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PREFACE

This book is intended for students of science, engineering, and mathematics.
The basic notions of vector calculus and the integral calculus of functions of
several variables are given to help prepare students for their physics courses
based on vector calculus. A large number of proofs are not presented in this
book, sometimes a sketch of the proof is done.

There are some exercises at the end of each section and at the end of each
chapter. These exercises are designed to illustrate the main ideas of the course.
a chapter has also been included at the end of this book for solutions to some
of these exercises.

As a prerequisite, it is essential that the reader has basic knowledge of differ-
ential and integral calculus and linear algebra.






CONTENTS

I

I1

Infinite Series 9

1 Sequences . . . . ... 9
1.1 Properties of Convergent Sequences . . . .. ... ... 9

1.2 Monotone Sequences . . . . .. ... 10

1.3 Exercises . . . ... .o oo 11

2 Infinite Series . . . . . . . . .. ... 13
2.1 General Properties of Convergent Series . . . . . . . .. 13

2.2 Geometric Series . . . . . ... oL 14

2.3 Tests of Convergence . . . . . . . . .. ... ... .. .. 14

2.4 Integral Test . . . . .. ... .. ... 17

2.5 Root Test or Cauchy Test . . . . . ... ... ... ... 19

2.6 Alternating Series . . . . . ... 19

2.7 Exercises . . . . ... Lo L 21

3 Power Series . . . . . ... 24
3.1 Radius of Convergence of Power Series . . . . . . .. .. 24

3.2 Approximation of Alternate Series . . . ... ... ... 27

3.3 Exercises . . . . . ... 28
Multiple Integrals 47

1 Double Integrals . . . . ... ... ..o 0oL 47
1.1 Introduction . . . .. .. ... .. ... .. ... 47

1.2 Double Integrals over General Regions . . . . . ... .. 50

1.3 Exercises . . . . ... Lo oo 52

1.4 Areaand Volume . . . . . . .. ... 55

1.5 Volumes Under Surfaces . . . . .. ... ... ... ... 56

1.6 Exercises . . . . . ..o 56

2 Double Integrals in Polar Coordinates . . . . . . ... ... .. 63



2.1 Exercises . . . . ... o 65

3 Surface Area . . . . . . . ... 66

3.1 Exercises . . . . . .. 66

4 Triple Integrals . . . . . . .. ... . oo 67

4.1 Triple Integral Over Rectangular Domain . . . . . . .. 67

4.2 Triple Integral Over General Bounded Domain . . . . . 68

4.3 Exercises . . . . . ... 69

5 Centre of Mass and Moment of Inertia . . . . . ... ... ... 75

5.1 Moment of Inertia of a Lamina . . . . .. .. ... ... 76

5.2 Centres of Mass of Solid . . . .. ... .......... 77

5.3 Exercises . . . . ... o 79

6 Cylindrical Coordinates . . . . . . .. ... .. ... ... ... 82

6.1 Double Integrals and Cylindrical Coordinates . . . . . . 83

6.2 Exercises . . . . ... 84

7 Spherical Coordinates . . . . . .. ... ... ... ....... 91

7.1 Triple Integrals In Spherical Coordinates. . . . . . . . . 93

7.2 Exercises . . . . ... o 94

ITI Vector Calculus 99

1 Vectors in R™ . . . . . .. .. 99

1.1 Representation of Vectorsin R™ . . . .. .. ... ... 99

1.2 The Dot (or the Inner) Product . . . . . ... ... ... 100

1.3 Projection and Component Along a Vector . . . .. .. 103

1.4 The Cross Product . . . . . . ... ... ... ...... 103

1.5 Scalar Triple Product . . . .. ... ... ... ..... 104

1.6 Exercises . . . . ... o 105

2 Line and Plane Parametrization . . . . . . .. ... ... .... 105

2.1 Lines. . . . . . . o 105

2.2 Planes . . . . . . . . ..o 106

2.3 Exercises . . . . ... 108

3 Curves and Surfaces . . . . . . .. . ... ... .. ... ... 108

3.1 Quadratic Curves in R? . . . ... ... ... ...... 108

3.2 Surfaces in Space . . . . . .. ... oL 109

3.3 Quadric Surfaces in Space . . . . .. ... 110

3.4 Exercises . . . . . .. 112

4 Vector Functions and Space Curves . . . . . . ... ... .... 112

4.1 Vector-Valued Functions . . . . . .. ... ... ..... 112
4.1.1 Continuity and Differentiability of Vector-Valued

Functions . . . . . . . ... ... .. 112

4.1.2 Tangent Lines . . . . .. ... ... ... ... 114

4.1.3 The Arc Length . . . . ... ... ... .... 114

4.1.4 The Partial Derivatives . . . . ... ... ... 115

4.1.5 The Directional Derivative . . . . .. ... .. 116

4.1.6 The Tangent Plane . . . . ... ... .. ... 117



11

12

13

4.2 Exercises . . . . . ... 118
Vector Fields . . . . . . . . . ... .. ... ... ... 118
5.1 Gradient Fields . . . . .. .. ... .. ... ....... 119
5.2 The Divergence . . . . . . . ... ... oL 120
5.3 The Curl of a Vector Field . . .. ... ... ...... 120
5.4 Exercises . . . . . ... e 121
Line Integral . . . . . . . . ... ... ... 121
6.1 Line Integral in Plane . . . . .. ... ... .. .. ... 121
6.2 Line Integral in Space . . . . . .. ... ... ... ... 122
6.3 Work of a Force Field . . ... .. ... ......... 124
Independence of Path and Conservative Vector Field . . . . . . 125
7.1 Independence of Path . . . . .. ... .. ... ... .. 126
7.2 Conservative Vector Fields . . .. .. ... .. ..... 126
Green’s Theorem . . . . . . . . . . .. ... .. .. ... ... 127
8.1 Exercises . . . . . .. e 128
Surface Integrals . . . . . ... ... Lo oL 129
Flux Integrals . . . . . . . .. ... . o 130
10.1  Flux of a Vector Field . . . ... ... ... ....... 130
10.2  Exercises . . . . . . . . . ... e 131
The Divergence Theorem . . . . ... .. ... .. ... .... 132
11.1  Exercises . . . . . . . . . .o 136
Stokes’s Theorem . . . . . . . . . . . ... ... ... 136
12.1  Exercises . . . . . . . . . ... 140

Curvature . . . . . . . . 140



10



CHAPTER 1

INFINITE SERIES

1 Sequences

1.1 Properties of Convergent Sequences

Definition 1.1

An infinite sequence (or a sequence) of real numbers is a real-valued
function f: N — R.

We denote a sequence by listing its terms in order, (u, = f(n))n. (un
is called the general term of the sequence.)

Since an infinite subset of N is in bijection with N, we can suppose that
f is defined on an infinite subset of N.

Definition 1.2

A sequence (uy ), is called convergent to the real number £ if

Ve>0,3NeN: |u,— ¢ <e VYn>N.
£ is called the limit of the sequence (uy,), and denoted by £ = lim  wuy,.

n——+00
A sequence which is not convergent is called divergent.

Remark 1 :
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1. The limit of a sequence if it exists is unique.

2. If a sequence (uy ), converges to a limit ¢, then the sequence (vy,),, defined
by vy, = Up4p, for n € N converges also to .

Definition 1.3
1. A sequence (uy,), is called upper bounded, if there exists M € R
such that, u, < M, Vn € N.

2. A sequence (uy,), is called lower bounded, if there exists m € R
such that, u, > m, Vn € N.

3. A sequence (up), is called bounded, if it is upper and lower
bounded.

Theorem 1.4

Any convergent sequence is bounded. The converse is not true.

Example 1 :
The sequence defined by: wu, = (—1)" is bounded but it is not convergent.

1.2 Monotone Sequences

Definition 1.5

1. A sequence (uy,), is called increasing if w, < u,11, Vn € N.

2. A sequence (up)y is called decreasing if w, > un,11, V n € N.

Theorem 1.6

1. Any increasing upper bounded sequence is convergent.

2. Any decreasing lower bounded sequence is convergent.
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Example 2 :
1\ - o1
1. The sequence (u, = ; ), is convergent and lim — =0.
n—4oo N
24+3n+1
2. The sequence (u, = %)n is convergent and nEIJIrloo Up = —

— n?+3n+1  n?(1434 %)
T +5n4+1 0 n2(2+ 24+ L)

3. The sequence (u, = a"), is convergent if a €] — 1,1] and divergent if

a R\ -1,1].
1i111 a™ = 0 if |a| < 1. This because |a|” = e®™!%l and In|a| < 0.
n—-+0oo

n2

4. The sequence (u, = 27)11 is convergent and ngr}rloo u, = 0.

2
We can take the function f(x) = ;7 for © > 0. Using 'Hopital rule, we

22 . 2z . 2

get lim — = lim — - lim ——— —
z— 400 2% z—+o0 2% 1n 2 z—+oo 22 |2 2
Example 3 :
Let (un)n>2 and (v,)n>2 be the sequences defined by:
1 1 1
Up =14+ —=4+...+—, Uy =Up,+ —.
1! n! n!
1 2 1 1-—
We have w41 —u, = T Untl —Un = — — " < 0, thus

(n+1) m+1)! nl (n+1)~
the sequence (uy), is increasing and the sequence (vy,), is decreasing. Also
u1 < up < v, < vy, Then the sequences (uy, ), and (v, ), are convergent.

1.3 Exercises

Exercise 1 :
Study the convergence of the following sequences

_

on+1’
37l

4n +1

n

2. u, =

)

3. U, =n?sin(

n+1)7
4. up=vn+3—vn+1,



14

n?+1
2n?2 +3’

2 n
6.un:<1—>,
n

Tou, = nsin(n%‘_l)7

5. up = (=1)"

Solution to Exercise 1:

_ (=" _ 1 - _
1. u, = il [un| = 1 Then ngr}rlooun =0.
3” 3’” 1
u il i en lim u
1 2 gin( Lo sin(—=
3. u, = n?sin(——), u, = i M Since lim (?H) =1,
n+1 n+1 T n—-+00 ntl
then lim w, = +oo.

n—-+00

2
4. up=vn+3—+vn+1= . Then lim wu, =0.
vn+3+vn+1 n—+o0

241 241 1
5. u, = (—1)" 272213. We have ngr_{lm % =% then the sequence
(un)n is divergent.

9 n 2111(177%) In(1
6. up = (1 — ) =enn(-3) = ¢ ¥ | Since lim M =1, then

n x—0 x

lim u, =—.
n—-+oo " e?

o1
n sin(—=) )
1 {H'l . Then lim wu, =1.
n -+ T n—-+oo

7. Uy = nsin(

n—i—l):

Exercise 2 :

u
1. Let (uy, ), be a sequence of real numbers such that lim ntl A, with
n—-+oo Up,
|A] < 1.
Prove that lim, 4o u, = 0.
n

a
2. Compute the limit of the sequence (—')n, with a € R.
n!

v
3. Let (vn)n be a sequence of real numbers such that lim ntl A, with
n—-+oo Un
|A] > 1.

Prove that the sequence (v,), is divergent.




