Chapter 1: Vector Analysis

1.1 Vector and Scalar Quantities

A scalar quantity: has magnitude only.
A vector quantity: has both magnitude and direction.

Example: Which of the following are vector quantities and which are scalar
guantities?
(a) temperature (b) acceleration (c) velocity (d) speed (e) mass

1.2 Some Properties of Vectors

Vectors are denoted as bold face type like “A” or with a small arrow over
the symbol like “A”

(a) Equality of Two Vectors

A =Bonlyif A=Band if A and B point in the same direction along parallel
lines. For example, the four vectors in this figure are equal.
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Thus, we can move a vector to a position parallel to itself in a diagram
without affecting the vector.



(b)Adding Vectors

R=A+ B+ C + D. where R is the vector drawn from the tail of the first
vector “A” to the tip of the last vector “ D”.

Example 1.1

If you walked 3.0 m toward the east and then 4.0 m toward the north what
would be the magnitude and direction of your total displacement (the
resultant vector).
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The commutative law of addition

A+B=B+A

The associative law of addition:
A+B+C)=(A+B)+C

(c) Negative of a Vector

If —A is the negative vector of A

A+(-A)=0

The vectors A and -A have the same magnitude, but point in opposite
directions.



(d)Subtracting Vectors
A-B=A+(-B)

Example 1.2

A car travels 20.0 km due north and then 35.0 km in a direction 60.0° west
of north. Find the magnitude and direction of the car’s resultant
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(e) Multiplying a Vector by a Scalar
If m is a scalar quantity

MA is a vector has the same direction as A if m is positive or opposite if m is
negative. The magnitude of the mA vector is mA.

(f) Dot product of two vectors (scalar product)

The dot product of two vectors is defined by
A -B=ABcos /4,

A
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The dot product is commutative,
A<B=B"-A,

and distributive,
A-(B+C)=A+*B+A-C

(g) Cross product of two vectors (vector product)

C=A X B=ABsinéd #n
where 11 is a unit vector (vector of magnitude 1) pointing perpendicular to
the plane of A and B.

Right-hand rule can be used to determine the direction of the cross product
(vector C ) Let your fingers point in the direction of the first vector and curl
around (via the smaller angle) toward the second; then your thumb indicates
the direction of vector C.

The cross product is distributive,
AX(B+C)=(AXB)+ (AXC)

but not commutative.
(BXA)=-(AXB)




1.3 Components of a Vector and Unit Vectors

The projections of vectors along coordinate axes are called the components,
see the following figure where A, and Ay are the components of the vector A
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AXx=A cos 0 , Ay=Asin0

A= [AZ+ A2 6 = tan‘l(':—i)

The signs of the components Axand Ay depend on the angle 6

}I
A, negative | A, positive

Ay positive | Ay positive

A, negative | A, positive

AT negative | A, negative

we measure the angle 6 with respect to the x axis

1.3.1 Unit Vectors

Unit vector is a dimensionless vector having a magnitude of exactly 1. It is
used to describe a direction in space.



We shall use the symbols %, 9 and Z ( some books use i,f, and k to
represent unit vectors pointing in the positive x, y, and z directions,
respectively

The magnitude of each unit vector equals 1

~

x| = [yl = |2] =1

They are used to describe directions in space,

For example,
A= AZ + Ay
B=B,X + B,y
The resultant vector R=A+B

R= (Ax+B)x + (Aj+B,)y
Ry= Ax+Bx

Ry= Ay+By

The magnitude of Ris R =/RZ + Rz =\/(Ay + By)?> + (A, + B))?
. . .. 1 Ry\ _ _1,Ay+By
The angle it makes with the x axis is 8 = tan (R—) =tan (m)

What if R has X,y and z components ?




Example 1.3
A particle undergoes three consecutive displacements: di= (15X + 30y +12

Z) cm, d= (23X -14y-52) cm and dz3 = (-13x + 15y ) cm. Find the
components of the resultant displacement and its magnitude.
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1.4 Vector Algebra (component form)

If we have two vectors A and B

A+B= (A X+ A§ + A;Z) + (B,X + B,§ + B;2)
= (Ax + By)X+ (Ay + By)y + (A; + B,)z.

aA = (aA)X + (aA))y + (aA;)Z

Dot product:

~ ~ ~ ~

X-X=y-y=z-z2=1; X-y=X
A‘B= (Axi"‘AyS’*‘Azi) ‘(Bxi'*‘Bvi”*‘Bzi)
= Az B, + A8, 4+ AB;.



