2 5 - 2
F =4/
3{(71_ 0 (ﬂ_+ 3)] r =13 cosf
Tal2 3 4 X
3 [w \/5}
“ale 4 17
5m V3
Totalarea A= A; + Ay = — — —.
24 4
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Arc Length and Surface of Revolution in Polar Coordinates

B Arc Length in Polar Coordinates

L=/ﬁ1/r2+(%)2 do 9)
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Arc Length and Surface of Revolution in Polar Coordinates

B Arc Length in Polar Coordinates

L=/ﬂ1/r2+(%)2 do 9)

Find the length of the curve.

or:Z er:2sin9
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Arc Length and Surface of Revolution in Polar Coordinates

B Arc Length in Polar Coordinates

L=/ﬂ1/r2+(%)2 do 9)

Find the length of the curve.

or:Z er:2sin9

Solution:
2+ (5—5)2 = 4. Hence,

L:/Qwﬂd9:2{6}2":4w.
0 0
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Arc Length and Surface of Revolution in Polar Coordinates

B Arc Length in Polar Coordinates

L=/ﬂ1/r2+(%)2 do 9)

Find the length of the curve.

or:Z er:2sin9

Solution:
o 2+ (5—5)2 = 4. Hence,
27 2
L:/ Vado=2[0]" =ar.
0 0

e 24 (5—6)2 = 4sin? 0 + 4cos® 6 = 4(sin®> 6 + cos® 6) = 4. Remember: cos? 6 +sin? 6 = 1
This implies

L:/W\/ZdH:Q{G}W:?rr.
o 0
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Arc Length and Surface of Revolution in Polar Coordinates

B Surface of Revolution in Polar Coordinates
M The surface area generated by revolving the curve r = f(0) about the polar axis (x-axis) is

s d
S.A= 27r/ [ rsin 6] 1/r2 + (2)2 do (10)
a do
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Arc Length and Surface of Revolution in Polar Coordinates

W Surface of Revolution in Polar Coordinates

M The surface area generated by revolving the curve r = f(0) about the polar axis (x-axis) is

8 d
S.A= 27r/ [ rsin 6] 1/r2 + (2)2 do (10)
& 6

B The surface area generated by revolving the curve r = f(0) about the line 6 = 7 (y-axis) is

B d
S.A:27r/ | reos 6 | Hr2+(—r)2 do (11)
o do
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W Surface of Revolution in Polar Coordinates

M The surface area generated by revolving the curve r = f(0) about the polar axis (x-axis) is

8 d
S.A= 27r/ [ rsin 6] 1/r2 + (2)2 do (10)
o 6

B The surface area generated by revolving the curve r = f(0) about the line 6 = 7 (y-axis) is

s d
S.A= 277/ | reos 0] /r2 + ()2 do @)
a d6

Find the area of the surface generated by revolving the curve r = 2sin 6 about the polar axis.
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W Surface of Revolution in Polar Coordinates

M The surface area generated by revolving the curve r = f(0) about the polar axis (x-axis) is

8 d
S.A= 27r/ [ rsin 6] 1/r2 + (2)2 do (10)
o 6

B The surface area generated by revolving the curve r = f(0) about the line 6 = 7 (y-axis) is

s d
S.A= 277/ | reos 0] /r2 + ()2 do @)
a d6

Find the area of the surface generated by revolving the curve r = 2sin 6 about the polar axis.

B dr
Solution: We apply the formula S.A = 27r/ | rsin@ | (/r2 + (E)z do.
@

dr
2 (ﬁ)2 = 4sin’ 6 + 4 cos’ 9:4(sin2 6 + cos? 0) = 4.

r

™ ™ ™
:>5AA:27r/ | (2 sin 0) sin0|\/2d9:87r/ sin20d€:47r/ (1—c0526)d9:47\'[ -
0 0 0
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