15

2"1

Jn-

4. C te the limit of th —_
ompute the limit of the sequence (n2 1

Solution to Exercise 2:

1. For ¢ = 1_7‘)" > 0, there exists N € N such that for n > N, |u,y1| <
14X 14X
(I\|4€)|un|, then for n > N, |u,| < (%)"_NMN\. Since il <1,
lim wu, =0.
n—4oo
n n
2. Iifu, = a—, lim 2L 0, then lim - 0.
n!’ notoo u, n—+oo n!
1 . Up41 .
3. Define u,, = — for n large. We have lim —— =0, then lim wu, =
|Un| n—+00 Uy n—-4o0o

0 and lim |v,|= 400 and the sequence (v,), is divergent.
n—-+o00

n

4.

m 5 = 4-00.
n—+oo n* 4+ 1

2 Infinite Series

2.1 General Properties of Convergent Series

1. Let (un)nen be a sequence of real numbers. Consider the sequence

(Sn)n defined by: S, = Zuk.
k=1

If the sequence (S, ), is convergent, we say that the series ) -, uy,

is convergent.
+oo

The limit of the sequence (S, ), if it exists is denoted by Z Upy.

n=1

2. The series Z uy, is called divergent if the sequence (S,), is di-
n>1

vergent.

Remark 2 :

1. If the series Z:l u, converges, then ngn}roo Up =0. (up, =S, — Sn_1.)
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2. The condition lim wu, = 0 is not, however, sufficient to ensure the

n—-—+oo
convergence of the series ) -, u,. For instance, the series Z vn+1-—
n>1
V/n is divergent because S,, = vn+1—1but lim wu, =0.

n—-+oo

Example 4 :

1
Study the convergence of the following series E nsin(—).
n
n>1

1 1
lim nsin(~) = 1. Then the series > nsin(=) is di £,
im nbm(n) en the series ’I’Lbln(n) is divergen

n—-+o0o
n>1

2.2 Geometric Series

The series E x™ is called a geometric series. This series is convergent if and

n>0
00 1
ly if 1 and "= ——f 1.
only if |z| < 1 an Zaz T or |z| <
n=0
Example 5 :
Study the convergence of the following series:
on n" 23n
D3 dogeand )
n>0 n>1 n>0
Solution
+00 5p 1
— = =3.
2
= 3 1-3

ngrfoo o = 400, then the series Z o is divergent.
n>1
23n 8 2377,
o n . N
e (3) . Then the series go 0 18 divergent.
n=z

2.3 Tests of Convergence

There are several standard tests for convergence of a series of non negative
terms: The following comparison criterions are based primarily on the fact
that an increasing sequence is convergent if, and only, if, it is bounded above.
It follows that a series ) -, u, with non negative terms is convergent if, and
only, if, the sequence (S,),, defined by: S, = >_7_, uy is bounded.
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Theorem 2.2: [Comparison Test]

Let (un)n and (vy,), be two sequences with non negative numbers. As-
sume that there exists an integer £ € N such that u, < v,, for every
n > k. Then if the series Z vy, IS convergent, the series Z Uy, is also

n>1 n>1
convergent.

Corollary 2.3

Let (up), and (v,), be two sequences with non negative numbers. As-

sume that there exists a > 0 and b > 0 such that au,, < v, < bu,

for every n > k, then the series Z U, and Z v, converge or diverge
n>1 n>1

simultaneously.

Example 6 :
Study the convergence of the following series:

1 n
1. ZH——ZH’ 2. Zlfj’ 3. ZSIH

n>0 n>0 n>1
Solution
ot io L 5 Then th > —— t
. — = en the series is convergent.
1+2on =20 on 1+ 2 &
n=0 n>0
, 1 =1 .
ST e = — o is convergent.
1+e en e e o 1 +e
1 +oo
3. Forn>20< sin(ﬁ) S - 1 Z nln 1) = 1. Then the series

g sin(—;) is convergent.
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Corollary 2.4

Let (up), and (v,), be two sequences with non negative numbers. As-

. U
sume that lim — =/¢.
n—+00 Uy,

1. If £ > 0, the series Z Uy, and Z vy, converge or diverge simulta-
n>1 n>1
neously.

2. If £ = 0, the convergence of the series Z vy, involves the conver-
n>1

gence of the series g g
n>1

3. If £ = 400, the convergence of the series Z Uy, involves the con-
n>1
vergence of the series Z U,
n>1

Example 7 :
Study the convergence of the following series:

1 Z 3n+\/ﬁz7 4 Ztan* ’I’L‘

112124_712-’_”2 n>1 "
1 1

2. > sin(—); 5.3 H_Q"

n>1 n>1

Z 8TL2 -7

er(n+1)2’
Solution
3 3

1. lim nzL@ = 0, then the series Z M is convergent.

n—too 24 n24n2 = 2+n?+n2

1 1
2. nll)ﬂ[_loo n? sin(ﬁ) =1, then the series ;sin(ﬁ) is convergent.
n_

T i

n‘— ———— is convergent.
n—+oo  e™(n+1) g

. 8n? — 7
5 = 0, then the series T; 6"(71——1—1)2



T tan
=5 then the series Z

-1

n>1

n>1

2.4 Integral Test

n. .
is divergent.

Inn Inn
2 —- =0, then the series Z ol is convergent.
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Theorem 2.5

n>1

Let f be a decreasing continuous function on [1,+oo[. For all n € N,
define the u,, = f(n) for all n € N. Then:

+o00
/ f(z)dz converges <= Z Uy CONVETges.
1

Example 8 :

Study the convergence of the following series:

1

tan~ "' n lnn
L. : 2. Z
,;) 1+n? n>1
Solution

+oo —1 2
tan™ " x 1 1.7

1./ = _(tan"ta2)?)f> = S (——
. ( )N 1 16)

1+ 22 2

is convergent.

T Ing 1
. — 1
2 /1 . dx [2 n? ]

3 Z lnn'

n>1

Then the series Z
n>0

n>1

n>1

n~lin

14+ n2

= 400. Then the series Z — is divergent.

. Inn .
T2 — 1. Then the series E — Is conver-
n

Corollary 2.6: [Convergence of Riemann Series]

The series >, 5 7

—+ converges if, and only, if, a > 1.
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Let (un)n be a sequence with non negative terms. Assume that there
exists 0 < a < b such that for n large enough, 0 < a < n%u,, <b < 400,

then the series Z u,, converges if, and only, if, o > 1.
n>1

Example 9 :
. tan~tn . . tan~1 ™
The series Z is divergent since ngr_irrloon =3
n>1
Exercise 1 :
Show that the Bertrand series Z ———— converges if, and only, if, « > 1 or
=5 N In”n
n>2
a=1and g >1.
Solution
Ifa <0, lim ——— = 4oo, then th — s di ¢
a<0, lim e ()P = +o00, then the series Z e P is divergent.
If 0 < o < 1, consider @« < v < 1 and the sequence (vn = L), As
. n’ . o
nEIJIrloo W = 400, the series 2 W is divergent.
nz
-
If a > 1, consider 1 < 7 < a and the sequence (v, = -5 ),,. As lim L
n—+oo n®(Inn)p
1
0, the series Z m is convergent.
n>2
1
If @« = 1, consider the sequence (u, = 5 ) and f(z) = ——5—, for
nln”n zln” z
x > 2. The function f is decreasing for = large. Then the series Z _—
n(lnn)?
n>2
< dx
is convergent if and only if the integral / 3 is convergent.
2 xln”x

> d =lng [°dt
The integral / :1; t=lnw / — is convergent if and only if > 1. O
2 xln’z 2 t°

Theorem 2.8: (The Ratio Test or D’Alembert’s Test)

Let (un)nen be a sequence of non negative real numbers. Assume that
"1 _ ¢ exists. Then
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1. If £ < 1, the series Z Uy, is convergent.
n>1

2. If £ > 1 the general term of the series does not tend to 0 and the

series E U, is divergent.
n>1

3. If £=1, we can not conclude if the series is convergent or not.

2.5 Root Test or Cauchy Test

Theorem 2.9: (Root Test or the Cauchy Test)

Let (un)n be a sequence of non negative real numbers. Assume that
lim /u,, = ¢ exists.

n—-+o0o

1. If £ < 1, the series Z Uy, is convergent.
n>1

2. If £ > 1, the general term of the series does not tends to 0 and the
series Y -, u, is divergent.

3. If £ =1, we can not conclude if the series is convergent or not.

2.6 Alternating Series

Theorem 2.10: Alternating Series

Let (un), be a decreasing, non negative sequence and lim w, = 0.
n—-+oo

Then the series Z(—l)”un is convergent.
n>1

Let (un)n be a decreasing, non negative sequence and lir_{_l U, = 0.
n—-+0oo
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Then for all m € N,

Definition 2.12

A series ), - uy is called absolutely convergent if the series Y - |un|
converges.

Any absolutely convergent series is convergent but the converse is false.

(="

The series E
n>1

Theorem 2.14

Let (uy,)n be a sequence of real numbers. Assume that lim [t 1] =
n—>+00 |u,n|

is convergent but not absolutely convergent.

{ exists. Then

1. If £ < 1, the series Zun is absolutely convergent and then is
n>1
convergent.

2. If £ > 1 the series Z Uy, is divergent.
n>1

3. If £=1, we can not conclude if the series is convergent or not.

Let (up), be a sequence of real numbers. Assume that
lim, 400 V/|un| = £ exists.
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1. If £ < 1, the series Z Uy, is absolutely convergent and then con-
n>1
vergent.
2. If £ > 1, the series ), - uy is divergent.

3. If / =1, we can not conclude if the series is convergent or not.

2.7

Exercises

Exercise 2 :
Study the convergence of the following series:

1 n!)?
b Zﬁ 3.2 (271)!

5.2%

n>0 n>0 n>0
n" " n!
2. E — 4. E — . E —
n! n! 0 nn

n>0 n>0 n>0

Solution to Exercise 1:

1.

1 n 1
Ifun:—,thenuH: .
n! Uy, n+1

. 1.
The series E — is convergent.
n!
n>0

n

n Unt1 1., . n" .
. If u, = —, then = (14+ —)" — e > 1. The series E — is
n!

n!’ Un, n et
divergent -
n!)? U n+1 nl)?
I, = (n)) , then ntl — + . The series E ( is conver-
2n! Uy, 2(2n+1) 2n!
n>0
gent.
If T then UL = T The seri - z ¢
. Ifu, = —, then —— = . The series — is convergent.
"ol U, n+1 n! &

n>0

n

n \" . S
It u, = n then Unt1 _ (1 + ) — e. The series E n is diver-
n n!

b)
n! u
n n>0

gent.

Unp, _n—|—1 e

! n r\" 1 . .
I u, = i, then 2+l — (1 > —> —. The series Z LN
nn" nn"

n>0
convergent.
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Exercise 3 :
Study the convergence of the following series:

n>1 n>1
23 (5 13 ()’
2n+1 'n>1 Inn

Solution to Exercise 2:

6271 e e2n
1. If u, = —, then {/u,, = —. The series E — is convergent.
n" n = n"
n_

an —5\" n—5 . dn —5\" .
2. Ifun:(2n+1) , then "un:2n+1.Theserles;<2n+1> is
divergent. N

3. If u, = <n—|—1> , then lim wu, = e. The series Z (n—|—1> is

n n—-+oo n
n>1

divergent.

4. If u, = (L> , then lim wu, = 4o00. The series Z ( ) is diver-
Inn Inn

n—+0o
n>1

gent.

Exercise 4 :
Study the convergence of the following series:

n>1 n>2
n(=1)"
2 Z n+1"’

n>1

Solution to Exercise 3:

is

1 . . : (=D
1. The sequence () is decreasing to 0, then the series

convergent.
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" 1"
2. As lim n(-1) =1, the series E n(=1) is divergent.
n—+oo| n—+1 n+1
n>1
1 1"l
3. The sequence ( nn) is decreasing to 0, then the series E ()711”
n n>3 n

n>2
is convergent.

Exercise 5 :
Study the convergence of the following series:

Solution to Exercise 4:

sin n?

1. As
1+ n?

. .
and the series ;1 T is convergent, then the
nz

— 14 n?

