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BOOLEAN ALGEBRAS

Introduction
Boolean algebra provides the operations and the rules for working with the set {0, 1}.

Electronic and optical switches can be studied using this set and the rules of Boolean
algebra. The three operations in Boolean algebra that we will use most are
complementation, the Boolean sum, and the Boolean product. The complement of an
element, denoted with a bar, is defined by 0 = 1 and 1 = 0. The Boolean sum, denoted by +
or by OR, has the following values:
1+1=1, 1+0=1, 0+1=1 0+0=0.
The Boolean product, denoted by + or by AND, has the following values:
1-1=1,1-0=0, 0-1=0, 0-0=0.
When there is no danger of confusion, the symbol -+ can be deleted, just as in writing
algebraic products. Unless parentheses are used, the rules of precedence for Boolean
operators are: first, all complements are computed, followed by all Boolean products,

followed by all Boolean sums. This is illustrated in Example 1.

EXAMPLE 1 Find the valueof 1 - 0 + (0 + 1).
Solution: Using the definitions of complementation, the Boolean sum, and the Boolean

product, it followsthat 1 - 0+ (0 + 1)=0+1=0+0=0

Duality

The dual of a Boolean expression is obtained by interchanging Boolean sums and Boolean

products and interchanging Os and 1s. E NI E¢

10 A .—+

EXAMPLE 2 Find the duals of x(y+ 0) and x « 1+ (y+ 2).

Solution: Interchanging + signs and + signs and interchanging Os and 1s in these
expressions produces their duals.

Thedualsare x+ (y = 1) and (x+ 0)(yz) , respectively.
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Boolean Identities.

Identity Name

T=ux Law of the double complement
r+x=x Idempotent laws

X-x=x

x+0=x Identity laws

x-1=x

x+1=1 Domination laws

x-0=0

X+y=y+x Commutative laws

Xy =yx

r+y+a)=&+y)+z
x(yz) = (xy)z

Associative laws

x+vi=(x4+viix+2)
xX(y+2z)=xy+2xz

Distributive laws

(xy)=Xx+7Y¥ De Morgan’s laws
(x+y)=xy

x+xy=x Absorption laws
(x+y)=x

x+x=1 Unit property

xx =0 Zero property

EXAMPLE 2 Show that the distributive law x(y + z) = xy + xz is valid.

X y z y+z xy Xz x(y+2) xy+xz
1 1 1 1 1 1 1 1
1 1 0 1 1 0 1 1
1 0 1 1 0 1 1 1
1 0 0 0 0 0 0 0
0 1 1 1 0 0 0 0
0 1 0 1 0 0 0 0
0 0 1 1 0 0 0 0
0 0 0 0 0 0 0 0




151 Math Discrete Mathematics Boolean Algebras & Logic Gates By: Malek Zein AL-Abidin

QL LetE = (xy)' + x'+y=1.Find E¢, (E® or E isthe Duality of F)

Q2. Let Bis aBoolean Algebraand x,y € B. Showthat x +y=xy+xy' +x'y is
valid.
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Q3. Let f(x,y,z)= x(y+2z)+y'. Find CSP(f) (sum-of-products expansion)

and CPS(f) (product-of-sums expansion) ?
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Q4. Let f(x,y,z)= x'z+yz'. Find CSP(f) (sum-of-products expansion)

and CPS(f) (product-of-sums expansion) ?
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Q5. Let f(x,y,z)=x"+2z)(x+y). Find CSP(f) (sum-of-products expansion)

and CPS(f) (product-of-sums expansion) ?
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Q6. Let f(x,y,z2)= (x"+y) (x+y+2)

(i)  Use NAND gates to construct circuits with this output.

(i) Use NOR gates to construct circuits with this output.
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Q7.let f(x,y,2) = (x+y)(x'+ yz')

(i) Find CSP(f) and CPS(f).
(i) Find MSP(f) and MPS(f).
(iii)  Construct a minimal circuit using (AND-OR) gates, with f(x, y, z) output.
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Q8. Let f(x,y,z) =xy'+xz+y'z' +x'yz’

(i)  Find the Karnaugh -map for f(x,y,z) .

( Find MSP(f) and MPS(f).

(iii)  Construct a minimal circuit using (AND-OR) gates, with f(x, y, z) output.
(

(

11

N—

iv) Use NAND gates to construct circuits with f(x,y, z) output.
v) Use NOR gates to construct circuits with f(x, y, z) output.
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QI. Let glx,y,z) =xy'z+x'yz+x'y'z +y'z
(i)  Find the Karnaugh -map for g(x,y,z) .
(i) Find MSP(g) and MPS(g) -
(iii)  Construct a minimal circuit using (AND-OR) gates, with g(x, y, z) output.
(iv) Use NAND gates to construct circuits with g(x,y, z) output.
(

v) Use NOR gates to construct circuits with g(x, y, z) output.
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QI0. Let
! .7 !