Cross product:

XXX= yxy=zxz=10
XXy=—-yxX=1,
yxZ=—-Zxy=X
IxX=—-XXZ=Y.

A x B = (A:Xx+ A,y + A;Z) x (B:X+ B,y + B;2)
= (AyB; — A;By)X + (A; By — A B,)§ + (AyBy — AyB,)2

This expression can be written as a determinant:

X vy 1z
AxB=| A, A, A,

Example 1.4
Find the angle between the face diagonals of a cube
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1.5 Differential calculus

Suppose we have a function of one variable: f (x)

df = (%) dx

This shows how rapidly the function f (x) changes when we change “ x “ by
a very small amount, dx

Also, geometrically, the derivative df/dx is the slope of the graph of f(x)
Versus X

1.5.1 Gradient

What if we have a function of three variables?

For example temperature (scalar quantity) that changes as a function of x, y
and z (this function changes with the three directions)

oT oT oT
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We can call
oT oT oT
axx+ 8.\'y+ BZZ

The gradient of T and this gradient is a vector guantity

Like any vector, the gradient has magnitude and direction.

Example 1.5

Find the gradient of 7 =+vx*+¥*+2*> (the magnitude of the position
vector).

Solution:

1.5.2 The Divergence
Let us take a vector quantity v
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The divergence of the vector v (V - v) is a scalar

Geometrically, V - v is a measure of how much the vector v spreads out
(diverges) from a given point.

For example, the vector function in the following figure

e In “ figure a” has a large (positive) divergence (if the arrows pointed
in, it would be a negative divergence)

e The function in “figure b has zero divergence
e The function in “figure ¢” has a positive divergence.

R nunEinin
NI

(a) (b) (c)

Why?

Example 1.6

Suppose the function in Figure (a) above is:

Vo=r=xX+yy+2z%

Calculate its divergence.

Solution:

v 8()+a()+a() I+1+1=3
Vg = —(X —y —2) = =
“7 ax ay - a9z

12



1.5.3 The Curl

From the definition of V we can construct the curl:

8§ i
Vxv=| d/dx 9/dy d/az
Vx vy v;

~ {9V, avy 4% vy av, 43 duvy  Jduy
=X|——— / - V/ - —
ay a9z ) a9z ax ax ay

The curl of a vector v is a vector (like any cross product)

V Xv ( the curl of vector v ) is a measure of how much the vector v whirls
around a selected point.

We can say that the functions in the following figures have a considerable
curl pointing in the positive z direction, using the right-hand rule.

Example 1.7

What do you think the curl of the function mentioned in Example 1.6? Prove
your answer.

Solution:

It has zero curl (no rotation shown in its sketch)
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In summary, V is called “del” or “nabla symbol”

@
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v .3+,3+.
=X—+y—+12
ax 3'8_\-'

From the previous discussion we can say that and it is an operator acting
upon functions. It physically does not mean much until we provide it with a

function to act upon

It can act upon:

e ascalar function T : VT (the gradient)
e a vector function like v, via the dot product: V = v (the divergence)

e a vector function v, via the cross product: VXv (the curl).

1.6 Curvilinear coordinate systems

1.6.1 Spherical Coordinates

Let us take point P with Cartesian coordinates (X, y, z), this point can be
described using spherical coordinates (r, 6, ¢);

r is the distance from the origin (the magnitude of the position vector r),
6 (the angle down from the z axis) is called the polar angle,
and ¢ (the angle around from the x axis) is the azimuthal angle.

Their relations to Cartesian coordinates are:
X =rsinfcosg, y = rsinfsing, Z =rFeasd.
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For example, vector A can be expressed as follows:

A=A+ 40+ A,
Also the general infinitesimal displacement dl is:

dl=drt+rdfé +rsindde¢

Example 1.9
Find the volume of a sphere of radius R.

R b4 2x
V= / dt = / / f r2sin@drdo de
r=0J6=0 J¢$=0
R b 4 2r
= (f /'2411‘) (/ sin 6 (IH) (f (l(/))
0 0 0

_3)(‘))(77):i7R3
50 3

Solution:
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1.6.2 Cylindrical Coordinates

The cylindrical coordinates (s, ¢, z) of a point P are defined in the
following figure.

Notice that ¢ has the same meaning as in spherical coordinates, and z is the
same as Cartesian; s is the distance to P from the z axis, whereas the
spherical coordinate r is the distance from the origin.

The relations to Cartesian coordinates are

8]

X = scosg, y =ssing, Z
The infinitesimal displacements are

dls = ds, dly =sdo, dl, =dz,

SO

dl=dsS$+sdp ¢ +dzz,
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