. sinn? |
series Z T3 2 is absolutely convergent.
n

n>1
(=)™ 1 . 1
2. As and the series ——— is convergent, then the
nln®n| = nln’n ZnIHQn 8

n>2

_1)n
series Z <1 2) is absolutely convergent.
nln“n

Exercise 6 :
Find the sum of the following series

Y A —
= 32n  p2 —3n+2
Solution to Exercise 5:
+oo 3n +00 on +o0
2 1 1 1
> (Ftwmrs) = Lo (i et
n=3 n=3 n=3

83
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3 Power Series

Definition 3.1

Let fn(z) = an(x — 20)™; with (ay), a sequence of real numbers. The

series g an(z — )" is called a power series centered at xg.
n>1

+oo
We denote S(x) = Z an(x — z0)", whenever & where the series con-
n=1

verges.

. J

Let Z an(x—2x0)" be a power series, we look for its domain of convergence.
n>1
The series converges at least for x = x¢. In which follows, we consider the series
centered at 0.

Theorem 3.2: Abel’s lemma

If the power series Z anx™ is convergent for © = xg, xg # 0, then the
n>1

series Z anx™ is absolutely convergent on the interval | — |xg], |zo][,

n>1

If the power series Z anx” diverges for x = xg, then it diverges for
n>1
every z such that |z| > |zg|.

3.1 Radius of Convergence of Power Series

Theorem 3.4

For every power series Zanx", there exists a unique R € [0, +00]
n>1

which fulfills:




1. For every x € R, such that |z| < R, the series Z anx™ is abso-
n>1
lutely convergent.

2. For every z € R, such that |z| > R, the sequence (a,z™),, is not
bounded and then the series Z an,x" diverges.
n>1
The number R is called the radius of convergence of the power
series and | — R, R[= {x € R; |z| < R} is called the open interval
of convergence of the power series.

Theorem 3.5

e
\.

Let E anx" be a power series with R its radius of convergence. Then
n>1

a
L. If R= lim |—|, if the limit exists.
n—+400  Apy1

1
2. R= ————— if the limit exists.

. > )
hmn—>+oo \/ |an |

Theorem 3.6

Let E a,x" be a power series which R > 0 as radius of convergence,
n>0

+oo
then the function f(z) = Zanw" is differentiable on | — R, R[ and
n=0

f(x) = X7 na,z"! and this series has R as radius of convergence.

—+oo

If f(z) = Zana:", then f is infinitely continuously differentiable on

n=0




28

2™. (This series is called

(n) T2 £(n)
|- R R an =W and p@y = 3 L9
n=0 .

n! n

the Taylor’s series of f at 0.)

Example 10 :
+oo  n
- T
n=0
+o0
e (=1)"z™
n=0
+oo m2n
coshxzzw Vz € R.
n=0
+oo 22+l
sinhz = 5 o Vo € R
— (2n+1)!
For |z| < 1,

1 “+o0 1 “+o0
1= E_x and  —— E_( )"x
n=0 n=0

By integration, we have

oo o+l T el
(1 +az) =Y (1) 1—2)=— .
n(l+z) nzzo( ) i) and In(1—xz) RZZO D)

1. 14z X g2ntt

tanh 'z = = 1In = .
2 l-z = (2n+1)
too too 2n+1
1 . n,_.2n —1 _ n T
T2 Z(fl) z“" and tan™ "z = Z(fl) @ntl) |z| < 1.
n=0 n=0
too 22n oo 22+l
COST = Z(—l) W and sinx = Z(—l) m
n=0 n=0
. 4
The power series of f(z) = 3 5 centered at ¢ = 1.
-2z
4 4 =

— — _ n(,. __ 1\n _ 1
f(z) 3_23:—1_2@_1)—7;042 (x—1)", for |z —1| < 3.
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: (z—3)
The power series of f(z) = T or centered at ¢ = 3.
(z —3)? (@—3) X (=) 2
_ - _ = — 32 f -3l < 1.
J@) =", 2+2(z —3) y —(@= 3" for fr =3 <
=0 nw 7r
Taylor series of sinx at 7. We have sin™ (z) = Sin(ﬂl“i’?)a then sin ™ (Z) =
2 2
sin(% + %) = % ifn=4porn=4p+1,p>0and sin(")(g) = —% if

n=4p+2orn=4p+3,p>0

+o0 400
sinx = Z ﬁ(x _ 5)4” + Z 2(‘/5@ _ E)4n+1

| |
L) 4 Zeo(n+ 1)l 4
+oo too
_ Z L(x ~ Tyant2 _ Z L(z — Tyan+ts
Zaoln+ 21 4 Zaoln+ 3 4
e’ at c=2
+oo 1
@ _ 24(w—2) _ 2 S (9
e’ =e =e Zon! (x —2)".

3.2 Approximation of Alternate Series

Recall that if (ay,), is a non negative decreasing sequence such that lim a, =

n—-+o0o
+oo
0, then Z(fl)kak < ay.
k=n
1
1
Approximate / ﬂdm
0 xr
+oo
1 —cosx (-~ o, 1 22 a2t ,
2 :Z%(Qn+2)!x =5 g T TR, with
=
x
R@)| < 5
Then
1 1 2 4
1—cosx 1 =z T
%A = ———+—d R
/0 2 @ /0(2 4!+6!>x+
1 3
= o zatsath
1.6
x 1
where |R|</0 gdm—@.
Hence/ll_cosx l—i—&——
o a2 T2 347 5.6
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3.3 Exercises

Exercise 1 :
Find the sum of the following series and precise its radius of convergence:

1 io " . +§ " sinnf 14 f 3"
’ — 2n—1’ ' ot on ' — (3n)!’
+oo X z" cos nb oo "
2. > nia", 8 Z:l nan 15. Y (n* + 1)%,
n=1 "= n=0 ’
+oo .2
o nx™ sin“(nd
oo o0 g Y natsin(nf) o
3. Z x", 2n nx
n=0 n' =t 16. Z 3”(71 =+ 1) ’
= oo g
n?+1
+oo o 10. Z - z", N
4. —_ —o " =3 24 D)z
z_% (n+1)(n+3) 1 17. Z(_nnu
n= [e'e) n n:
xT n=0
11. —
+oo (_1)n$2n+1 Z (271)'7
5 Z 4n2 —1 " X pan
nZ _
= oo TR
2. % sin”(nf) 2n. £ 37 (n+1)
—+o00 iCn 0 n'
6. — cosh(na),a > +00 N
7;1 " 13. 2(271 + 1)z, 19. (-1)"z
0 ">0 ot 3n+1

Solution to Exercise 1:

too  on—1 +00
1. Recall that if h(z) = ngl h, with |z| < 1, then h/(x) = ;mZ”_Q =
1 1. 1+
mandh(z):ilnl_m
~ " 2n + 1
Let f(z) = ;}Zn—l’ R = nEIEWQH—l = 1 and for x > 0 we set
t? f(x) 1+1t+iot2n_1 1+\/§1 L+ Ve
T = x)=— =—1+Y"mI ]
n:12n—1 2 1—+7

For z < 0, we set © = —t2.

2. Recall that for |z| < 1



31

1 +o0
= ;x (3.1)
+oo
If f(x Zx /x):an Zn:c +Zm Then
n=1 n=1 n=1
1

Zna: 17@2—17% (3.2)

+o00 +oo 00 +oo

x) = Z n?a" ! 4 Z na" ! = z:(n2 +2n+ 12" + Z(n + 1z
n=1 n=1 n=0 n=0

Then

e 3 1
an in_gzna@ —2233 )3 (17$)2+1—x'

n=0 n=0
(3.3)

L (n2—|—1)(n—|—1)7
3.angrfoo CESCES| = +o0.

+oo 9 too
n“+1 n
" = — "+ e
> D —
— nl — (n—1)!
+oo
- n+1 ,
= e +xz o
n=0
TL
= e¥ +xe” —l—xnzl nfl)
+oo 1
= "+ ze” —|—x22—x e”(1 4z + z2).
n=0
2 4
4. R= lim w:L
n—+oo (n + 1)(n + 3)

For x #0
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n too n too n

i \gF}
8
|

(n+1)(n+3)

1 IX gntt

= filn(l—m)+i

9 2ntl 23
n=0

1 T 1 T
§;n+1+§;n+3

1 +0  ni3

T

X

2z 2z3 2

=0n+3

2
(r — — —In(1 — x)).

1)”.’1}”

5. If 2 = z, the radius of convergence of the power series Z ~—— is

. 4n+1)2%-1
R = ngrfoo 47?,2 -1

power series Z is 1. For x # 0

n>0
d +oo (_l)nx2n+1 +00 n 2n +0o0

@; an? — 1 :: 2n—1 Tt

+oo n,.2n+1 2
(=1)"z < -1
nz:% n? —1 Tt

4n? —1
n>0

= 1. Then the radius of convergence of the

(_1)nx2n—l 1

2n—1

=zxtan .

(n + 1) cosh(na)

6. R= — =
n oo 1 cosh((n + 1)a)

+oo

10 n_na
Z%cosh(na) = ;Z‘:IZ ;Z

n=1
1

1
= -3 In(e® —z) — 5 In|e”

TL —na

_x‘

1
=-3 In(e® — z)le

—a

IX 2 sinng IX prel

n=1 n=1



“+o0

x"sinnd
Z on -

n=1 n=1

2x cosf
22 +4 —4xcosb

33

+oo in6
x™ cosnb x"el™
= = 2
8 =T Re ) i R
n=1 n=1
+oo n +00 n_ind
z™ cos nd z"e
nan = Re Z nan
n=1 n=1
= In2—In(2? +4 — 4z cosh)
9. R=2
X na sin®(nd) B X na" (1 + cos(2n0))
Qmn - Z 2n+1
n=1 n=1
T 20
= R T
1122 3@ g
B x 22 cos(20) — x?
 4(1—2)?  2(22 44 — 4w cos(20))
10. R=1.
+oo o +oo +o0 +00 n
n® + 1 n 2,.n n €
i = Z(n+1)z —QZx +22n+
=0 n=0 n=0 n=0
B 2 2ln(l —x)
o 1—=x T '
11. R = +occ.

0 o cosh(y/z) if x>0
= (2n)! cos(v/—z) if x <0
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12. R = +o0.
+§ Sin2(n9) 2 lf 1-— COS(Qn@) L2 _ 1612 _ }Re 6x2e2i9
n! 2 n! 2 2
n=0 n=0
1 = 1 =
= Eez - 561 ©03(20) cos (2 sin(26)).
13. R=1
“+o00
2x 1
2 Da™ = .
nzzo( R (s DA
14. R = +o0.
Ifj = ez-éiﬂ,
+oo . \n +oo 3n +oo 3n+1 +oo 3n+2
(jl') Jr _ -2
15. R=+o0
“+00

n
Z(n2 + 1)% =e*(1 +x+27).

n=0

16. R =+o0

X 2" cosnb i0

E ——— =Ree™ = e®89 cos(x sin 0).
n!

n=0

17. R = +o0
+ -
ZOO 2™ sin nfd 2 zcosd

=Ime =e sin(x sin ).
n!
n=0

18. R=3. Forx #0

+§ nz" 3 +31n(37x)731n3
3n(n+1) 33—z x ’
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19. R =1, and set x = t>. For x # 0

JFZOO (_1)nxn B 1 +ZOO (_1)nt3n+1
— 3+l t4 3+l
1 [t ds 1 1 [t —bs+2
= -/ — =_—lh(1+)+~— | ——=
t/o Trs 3t )+3t/0 1—s+s2

2t—1)+ T
V3 6tV/3

1 1 1
= —In(14+t)— —=In(1—t+1t>)+ ——tan*
Stn(+) th( —|—)+t\/§an(
Exercise 2 :

ug =1 and {Un+1 = Uy, + 20,

1. Define the sequences (uy,)n>0 and (vy,)n>0 by: {Uo —0 Vnsy =ty +
- n - n n-

Determine the radius of convergence and the sum of the power series

g U,z

n>0

2. Determine the radius of convergence of the power series:

(=n"

Z anpx™; with ag, = O0and ag, 41 = @2n—1)2n+1)

n>0
+oo

Let f(x) = Z anz™, give a simple expression of the derivative f’(x) in
n=1

term of x and tan™! z.
Deduce f(x).