Yz Yz yZz yZz

Be the Karnaugh -map for g(x,vy,z) .
()find MSP(g) and MPS(g) -
(ii)Construct a minimal circuit using (AND-OR) gates, with g(x, y, z) output.
(iii)Use NAND gates to construct circuits with g(x, y, z) output.

(iv)Use NOR  gates to construct circuits with g(x, y, z) output.
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QIT. Let
! .7 !

yz _yz' y'z yz
| |

Be the Karnaugh -map for g(x,vy,z) .
()find MSP(g) and MPS(g) -
(ii)Construct a minimal circuit using (AND-OR) gates, with g(x, y, z) output.
(iii)Use NAND gates to construct circuits with g(x, y, z) output.

(iv)Use NOR  gates to construct circuits with g(x, y, z) output.
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QI2. Let

yAUY yAL ZW ZW

X
Y | |

X
O N

X
Yo |

Xy

Be the Karnaugh -map for f(x,y,z) .

(i)find MSP(f) and MPS(f).
(ii)Construct a minimal circuit using (AND-OR) gates, with f(x, y, z) output.
(iii)Use NAND gates to construct circuits with f(x, y, z) output.

(iv)lUse NOR  gates to construct circuits with f(x, y, z) output.
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QI13. Let

A IW ZW ZW

X
4 | |

X
A N

X
Yo |

Xy

Be the Karnaugh -map for f(x,y,z).
(i)find MSP(f) and MPS(f).
(ii)Construct a minimal circuit using (AND-OR) gates, with f(x, y, z) output.
(iii)Use NAND gates to construct circuits with f(x, y, z) output.

iv)Use NOR ates to construct circuits with f(x,y, z
24 y
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QI14. Let

yAUY ZW ZW ZW

X
Y |

X
SO I T R

X
Y |

X
o N T R

Be the Karnaugh -map for f(x,y,z).
(i)find MSP(f) and MPS(f).
(ii)Construct a minimal circuit using (AND-OR) gates, with f(x, y, z) output.
(iii)Use NAND gates to construct circuits with f(x, y, z) output.

iv)Use NOR ates to construct circuits with f(x,y, z
24 y
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QI5. Let

A ZW ZW ZW

X
A T Y T R R

X
Y |

X
Y |

Be the Karnaugh -map for f(x,y,z).
(i)find MSP(f) and MPS(f).
(ii)Construct a minimal circuit using (AND-OR) gates, with f(x, y, z) output.
(iii)Use NAND gates to construct circuits with f(x, y, z) output.

iv)Use NOR ates to construct circuits with f(x,y, z
24 y



151 Math Discrete Mathematics Boolean Algebras & Logic Gates By: Malek Zein AL-Abidin

Q16

A ZW ZW ZW

xy' \ 0 0 /

x'y “ | - 0 0
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Q17.

zW VA% zw

/
. (1
Xy -
1 T T
xy'
1
xlyl 1
) ! /1’\\
Xy
( faa gk |
W W ZW ZW
Xy 0 0
xy' 0
xlyl O U
x'y 0 0
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Q1. Find CSP(sum-of-products expansion) and CPS ( product-of-sums expansion ) for
the following Boolean functions

1- fx,y,2) = (x+2)(x" +y) 2- fx,y,z2)=zy+x)+y'.
3-f,y,z2)=x+yz)(y+xz"). 4-g(x,y,z) =xy+z.
5 fy,2)=xy' +z. 6-f(x,y,2) = (x"+y)(z) .

7-9(x,y,z2) =xz+ y'z". 8-f(x,y,z) =1 when x=17y.

Q2. Let h(x,y,z) =xy'+xyz+y'z' + x'yz’'

(i)  Find the Karnaugh -map for h(x,y,z) .

(i) Find MSP(h) and MPS(h).

(iii)  Construct a minimal circuit using AND gates, OR gates, with h(x, y, z) output.
(iv) Use NAND gates to construct circuits with h(x,y, z) output.

(

v) Use NOR gates to construct circuits with h(x, y, z) output.

Q3. Let f(x,y,z)=xy ' +xz+yz+x'yz

(i)  Find the Karnaugh -map for f(x,y,z) .

(i) Find MSP(f) and MPS(f).

(iii)  Construct a minimal circuit using AND gates, OR gates, with f(x, y, z) output.
(iv) Use NAND gates to construct circuits with f(x,y, z) output.

(

v) Use NOR gates to construct circuits with f(x, y, z) output.
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Q4. Let the Karnaugh -maps for f(x,y,z) given as bellow from exercise 1-15

()find MSP(f) and MPS(f).
(ii)Construct a minimal circuit using (AND-OR) gates, with f(x, y, z) output.
(iii)Use NAND gates to construct circuits with f(x, y, z) output.

iv)Use NOR ates to construct circuits with f(x,y, z) output.
3 y p
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3-
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O-
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Xy

11-
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12-

Xy

Xy

Xy

Xy

13-
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Xy
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Xy

14-
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A
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| |
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