Solution to Exercise 2:

1. Remarque that u,i1 — \/§vn+1 = (1- ﬁ)(un — \/Evn) and upi1 +
V20,11 = (1 +V2)(u, + v20,). Then

Up = V20, + (1 =V2)", up =—V20, + (1+V2)".

1 1
We deduce that u,, = 3 (1—v/2)"+ = (1++/2)". The radius of convergence

2
of the series Z upz™ is R =1+ /2 and
n>0
—+00

1 1 1 1
Upx" = = + - .
2 21-(1-v2)z 21— (14+V2)z

n=0
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2. 1 is the radius of convergence of the power series Z apz”.

n>0
1 2
f'(x) = =1 — xtan~ 'z, then f(z) = 7% - %tan*l(x). We can
also compute f(z) as follows:
Jf:o (_1)nx2n+l 1 Ji’f n 2n+1 B 1 +oo (_1)nx2n+1
~(@2n-1)2n+1) 24 2n-1 24~ 2n+1

_ ,zf(lm)f(fl)”z%*l
o 2 2 4~ 2+l

1 2
= -2 (zix)tanfl(x).

Exercise 3 :
Give the expansion in power series in a neighborhood of 0 of the following
functions

1 In(1+ z)
. 1z
2. f(x) = (sin"'z)®. (We will be able to show that f fulfills a differential

equation of order 2.)

5 sin~* N3
CVx(l—x)

4. In(1 — 2z cosa + x?).

5. e*® cos .

Solution to Exercise 3:

+oo n+1
. 1+;v = Z )Y*2™, In(1 + x) = ;(—1)”%, then the product of

the series ylelds

n

In(1+ z) 1
1z chx with ¢, = (— )’;m

2. The function f fulfills the following differential equation

(1—a2)y —ay =2.
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“+00
If f(z) = Zanx", then ag = a; = 0 and as = 2. Moreover (n + 1)(n +

n=0

2n — 1)2a9,—
2)an 2 = n’a, for n > 1. then Thus ag, = 0, ao,s1 = @n —1)%azn

2n(2n+1) ~’
_, (2mn))?
and Aan+1 = QW Then
+o00 2
. 2"n)? 5o
(sin~'x)? = e
ngo (2n+1)!
1 +00 5n 2
sin” /T d, . 4 2 2"(n+1)H7
3. ——=——/(sin )" =2 — "
T @t VD 2 @2nt 1)
) , 1 1
4. If g(z) = In(1 — 2z cosa + z#), then ¢'(z) = — + —. As
r—e*  xr—e @
1 =
prompr ol T;)x e .
Then
+oo xn+1
g(z) =In(1 — 2z cosa + 2?) = Z -2 1 cos(n + 1)a.
n
n=0
: vy @4 .
5. € cosz = Ree®H) = Rez 2" Set (2+1) = V5el? | thus
n!
n=0
+oo
5 n
e?® cosx = Z (\f') ™ cosnf.
n!
n=0
Exercise 4 : .
Give the expansion in power series of the function f(z) = [Pk
—zr—=x

Solution to Exercise 4:
T —x a b

flz) = =

1—z— a2 (x—a)(m—ﬁ):x—a+x—ﬂ’

1+6 1-V5 1+56 1-V5

where a = — =— =— ,and = —

9 - , &=
2v/5 25 2




38

(@) x a+ x" aix"
T) = = —— - = v

o 2 n n
l—-z—=x a = anoﬁ

n

L & (™ 1 X (=2)man
Zﬁ;(l+ﬁ)" Ngg)(l—\/ﬁ)"'

Exercise 5 :
Give the expansion in power series of the following functions in a neighborhood
of 0 and determine the corresponding radius of convergence:

1 1.2 T In(t? — 2t 41
o 12. cosh” z, 99, / n( t2 )dt,
. 13. sinh® z, 0
2. ——, 93 ((1+x)sinx)2
(I-x) 14. (z—1)In(z? -5z + ' x ’
6)
3. In(1 —x), J 2%
24. / e dt,
4 1 15. zIn(z + Va2 + 1), x
: 1— 27 T
! 16 ) 25. e—zxz/ 2t dt,
5. 1 : -2 -+ 17 0
(x—2)(z—-3) e
. 1 2. .
6. L 14— 223 *
1+ (Ez ea:2
18 - 27. ,
7. In(1+x + 2?) " (1422 —22)? -z
8. tan™ !, - 28. / %dt,
, 19. 4/ o o 1
i +x
9. sin” z, o 1 1+
10. cos® z, 20. tan~'(z 4+ 1), T
11. cos*z, 21. tan"(z +V3), 30. In\/1 — 2z cosha + 2.

Solution to Exercise 5:

1 X
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d 1
. 1 1-— _ — h
Tn n(l —z) [ then

+oo
1 1 1 1 1
. = — — _ n R:2
(x—2)(x—-3) x-3 z-2 ;<2n+1 3n+1)x '

1 -
=Y (-)"z*",R=1
EE NI
too 3"
. For |z] <1, In(1+z+2%) +1In(1 —2) =In(1 —2%) = — Z ——. Then
n
n=1
too 3n T
R YD D W
where as, =0, azpt+1 = agp42 = —1.
—tan" 'z = o then
" dx 1422
oo 2n+1
x
tan 'z =>» (-1)">—=, R=1
an” " x 7;0( ) il
. R = 400, we linearize sin® z,
1-— 2 1 1
sinz = sin:r(M = —sinx — = sinz cos(2x)
2 2 2
1 1 1 3 1
= 3 sinx — 1 sin(3x) + 1 sin(x) = 1 sinx — 1 sin(3x)
Or
sin3a: _ i(eim _ e—ix)B — ;I(ESiz _ Seiz + Se—iz _ e—Si:c)
8i 8i

e i G i e s
4 @2n+1)! &~ (2n+1)! ’

n=0
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10.

11.

12.

13.

14.

15.

1 (2
R = +o0, cos?p = —— 2 + cos(2) =14+ = Z

2
R = +o0,
1 1
cosz = Z(l + cos(2x))? = Z(l + cos?(2x) + 2 cos(2x))
—+o0
1 1 ( 1)n22n 2n
- (z 3 E
n=1
1+(>C 22"
R = 400, cosh? z = 5(1+cosh (22)) §n:1 )l
R = o0,
1
sinh®z = g(ex—e_’”)?’:g(e?’x—?)e + 3¢ — e77)
10 92n+41,.2n+1 too  2ntl
1 3
= = Zix_ngi '
4\~= (@2n+1) — (2n+1)!
R =2,
(r—1)In(z? =52 +6) = (z—1)In2—-2)(3—-2)
=X =X
= —1)(In2 — — —1)(In3 — —
IR S RCUIEE BF-

Let f(z) = (1+ )% witha ¢ Nand z €] —1,1[. fis C* and f'(z) =
a(l+ )~ then f is a solution of the following differential equation:

(1+2)y —ay=0. (3.4)
—+o0

We look for a power series Z anx”™ such that the function S = Z apx”
n>0 n=0

is a solution of the differential equation (3.4).
(1+x) Z nanz" ' — a Z anpz™ = 0, which yields that

o —

(n+1)apt1 +nay, —aa, =0 < apq11 = Tllan Vn > 0.



Then

a—1

anp = «

a—n

‘n+1

a—n—|—1)

1+Z

and

(1+ )" —1+Z Gl

1)

a—n+1)

™),

TL

The radius of convergence of this series is R = 1.

For ao = _71, we have:

1 =

n
CZn "
4gn "

n
C2n ",

Z

Vifz=1+= Z

nOQn

n+1

—+o0
1 Cs
2n 1,277,.

Vi-a%

=0 an

n
CQn 2n

mZ

Tl

2n+1

4" n+4+1

+oo

1 ™
COS r= = — E
2
n=0

sinh ™'z =In(z + V1 + 22) =

n
Ccy. x

2n+1

4n 2n 4+ 1°

+oo

n=

D

0

(_

H"Cy, x

2n+1

477.

n+1

41
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16.

17.

18.

19.

20.

+o00 (_1)
xln(m+\/x2+1):z 1
n=0

neom 2n+2
CZn T

noo2n41°
T —2 _ T —2 _ 3 1 3
B —a?2—z+1 (1—:1:)2(1+z)_ 41—z) 2(1—2)2 4(1+=x)
+oo 3+oo
= Zx fonJrl)x fZZ(fl)x.
n=0 n=0
1 B 1 B 1 n z+4
l+x—223  (1—-2)(1+22+222) 5(1—2) 5(1+ 22+ 222)
1+ 1 <= +1 U T
=z 2 "+ 0 g(—l)”QT(Cos(n + 1)1 + 7sin(n + 1)1)95”
R 1d 1 di(@f\/ﬁ)” (2+\/§)”)n
- -2 . x
(1422 —22?)? 2dx 1+ 2z — 22 do £=* 272 2n+2
. (24 V2)"
R N
2n+2 2n+2
+oo
/1— 1-— 5
: .13:( x)zz(l_x)z 4in 2n
+r V1-=x o
77 v dt
tan™! 1) = - —
an~(z +1) 4+/0 212t 1 12
_ 7r+i/Jc dt i/“” dt
42 )y 1Hi+t 2 )y 1—i+t
B z i +z: n n+1 lf (71)nxn+1
=gt n+1 1+1"+1 2 &= (n+1)(1 -+t
. +oo Jie ERTGE LI ; ) RICES L
T i x T
= 7+7 'n 5 n
4 27;) (n+1)2 En Z n+1 En
+oo

" sin

(et )

n—|—1)2

n+1
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21.
T r dt
tan"'(z +V3) = —+/ _
( ) 3 Jo 4+2ft+t2
_ T i /
I f+1+t f—1+t
- T L i i +§ ( 1)n n+1 : Z 1)”37"+1
324 (n4+1)(V34i)nt! n+1 )(V3 — i)t
_ T i f (_1)716717("21)" ntl +ioo (_1)n61‘"+1)" il
— a5 nil Y nil
3 2 n=0 (n + 1)2 2 n=0 (n + 1)
o ++°°( )" Sln(("'zl)ﬂ)m"+1
3 n=0 (TL + 1)2";1
1
TIn(t? - 3t 41 T n(2 —t)(3 -t
[hesgen, o rwesndon,
0 t t
too 1 -1
t" Q”t"
- > )i
n2” n
= Z( TR >dt.
23 ((1"‘55) Sinx>2 o (1+1’)21 —COS(2£E 1+x +Z n+1 2(” 1)
' x - 222
n=1
R = +00
24. R = 4o0.
/% —t? dt_f (=" (22n+1 1) 2n+1
L YT A nen v
n=0
25. R = +o0.
) T ) +oo
e / 2 dt = chx2"+1, where
0 n=0
2" ¢ n! 2"

Cp — — =

n! f=kl(2k +1)(n — k) nl(n+1)
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26. R=1.
x o +oo +oo n 1
= Z .y Zx chx", where ¢, = Z o
n=0 n=0 n=0 k=0
27. R=1.
z? 271 +oo n 1
. Z . Z chﬂc , where ¢y, = ZH’ and cani1 =
k=0
"1
>
k=0
28. R = +o0.
400 n
cost = (=1 ’ and
2n!

*cost—1 4
——dt = -~
/0 t2 ; 2nl(2n — 1)

29. R=1.
ln<1+$> f n+1 ! ln2+z

30. fa >0, R=¢e"%

Iny/1—2zcosha+22 = =In(e”
1+
_ Z cosh(na)x

—z)(e’ —x)

n —na ’Il

-3

’I’L(lx

Exercise 6 :
Give the expansion in power series the following functions at the corresponding
point xg.

1. f(z) =cosz, (xg = %),
2. f(z) = (1—-2%)7"%, (w =0),

Solution to Exercise 6:



45
1. f(x) =cosz, (xg = %),

T V2

T ™ , 71'
cosx = cos(z— 1 + Z) = T(COb(x - Z) —sin(z — =)

e N G G DR e G VA Gl D il
o> (2n)! - ; ! '

Exercise 7 :

1. Consider the sequence (a,) defined by:

ap =1,a1 = 2,apt2 — Tapy1 +
12a,, = 0.

+oo
a) Compute F(z) = Z anx"”.
n=0
b) Deduce the expression of a,,.

2. Consider the sequence (ay,) defined by:

ag = 1,a1 = 2,an42 — Tapg1 +
12a,, = n.

Compute the expression of a,,.

3. Consider the sequence (a,,), defined by:

ag = 1,0,1 = 2,an+2 — San+1 +
16a,, = 0.

Find the expression of a,.

Solution to Exercise T7:



1. a)

+oo
F(x) = Zanx"
n=0

+oo
= 1422+ Z Aoz T2

n=0
+oo +oo
= 1+4+2x+7x Z Upgrx™ T — 1222 Z anx”
n=0

n=0
“+oo
= 1422 —122°F(2) + T2 Z anx"
n=1

= 142z —1222F(z) + 72(F(z) — 1).

1-—5x 2 1
Then F = = — .
en Pt = I o T T 3 1 4r
—+oo —+oo +oo
2 1
b) F(z) =

e O A D P T

= n=0 n=0
Then a, = (2.3" —4") for all n € N.

+oo
2. Consider the function G(z) = Z anx"”.
n=0
+oo
G(z) = Z anz"”
n=0
+oo
= 1+2z+ Z Ungox™ 2
n=0
—+oo +oo —+o0
= 1422+ 7x Z an+1x"+1 — 1222 Z apx” + Z nx"
n=0 n=0 n=0
+oo x
— 2 n
= 142z—12x G(l‘) +7l'nz::1anl‘ + m
= 1+20—122%G(2) + T2(G(z) — 1) + ﬁ
1 7 11 1

Then G(z) = TI1_32) 91 _4z)  36(1—2)  6(1_x)?
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1< 7% 11 <X 1<
G(z) = 1 ZS":E” + 9 24"30" + 36 Zx" + G Z(n—i— 1)z
n=0 n=0 n=0 n=0
—+o0

B 6 36 9 4 ’

n=0

1 11 74" 3"
Thenan:(%—i—%—&— 5 _Z) for all n € N.

“+ o0
. Consider the function H(x) = Z anz".
n=0

+oo
H(z) = Zanx"
n=0

“+o0
= 1+4+2z+ Z Ungox™ 2

n=0
+oo too
= 1+2x+8z Z Azt — 1622 Z apx”
n=0

n=0
400
= 142z —122°H(x) + 8z Z anz"”
n=1

= 1+2r—122°H(x) + 8z(H(x) — 1).

—+oo
1—6z 1
Then H = = = 2"z™ and a, = 2" for all
en H(r) 1202 —8r+1  (1—27) nE:O " and a or a

n € N.






CHAPTER 11

MULTIPLE INTEGRALS

1 Double Integrals

1.1 Introduction

In calculus of one variable, we use the theory of Riemann integration to compute

the integral
b
|t

for f: [a,b] — RT as the area under the curve f from = a to x = b. This
integral is approximated by areas of a collection of rectangles.

If the function is not necessary non negative, the definite integral is equal to
the area above the x—axis minus the area below the z—axis.

/ !

a b

< a b a

Az = b—a
n

This concept can be extended to functions of several variables. Consider for
example a function of 2 variables z = f(z,y). The definite integral is denoted

by
/ /@ f(z,y)dA
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where Z is the region of integration in the xy—plane. The definite integral is
equal to the volume under the surface z = f(z,y) and above zy—plane for z
and y in the region Z.

For general f(x,y), the definite integral is equal to the volume above the
zy—plane minus the volume below the zy—plane.

Definition 1.1

Let f: Z — R be a function of two variables defined on a region #
and let P = (Ry)i<k<n be an inner partition of #. For any mark
(2k, yx) € Py, consider the Riemann sum

fv’%P :wakvyk Ak7

k=1

where Ay is the area of the rectangle Pj.

Theorem 1.2

Let f: #Z — R be a function of two variables defined on a region
Z%. The double integral of f over %, denoted by / f(x,y)dxdy, is
X

HPH Z f(zk, yr)Ag, provided the limit exists.
—0

If the double integral of f over Z exists, then f is said to be inte-
grable over Z. It can be proved that if f is continuous on &, then f is
integrable over Z.

Remark 3 : (Geometric Interpretation of the Double Integral)

A wuseful geometric interpretation of the double integral for a non negative
continuous function f throughout a region Z.

Let S = {(z,y,2) € R®: 2z = f(x,y)} the surface defined by f and let V be

the solid that lies under S and over #. The volume of V is / f(z,y)dxdy.
I

To find the volume between the rectangle 2 = [a,b] X [¢,d] in the zy plane
and the surface

S={(z,y,2) : (x,y) € %, z= f(z,y)}

where f is a continuous function, we proceed as follows: We divide the rectangle
R into an n x n subsquares R; ;. For each subsquare R; ;, we make a box of
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height f(x;,y;), where (x;,y;) € R; ;.

We approximate this volume by adding
up the volumes of the n? boxes. The

exact volume is obtained by taking the

limit when n — +o0.

If A, is the area of rectangle R; ;, the S
approximate volume under the surface
n n
) Y
1S E E f(xl,yj)An
i=1j=1
R

x

If #Z = [a,b] X [¢,d] and S = {(z,y,2) : z = f(x,y), (x,y) € #}, then the
volume between &% and S is

V= lim Y f(ai,y;) An.
ij=1

We denote this integral by: = // fx,y)dxdy.

We compute this volume by slicing the three-dimensional region. Suppose
the slices are parallel to the y—axis. An example of slice between x and x +
dx. The cross sectional area is the area under the curve f(z,y) for fixed z

and y varying between ¢ and d. This area is given by the integral A(z) =
d

f(x,y)dy. The volume of the slice between x and = + dx is A(x)dz. The

tgtal volume is the sum of the volumes of all the slices between z = ¢ and

z=0b
V= /abA(m)dx = /ab </Cdf(x,y)dy> dx.

Also, we can make slices parallel to the z—axis. In this case the volume is given

by
- /cd (/abf(x,mdx) dy.

We denote this volume as
d b
V= / / f(z,y)dydz.

This interpretation is justified by the following theorem
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Theorem 1.3: [Fubini’s Theorem]

Let Z = [a,b] X [c,d] be a rectangle in R? and f a continuous function

on %.

/ﬁ f(a, y)dady = / b ( / df(x,y>dy> dz = / ' ( / bf(m,y>dx> dy.

Example 11 :
Consider the double integral: A = // (z%y + zy?)dxdy, where Z = [0,1] x
R

[0,2].

2

12
—y°d
y+gydy
2

2 1
(/ (x2y + xyz)da:> dy
0
1
3

I
Wi S— 5—

+4—
3=

1 2
A = / (/ (2%y + zy?)dy | dx
0 0

1
2

Also

=2

[SCRIE

1.2 Double Integrals over General Regions

Definition 1.4

A subset  of R? is called elementary if there exist a,b,c,d € R with
a < band ¢ < d, and functions ¢1, s continuous on [a,b] and ;1,9
continuous on [c,d] such that ¢;1(z) < @a(z) for all z € [a,b],¥1(y) <
s (y) for all y € [e, d] and

Q@ = {(zy)eRase<bei(r) <y< e
= {(z,y) ER’lc<y<d,i(y) <z <eha(y)}

<
<
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Example 12 :

1. The rectangle [a,b] X [¢,d], with a < b and ¢ < d is an elementary subset
of R2.

2. The unit disc D = {(z,y) € R?*[2® +y* <1} can be written as D =

{(x,y)€R2|—1§x§1,—\/1—x2§y§\/1—3;2} and
D={(zy) eR|-1<y<1,—VI-y2 <z <V1-y2}

3. The ring {(x,y) eERI1 < /a2 +y2 < 2} is a simple domain of R2.

Theorem 1.5: [Fubini’s Theorem]

Let Q be an elementary subset of R and f a continuous function on A.
With the same notations as in definition (??), we have

//Q f(z,y)dxdy = /ab </<:(2:) f(x,y)dy> de = /Cd (/Z:j) f(m,y)dx) d

J

Example 13 :
Consider the function f(z,y) = xy? on the rectangle Z = [0,1] x [1,2]. We

have
1 2
// zy?dedy = / (/ myzdy> dx
Z 0 1
1 1
8xr «x Tx 7
= _— = = d = _d = =
/0(3 3) v /0 3976

/ / zy?dxdy
X

Also we have

Il
»Nw
N
o\

=

8

NS
[ ]

U

8
N—

QU

NS

NS
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Definition 1.6

A subset Q of R? is called simple if it is a finite union of elementary
subsets Q1,...,Q, with disjoint interiors.

Vi<ij<nm, i#j ©unQ=0.

If f is a continuous function on 2, we define

/ /Q f(a, y)dady = k}_jl / /Q S )iy

1.3 Exercises

Exercise 8 :
Compute the following integrals

1. // xsec? ydxdy, R =[0,2] x [0,7/4]
R

2
2. // Y dxdy, R =[0,1] x [~3,3]
R

2 +1

1
. P =11 1,2
5. [[ e R= (13 x 1.2

Exercise 9 :

For the following integrals sketch the region of integration and so write equiv-
alent integrals with the order of integration reversed. Evaluate the integrals
both ways.

V2 2
1. / / ydz dy;
0 2

Yy
4 T
2. // yvz dydzx;
o Jo

1 y2
3// xdx dy.
0 J—y
Solution
V2 2 2z 1 /2
/ /ydwdy:// ydydx:—/ zdr = 1.
0 y? o Jo 2 Jo
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4 oz 2 4 9 2 49
/ / yVx dyde = / / yVa dedy = f/ (8 =y ydy = —.
o Jo 0 Jy2 3 Jo 5

IS 0 1 1,1 11 5
/ / xdxdy:/ dydx—|—/ / dydr = = 4+ = = —.
0 -y —1J—x 0 VT 2 3 6

N

-1 1

Exercise 10 :
Reverse the order of integration and hence evaluate:

/ / r lsinzdrdy .
0 Jy
Solution

s s T xr T
/ / z lsinzdrdy = / / z lsinzdydr = / sinzdr = 2.
0 Jy o Jo 0

Exercise 11 :

For the following integrals sketch the region of integration and so write equiv-
alent integrals with the order of integration reversed. Evaluate the integrals
both ways.
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V2 2
1. / / ydx dy,
0 y2

4 E
2. / / yv dy dz,
o Jo

1 y2
3. / / xdxdy .
0 J—y

Solution

V2 2 V2 V2 2
1. / / ydrdy = / y(2 — 4?)dy = 1. Moreover, / / ydrdy =
0 y2 0 0 y2
2 oz 2
/ / ydy dx = / —zdr = 1.
0 Jo 0o 2

bove 1 [ 3 32
2. / / yv dyde = */ x2dx = —. Moreover,
0 0 2 0 5

4 T 2 4
/ / yﬁdydxz/ y/ Vrdrdy =
o Jo 0 Jy2

Lopy? 1 1
3. / / xdxdy:/ (y* —4?)dy = ——. Moreover,
0 —y 0 15
I 0 1 1 1 {1 )
dxdy = dyd dyde = —= + — = ——.
/(J/_yxxy /_13: _zyx+/ox/ﬁyx 610 15

Exercise 12 :
Reverse the order of integration and hence evaluate:

/”/” Sinxdzdy.
0 Y X

/”/”sinxdxdy _ /”/msinxdydx
o Jy T o Jo =T
/sinmdm:Q.
0
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1.4 Area and Volume

Definition 1.7

Let © be an elementary subset of R?. The area of A is defined by:

// ldzdy.
Q

Example 14 :
Consider the triangle T' = {(z,y) € [0,1]*|z +y < 1}. We have:

Area(T)z/Ol (/Olz 1dy> d:r:/ol(l—:z:)dx: %

Example 15 :
Consider the disc D of center 0 and radius 1. Then

1 Vi—z?
Area(D) = / (/ 1dy> dz
r=—1 —V/1—22?
! 3
= 2/ 1—x2dx:2/ 1 — sin?(0) cos(6)dd
» i@
- 2/2 cos?(0)d6 = / (1 + cos(20))d = =
Example 16 :

Consider the domain Q@ = {—v/2 <y <2, -2+ y? <z <2494}

V2 2—y°
//dxdy = / (/ 1dx> dy
Q V2 \J 2442
16

= V2
3
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1.5 Volumes Under Surfaces

If R=1[-1,1] x [0,2] and f(z,y) = v1 — 22. The volume between R and the
surface S = {(z,y,2) : 2 = f(z,y), (z,y) € R}, is

V:/Rf(x,y)dxdyzfll (/02 ﬂdy) do = .

Example 17 :

The volume of the solid that lies under the graph of the function f(z,y) =
422 + 92 and over the region in the xy—plane bounded by the polygon with
vertices ( ,1) and (2,1).

// (422 + 52 dydx—g

1.6 Exercises

Exercise 13 :

Consider the region R bounded by the graphs of y = v/z and y = 2°.
Compute [ [, z*ydxdy.

Solution to Exercise 8:

2

JT

If f is a continuous function on the region R,

/RWMMMwaf(Lfﬂmw@>@

1 y%
(/fmmmwz/ fx,y)de | dy.
R 0 Y

2

and

Then [, zydzdy = fol Yy (fyy; x2dac> dy = 2

Exercise 14 :
Compute the following integrals

e Inz
1. / (/ ydy) dz,
1 0
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8 2
y
2. —7_dxdy,
/0 /ﬁ V1617 Y

o2
3. / / e¥ dxdy.
0 2x

Solution to Exercise 9:

1.
e Inz e Inx
/ / ydy | dx = // ydzdy
1 0 1 Jo
= /lanxdx
1 2
1 |
= 2xln2x—xlnx+x}1:2(e—2).
2.

3. Changing to vertical strip, 0 <y <23 0 <z <2,

8 2 2 z
Y Y
——dxdy = / / ———dy | dx

/0/@/@\/16—‘1-.%‘7 Y 0 <o \/16+$7 y)

1 /2 23

= 7/ _r dx:§.

2 )y 16427 7

y=a°

y =2z
A

Changing to horizontal strip, 0 <y <1, 0 <2 < ¥,

12 2 Y
2 2
//ey dedy = // e¥ dxdy
0 Jozx 0o Jo
1 /2

1
- v — Z(et 21
2/ye dy = =(e ).

0
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Exercise 15 :
Compute the following integrals

1. // f(z,y)dxdy, where f(x,y) =z +y and R=[0,1] x [1,2],
R
2. // f(z,y) dzdy, where f(z,y) = zy and S the region bounded by the
s
curvesz =y?andz =y S = {(z,y) eR*:y? < <y, 0<y <1}

3. // f(x,y)dxdy, where f(z,y) =z+yand S = {(z,y) e R?: -1 <z <
s
L, 0<y<1+[af}

Solution to Exercise 10:

1.
fapaedy = [ ([ fayydc)dy
R 1 0
= -/12(;+y)dy:2.
Also,
//R fdsdy = | 1 < /lzf(rf:,y)dy) dz
= Al(x—kg)dx:l
2.

1 Yy
// zydxdy = / dy/ xy dx
S 0 y2
1 Yy
o)
0 y2

[ 1
= - — d:—'
2/0(1/ y”) dy 51

In this case we can also represent S in the form S = {(x,y) € R? : z <
y <z, 0 <z <1}. Hence,
Nz
rdx

1 VT 1 yz
//xydmdy = /xdm/ ydy:/ =
s 0 z 0 2 |yes
1

12 3 1
2/0(”” v dr =51
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//f ,ydzdyf/ flx+y) dxdy+/ f(z + y)dzdy, where Sy =
S

{(z,y) eR?: 0< 2 <1, O<y<1+x}and52f{(:cy)€R2 -1<
r<0,0<y<1—a}.

//Sl(:r—ky)dxdy - /Oldx/om(my)dy

1t
= 5/0 [(2z+1) *] da
B N NC S Yl
2 6 300
and
0 1—x
// (x +y)dedy = /dm/ (x+y)dy
Sa -1 0
1 ° 1 #A\10 1
= = 1— 22 e ——
2[1( z%)dx 2(3: 3)1 3
1
Therefore, //(w—f—y)dazdy:Q—i—f:z.
s 3 3

Exercise 16 :
Compute the area of the region bounded by the curves y = 2241 and y = 9—22.
S={(z,y) eR?*: 22 +1<y<9—2? -2<2<2}.

Solution to Exercise 11:
Y




62

2 9—z?
A= // dedy = / dac/ dy
S —2 241

_ / (9 - 2%) — (22 +1)] da

-2

2
4
= / (8 — 22?) dx = %

-2

Exercise 17 :
Compute the volume of the solid in the first octant bounded by the graphs of
equations z =4 —z2, s +y=2,2=0,y=0, 2=0.

Solution to Exercise 12:

2 2—x
2
V:/ / (47x2)dydx:—0.
o Jo 3
Exercise 18 :

Compute the volume of the solid in the first octant bounded by the graphs of
equations z =z, 2 + y2 =16,z =0, y = 0.

Solution to Exercise 13:

(0,4)

(4,0)

4 Vv 16—:E2 64
V= / / rdydr = —.
o Jo 3
Exercise 19 :
Evaluate the following integrals:

1. // z?yPdzdy, where T = {(z,y) € [0,1]?: y <z}.
T
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2. //(er?)y)dzdy, where Q = {1 <z <3, %Sygg}
Q

2 vz
3. / / z?ydydz,
1 1—x
e
4. / / xydydzx.
0 Jad

Solution to Exercise 14:

1.
1
// 2?y3dedy = / (/ 3dy> dx
T 0 0
_ / bt
= |
Now using horizontal strips, we get:
1 1
T 0 Yy
JI 1
= = 1—3)dy = —.
3 /O y (1 -y )dy = o
2.
3 ET
3
// (x +3y)dedy = / </ (x+ 3y)dy) dx
Q 1 z
3
= z/ 22dx = )
21
3.

2 T 2
/ / r2ydydr = / —2?(x — (1 — x)%)dx
1 Ji—a 12
3 31

2
7
= (B2 -2 —aYdr=6— - — = — =.
2/1(96 2" —al)de 6 2 10

Con&derthedomamD—{my ER?: 11— <y<+r,1<x<2} We

have/ / x ydydx—// z2ydxdy.
1—z
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f@) = VE
< |
K X
glz)=1—-=z

// zydxdy = / / rydydr = 7/ 2(1 — 2%)dx = %, where D =
3

{(m,y) eR?2: 23 <y < o, 0<x <1}

Now using horizontal strips, we get:
1

1 VT 1 y3 1 1
/ / zydydr = / / rydrdy = f/ y(y
0 Jax3 0 Jy2 2 0

Exercise 20 :
Evaluation the area of the domain D = {(z,y) e R® 11—z <y < z,1 <z <

2).

Solution to Exercise 15:

2 Ve 42 1
TheareaofDisA://dxdy:// dydgc:i_,.
D 1 J1-z 3 6

Now using horizontal strips, we get:

A = // dxdy
D
0 ,2 1,2 V2 2
/ / dmdy—i—/ dxdy—i—/ / dxdy
—1J1—y 0o J1 1 y?

wio
I
<
'
~—
QU
<
|

I

|
4
—_
4

|
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2 Double Integrals in Polar Coordinates

Polar coordinates are defined by x = rcos,y = rsin . The area of the shaded
region
R={(r,0):a<r<b, a<0<p}

The integral of a continuous function f(z,y) over a polar rectangle R given
bya<r<b a<r<p,is

//Rf(x,y)dA:/j /abf(rcose,rsinﬂ)rdrde

Example 18 :

1. Find // (22 — y) dA if R is the region in the first quadrant bounded by
R

the circle 22 4+ y? = 4 and the lines = 0 and y = .

2. Find // e~V dA if D is the region bounded by the semicircle x =
R

/4 —y? and the y-axis.
Theorem 2.1

If f is continuous over a polar region of the form

D={(r,0):a<0<p5, hi(0) <r<h0)}

B rh2(0)
// f(ac,y)dA:/ / f(rcosf,rsinf)rdrdf.
D a Jhi(0)

Example 19 :

then
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The area of one loop of the rose r = N
cos(30) N
1 2 - =
A= / rdrdfd = —. 7
0 J-% 2 / //I
NI
Example 20 :

The volume under the paraboloid
2z = f(z,y) = 2% + y* and above
the disc 22 +y? < 3.

In polar coordinates, the disc is
parameterized by: z = rcosb,
y = rsinf, with » € [0,3] and
6 € [0,2x]. Si in polar coordinates
f(x,y) is transformed to g(r,0) =
r2.  Hence the volume under the
paraboloid z = z2 + y? and above

the disc 22 + y? < 3 is

3 2
V= / / r2drdf = 18x.
o Jo

Example 21 :

Evaluation of the following integral by converting to polar coordinates

a v a?—y?
/ / ydzxdy
0 0

a pyfa?2—y?
/ / ydxdy =
0 0

J

Qw C’\"g

|

Example 22 :

2 T
Evaluation of the following integral by converting to polar coordinates / /
1 Jo

2 x 1
———dydx =
/1 /0 24y

[ME]

r2 sin Odrdf

1

22 + 42

dydz
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2.1 Exercises

Exercise 21 :
Evaluation of the following integrals by converting to polar coordinates

2 /iy
1. // cos(z? + y*)dxdy,
0o Jo
2 V2x—1x?
// zydydzx,
0o Jo
3 pvV9—2x2 5
[ @
0o Jo
a pVaT=z?
3
4./ / (x? +y*) 2 dydz,
—a JO

a a?—y?
. / / (% +y*) tan" ! (y/x) dz dy.
0o Jo

[\]

w

ot

Solution to Exercise 16:

2 py/4—y?
/ / cos(z? + y?)dxdy / / 7 cos(r?)drdf
o Jo

—sin4.
1 sm

1.

2 prV2zx—a? 2 /4 (z—1)2
/ / rydydr = / / rdrdf
o Jo ~Jo Jo

3 /I—a? s 3 0z 3P
. / / (2% + y?) 2 dydx = / / ridrdd = =—;
o Jo o Jo 10
a27m2 i adm
(2 + %) 2 dydz = drdf = =
—a -z
a py/a?—y? a r% 2 4
. / / (z% +9?) tan" (y/z) do dy = / / r20rdrdd = 2
o Jo o Jo

w

N

ot
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3 Surface Area

Consider a surface S defined by z = f(xz,y), for (z,y) in a closed region R € R2.
We assume that f(z,y) > 0 and f is continuously differentiable. We assume

0
also that no normal vector to S is parallel to the xy—plane. (a—f a—]yc) #(0,0)

for all (z,y) € R. The surface area of S is

// \/1 +( af)zdﬂcaly
8
Example 23 :

Consider the surface z = 1 — 22 — y2, for z > 0.

We have ﬁ = —2z and a—f = —2y. Then
Ox dy

A

// V14422 + 4y?dzdy
z24y?2<1

27 1
/ / rv/ 1+ 4r2drdf

o Jo

B 1 a1t (5% —1)
= 27‘(‘5 [(1+4r)2]0f76

3.1 Exercises

Exercise 22 :
Compute the surface area of the following sets

1. The sphere S = {(x,y,2) € R®: 22 +y* + 22 = R?},

2. The surface S = {(z,y,2) € R®: 2z = 13 — 422 — 4y?} on the domain
z=1,2>0and y <O0.

Solution to Exercise 17:

1. The surface area of S is the double of the area of the surface of the upper

half sphere S’ = {(z,y,2) € R3: z—\/l—xQ—y}

We have % S and

Ox R _ a2 _ 42 ay__ R2— 2 _y2
The area is
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2
A = 2// \/lerdxdy
z2+y2<R2 R —l‘
2 R r )
= 2R ——————drdf = 47 R".
A —

0 0
2. We have = = —8z and -~ = —8y. Then the area of S is
Ox oy

A = // vV 1+16(2? + y2)dzdy
x2+9y2<3,2>0,y<0
5 V3
/ ’ / V1 + 16r2rdrdd

N 72T418 [+ 16078 }oﬁ:

7
4 Triple Integrals

In which follows, we consider continuous functions f: D — R, where D is a
domain of R3.

4.1 Triple Integral Over Rectangular Domain
If the domain D is rectangular, D = [a,b] X [c,d] X [r, s], then

/ab /Cd / f(,y, 2)dzdyda
[ ] s azac
[ [ szt
) /d/ /bf”yv )dadzdy
- //b g, 2)dydd
- //d bfxyv )dadyd:.

/ f(z,y, 2z)dzdydz
D

This is the Fubini’s Theorem.
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4.2 Triple Integral Over General Bounded Domain

The general bounded domains considered in this course are of three types.
First, consider the bounded region D C R3 of the form

D ={(z,y,2) R’ : (w,y) € B filz,y) < 2 < falw,y)},

where E is a bounded domain in the xy—plane. Hence

fQ(ZD,y
// f(z,y, 2)dxdydz == // / (z,y,2)dz | dady.
fi(z,y)

Second, consider the bounded region D C R? of the form
D ={(z,y,2) €R®: (2,2) € E: fi(z,2) <y < folx, 2)},

where F is a bounded domain in the xz—plane. Hence

f2(z Z)
// flx,y, 2)dedydz == // (/ flx y,z)dy> dzdz.
f1(z,z)

Third, consider the bounded region D C R3 of the form

D = {(iﬂ,y,Z) € Rs : (y,Z) € E : fl(yaz) S X S fQ(y,Z)},

where FE is a bounded domain in the yz—plane. Hence

f2(y, Z)
// f(z,y, z)dedydz := // / (z,y,2)dz | dydz.
f1(y,2)

Example 24 :
Consider the integral I = // f(z,y, 2)dxdydz, where D is the domain de-
D

limited by the planes of equations x =0,y =0, z=0and z+y+ 2 =1 and

f@,y,2) = (x+y+2)°
The projection of the domain D on the xy—plane is the domain F delimited
by the axes and the line of equation « + y = 1. Then if (x,y) € E, we have

l—-x—y 1
L= [ ry+ordi=g1- @4y
0

1 1 1—x 1
- 1- Ndyde = —.
][ 0= — 5

Hence
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Theorem 4.1: (Properties of Triple Integrals)

Let D be a closed, bounded region in space, and let D; and Dy be
disjoint regions such that D = Dy U Dy. Then

I = Jh = ],

Example 25 :
Consider the integral I = / / / f(z,y, 2)dzdydz, where D is the domain de-
D

limited by the planes of equations x =0, y =0, z=0and z+y+ 2 =1 and
flz,y,z) = etz

The projection of the domain D on the xy—plane is the domain E delimited
by the axes and the line of equation = + y = 1. Then if (x,y) € E, we have

l—x—y
I, = / XYy = e — %Y,
0

1 1—x e
I:/ / e— e dydr = = — 1.
0o Jo 2

Hence

4.3 Exercises

Exercise 23 :

Compute the integral [ = /// f(x,y, z)drdydz, where D = {(x,y,z) € R?:
D

0<z<az?+y? 0<y<z<l1}and f(z,y,2) =x +y+ 2

Solution to Exercise 18:

The projection of the domain D on the xy—plane is the domain E delimited

by the x—axes and the lines of equations z = y and = = 1. Then if (z,y) € E,

we have

2 2

4y 1
Izz/ (@ 4y +2)dz = (@ +y) (@ +y°) + 5" +y°)*
0

Hence
103

1 xT 1
I— 2 2 ) 2\2 _ )
/O/O(a:+y)(a: +y)—|—2(x + y%)*dydx %0

Exercise 24 :
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Compute the integral I = /// f(z,y, z)dzdydz, where D is the domain de-
D

limited by the planes of equations z =0,y =0, z2=0,z+z=1landy+z=1
and f(z,y,2) = (x —y + 2)°.

Solution to Exercise 19:

We separate the domain D by the plane x = y. On the domain Dy, x > y and
on the domain Do, x < y.

The projection of the domain D; on the xy—plane is the domain F; delimited
by the z—axes and the lines of equations = y and = = 1. Then if (z,y) € Fy,
we have

(1= = (z—-1)?*).

11—z
1
Il,z:/ (x—y+2)°dz = -
0 3

Hence
11—1/l/x((l—y)B—(ﬂc—y)B)dydx—1
3Jo Jo 20°

The projection of the domain Dy on the zy—plane is the domain E5 delimited
by the y—axes and the lines of equations © = y and y = 1. Then if (z,y) € E,,
we have

(+1-2y)° = (x—y)°).

W =

1-y
I, = / (x —y+2)%dz =
0

Hence

1ty 3 5 1
L == 1—29)3 — (2 — -
2= 3 /0 /0 (= + )’ — (z —y)°) dady 50

Then I = /// flz,y, z)dedydz = i
. 15

Exercise 25 :
Find the volume of the tetrahedron with corners at (0,0,0), (0,3,0), (2,3,0),
and (2,3, 5).

Solution to Exercise 20:

The solid is defined as follows: 0 < x < 2, ga? <y<3,0<z< %:L‘ The lower
y limit comes from the equation of the line y = %J; that forms one edge of the
tetrahedron in the x — y plane; the upper z limit comes from the equation of
the plane z = g:z: that forms the "upper” side of the tetrahedron. Now the

volume is
2 3 iz 2 3
// /2 dzdydx = // 5—xdyd:c
0 3z Jo 0 %:1: 2

2
2 2
15 15
= 2T 20T gp =
y 2 4
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Exercise 26 :
Find the volume of the space region in the first octant bounded by the plane
z=2—% — 2%, using the order of integration dzdydz.

Solution to Exercise 21:

1. Starting with the order of integration dzdydz, we need to first find bounds
on z. The region D is bounded below by the plane z = 0 (because
we are restricted to the first octant) and above by z = 2 — % - 23,
0<z<2-%-2%.

To find the bounds on y and x, we project the region onto the xy plane.
By setting z = 0, we have 0 = 2 — § — 2% = y = 6 — 2x. Secondly,
we know this is going to be a straight line between the points (3,0) and
(0,6) in the zy plane.)
z z
2

) Y
T T

The region R, in the integration order of dydx, with bounds 0 < y < 6—2z
and 0 < x < 3. Thus the volume V of the region D is:

3 6-2z p2-Y-2z

V:///dV:// / dzdydz
D o Jo 0
3 6—2z 2-y_2z
:// </ dz)dydz
o Jo 0

3 6—2x y 21:)
= 2— 2 — — | dydz
LL(-5-5)w
3

2
:/ 6 — 4 + =22dz = 6.
0 3

wle

2. Now consider the volume using the order of integration dzdzdy. The
bounds on z are the same as before, 0 < z < 2 — % — 2%. Taking the
projection on the xy plane, this gives the bounds 0 < z < 3 — £ and

0 <y < 6. Thus the volume is given by the triple integral

y 2z
3

6 (3—% p2-4_2z
V=/ / / dzdzxdy.
0o Jo 0
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3. Now consider the volume using the order of integration dxdydz. The

bounds on z are: 0 <2 <3 -4 — 372 The projection of the region D
on the yz plane, we find the equation of the line z = 2 — ¥ by setting
x = 0 in the equation z = 3 — ¥ — 372 The bound of y are y = 0 and
y = 6 — 3z; the points that bound z are 0 and 2. Thus the triple integral

giving volume is: O§z§3777— 0<y<6—-320<z<2 Then
2 p6-3z p3-Y%-32
V:// / dxdydz.
o Jo 0
Exercise 27 :

Set up the triple integrals that find the volume of the space region D bounded
by the surfaces 22 +y?> = 1, 2 = 0 and z = —y, z > 0, with the orders of
integration dzdydx, dydrdz and dxdzdy.

Solution to Exercise 22:

The order dzdydz. The region D is bounded below by the plane z = 0 and
above by the plane z = —y. The cylinder 22 + y2 = 1 does not offer any
bounds in the z—direction, as that surface is parallel to the z—axis. Thus
0 < z < —y. The projection of the region on the zy plane, is a part of the
circle with equation 22 +y2? = 1. As a function of z, this half circle has equation
y = —V1 — 22, Thus y is bounded below by —v/1 — 22 and above by y = 0:
—/1—-22<y<0.

The z bounds of the half circle are —1 < 2 < 1. The volume is:

1,0 -y
V= / / / dzdydr = .
—-1J—v1-22J0

In the order dydxdz. The region is bounded below in the y—direction by the
surface 2 + 32 = 1, then y = —v/1 — 22 and above by the surface y = —=z.
Thus —vV1 —22 <y < —2.

The projection on the xz plane gives the half circle has equation 22 +22 = 1.
(We find this curve by solving each surface for y2, then y?> = 1—2% and y = —z,
hence y? = 22. Thus 22 + 22 = 1.) It is bounded below by # = —v/1 — 22
and above by z = /1 — 22, where z is bounded by 0 < z < 1. We have:
—V1I-22<y<—2 —V1-22<2<vV1-22,0<2z<1and

V1=z2
V= / / / dydx dz.
V1=z2 V1i=z2
Exercise 28 :

2m+3y
Evaluate the integral / / / xy + 2xz) dz dy dzx.

Solution to Exercise 23:
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1 pz 2z+3y 1 = 2243y
/ / / (zy + 222)dz dy dx / / </ (zy + 2wz)dz> dy dx
0 22 Jz2—y 0 2 2

z2—y
(xyz 4 :EZQ) |2:L'+3y
x

2, ) dy dx

— P + mBy + 423 + 1412y + 12wy2>dy dx

fa(
1 /z: (ry(zz +3y) + 222+ 3y)° — (wy(@® —y) + 2’ - y)z)) dy d
/. (

7 7
- 816 — —z" + 15$4 dx
2 2

Exercise 29 :
Evaluate the following integrals

1 x z+y
1. / / / 2z +y — ldzdydzx,
o Jo Jo
2 x? Y
. / / / ryz dz dy dz,
o J-1 J1
1 T Iny
. / / / etV dz dy da,
o Jo Jo
1 y2 z+y
. / / / xdzdz dy.
o Jo Jo
2 ry® pIn(y+2)
. / / / e* drdzdy.
1 Y 0
T pr/2 pl
. / / / zsinz 4 zcosy dz dy dx.
o Jo 0

3 \9—y2  9—z?—y?
7. / / / dzdzdy.
—-3J0 0

Exercise 30 :
Compute ///x +y + zdV over the region 22 + y? 4+ 22 < 1 in the first

[\

w

W

ot

[=p}

octant.

Exercise 31 :
Consider the iterated integral

1 1—z2 Y
/ / / dzdydzx.
—-1J0 0
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The bounds for this integral describe a region in space which satisfies the 3
inequalities —1 <2 <1,0<y <1 —22,and 0 < 2 < Y.

1. Draw the solid domain D in space described by the bounds of the iterated
integral.

2. There are 5 other iterated integrals equivalent to this one. Set up the
integrals that use the bounds dydxdz and dxdzdy. We’ll create the other
3 in class (though you are welcome to include them as part of your pre-
sentation).

Exercise 32 :

In each problem below, you'll be given enough information to determine a solid
domain D in space. Draw the solid D and then set up an iterated integral
(pick any order you want) that would give the volume of D. You don’t need
to evaluate the integral, rather you just need to set them up.

1. The region D under the surface z = y?, above the zy-plane, and bounded
by the planes y = -1, y =1, x =0, and = = 4.

2. The region D in the first octant that is bounded by the coordinate planes,
the plane y + z = 2, and the surface z = 4 — y2.

3. The pyramid D in the first octant that is below the planes g + g =1

and % + g = 1. [Hint, don’t let z be the inside bound.]
4. The region D that is inside both right circular cylinders 2% + 22 = 1 and
24 .2 _
y -+ 22 =1
Example 26 :

Compute /// f(z,y, z)dedydz, for D ={0 <2 <1,0<y <1,0< 2z <1},
D

f(xay>z):m7

Example 27 :

Compute /// f(z,y, z)dxdydz, for
D

1
1. D={2>0,y>0,2>0,z+y+2 <1}, f(z,y,2) =

(x+y+2z+1)%
2. D={x>0,y>0,z>0,z+y+z2<1, f(z,y,2) = xyz,

Example 28 :
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Compute // f(z,y, z)dzdydz, for D = { b —|— i_? < 1}, flzyy,2) =

Example 29 :
dx dy dz .
Compute /// 05220 (1 £ g27) with D = {(z,y,2) : 0<2<1,0<
y<1,0<z}
—+o00 —1
Deduce / (tan t) dt
0 t
Example 30 :
1
In(1 d d
Let I = / n(—+§)d1:. Compute J = // Ty y , with D =
o l1+z 1+ 22) (1+zy)

{(z,y): 0<z<1,0<y<1}in two manner and deduce the value of I.

5 Centre of Mass and Moment of Inertia

Definition 5.1

Consider a thin plate T of density p(z,y) which takes the form of a
simple domain D of R2.

The mass of T is
M = // p(@,y)dzdy.
D

The moment of T' with respect to the x—axis, respectively to the y—
axis are defined by:

sz//D yp(z,y)dzdy, My://D zp(w,y)drdy.

Definition 5.2

The center of mass or the centroid of T is

(2,5) = 77 (My, M),

In particular if p = 1, the mass M is the area of D and the center of
mass of D is the point GG of coordinates

(ra@,ya) = Area ( / / xdxdy, / /D ydmdy) .




78

Example 31 :
The center of mass of the disc D of center (a, b) and radius R is the point (a, b).
Indeed, we have

a+R pb+y/R%2—(z—a)
/ / xdxdy = / / xdydac
D b

_ /‘” 2xmdx

a—R
_ / 20/ R? — 22da + / 20/ — 22dx
= ajAlre( D).

Example 32 :
Consider the triangle with vertices (0, 0), (0, 2), (3,0) and with density p(z,y) =
zy. Find the total mass and center of mass.

3 2—z
M = // p(x,y)dxdy:/ / zy dy dz
T o Jo

8 8 3 279}
T = —// xp(x,y)dacdy:—// 22y dy dx
9JJ)r 9Jo Jo
_ 8
= 5
8 8 3 2—x
7 = —//yp(w,y)dxdy=—// zy® dy dx
9JJ)r 9Jo Jo
_ 3
10

5.1 Moment of Inertia of a Lamina

Definition 5.3

Consider a thin plate T' of density p(z,y) which takes the form of a
simple domain D of R2.
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The moment about the z—axis is I, = // y?p(x,y)dody.
D

The moment about the y—axis is I, = // mzp(m, y)dzdy.
D

The moment about the origin is Iy = // (2 +y?)p(z, y)dedy = I, +1,.
D

5.2 Centres of Mass of Solid

Definition 5.4

Consider a solid D of density p(z,y, 2).

The mass of D is
M= // p(x,y, z)dxdydz.
D

The moment of D with respect to the xy—plane, respectively to the yz
and the zz—planes are defined by:

My, = /// zp(x,y, z)dxdyz, M, = /// xp(z,y, z)dzdyz,
D D
Wily = /// yp(z,y, z)drdyz.
D

Definition 5.5

The center of mass or the centroid of D is

1
(f,ﬂ, 2) = M(Myza szszy)-

In particular if p = 1, the mass M is the volume of D and the center of
mass of D is the point GG of coordinates

(za,ya,z2a) = m (///D mdzdydz,///D ydzdydz, ///D zdmdydz) .
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Definition 5.6

Consider a solid D of density p(z,y, 2).
The moment about the z—axis is I, = // (v + 2%)p(x, y, 2)dzdydz.
D

The moment about the y—axis is I, = // (z% + 2%)p(z,y, z)dzdydz.
D

The moment about the z—axis is I, = // (2% + ) p(x,y, z)dzdydz.

D
The moment about the origin is Iy = I, + I, + I.

Example 33 :

Suppose the density of an object is given by p(z,y,2) = zz, and the object
occupies the tetrahedron with corners (0,0,0), (0,1,0), (1,1,0), and (0,1, 1).
Find the mass and center of mass of the object.

As usual, the mass is the integral of density over the region:

1 1 y—x
M = /// rzdzdydr
(1-—
/%dx

1
/ x—322+ 32 —atde = —

1
2
1
6 120°

We compute moments as before, except now there is a third moment:

1 1 y—x
z22dzdydr = —
N
1 1 y—x 1
/0 /L /0 xyzdzdydx:m

£
|

3
Il

1 1 y—x ) 1
M,, = /0 /L /0 xzdzdyde%
M,, 1 M,
i Finally, t]}\l; coorciinates of the center of mass are T = ]\f[ =3 y= Y
6, and zZ = ]\;y = §
Example 34 :

Find the mass and center of mass of the solid with density p(z,y,z) and the
given shape.
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1. p(z,y,z) = 4, solid bounded by z = 22 +y? and z = 4
2. p(z,y,2) =2+ x, solid bounded by z = 2% + y? and z = 4

3. p(z,y,z) = 10 + z, tetrahedron bounded by x + 3y + z = 6 and the
coordinate planes

4. p(z,y, z) = 14z, tetrahedron bound by 22+y+4z = 4 and the coordinate

planes.

5.3 Exercises

Example 35 :
The center of mass of the disc D of center (a, b) and radius R is the point (a, b) .
Indeed, we have

a+R pb+y/R2—(z—a)?
// xdxdy = / / xdydx
D b—+/R2—(z—a)?

a+R
/ 2zy/R? — (z — a)?dx

-R
R R

= / 2z R? — x2dx +/ 2a+\/ R? — z2dx
R R

= aAire(D)

Exercise 33 :
Find the center of mass of a thin, uniform plate whose shape is the region
™

between y = cosz and the x—axis between x = —7 and z = 7.

Solution to Exercise 24:
The dens1ty is constant, we can take o(x y =1. Then z = 0.

M= // dydxf2sz// ydyda:fzand

2

Pl cos ™
Myz/ / xdydr=0.Sor=0and y = .
. 0
2

Exercise 34 :
Find the center of mass of a two-dimensional plate that occupies the quarter
circle 22 + y? < 1 in the first quadrant and has density k(22 + y?).

Solution to Exercise 25:

1 pV/1—a2 1 1— 23 k
M:/ / k(m2+y2)dydm:k/ 12\/171’2+%dm:l,
o Jo 0

8

Tt k B[N a k
M, =k rosinfdrdd =—-, M, ==k r-cosfdrdd = —.
o Jo 5 ) o Jo 5
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8
Then , z =y = —.
5T
Exercise 35 :
Find the center of mass of a two-dimensional plate that occupies the square

[0,1] x [0, 1] and has density function zy.
Solution to Exercise 26:
Exercise 36 :

Find the center of mass of a two-dimensional plate that occupies the triangle
0<z<1,0<y<z, and has density function xy.

Solution to Exercise 27:
Exercise 37 :

Find the center of mass of a two-dimensional plate that occupies the upper
unit semicircle centered at (0,0) and has density function y.

Solution to Exercise 28:

Exercise 38 :
Find the center of mass of a two-dimensional plate that occupies the upper

unit semicircle centered at (0,0) and has density function 2.

Solution to Exercise 29:

Exercise 39 :
Find the center of mass of a two-dimensional plate that occupies the triangle
formed by = = 2,y = z, and y = 2x and has density function 2z.

Solution to Exercise 30:

Exercise 40 :
Find the center of mass of a two-dimensional plate that occupies the triangle

formed by = 0, y = z, and 2z + y = 6 and has density function .

Solution to Exercise 31:

Exercise 41 :
Find the center of mass of a two-dimensional plate that occupies the region
enclosed by the parabolas = y?, y = z? and has density function v/z.

Solution to Exercise 32:

Exercise 42 :

Find the centroid of the area in the first quadrant bounded by 22 — 8y + 4 =
0,22 = 4y, and x = 0. (Recall that the centroid is the center of mass when the
density is 1 everywhere.)

Solution to Exercise 33:

Exercise 43 :
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Find the centroid of one loop of the three-leaf rose r = cos(36). (Recall that
the centroid is the center of mass when the density is 1 everywhere, and that
the mass in this case is the same as the area, which was the subject of exercise
11 in section 15.2.) The computations of the integrals for the moments M, and
M, are elementary but quite long; Sage can help.

Solution to Exercise 34:

Exercise 44 :
Find the center of mass of a two dimensional object that occupies the region
0<z<m0<y <sinzx, with density o = 1.

Solution to Exercise 35:

Exercise 45 :
A two-dimensional object has shape given by r = 14cos § and density o(r,8) =
2 + cosf. Set up the three integrals required to compute the center of mass.

Solution to Exercise 36:

Exercise 46 :
A two-dimensional object has shape given by r = cosf and density o(r,6) =
r + 1. Set up the three integrals required to compute the center of mass.

Solution to Exercise 37:

Exercise 47 :
Find the mass of a cube with edge length 2 and density equal to the square of
the distance from one corner.

Solution to Exercise 38:

Exercise 48 :
Find the mass of a cube with edge length 2 and density equal to the square of
the distance from one edge.

Solution to Exercise 39:

Exercise 49 :
An object occupies the volume of the upper hemisphere of 22 4+ 3% + 22 = 4
and has density z at (x,y, z). Find the center of mass.

Solution to Exercise 40:

Exercise 50 :
Find the mass of a cube with edge length 2 and density equal to the square of
the distance from one corner.

Solution to Exercise 41:

Exercise 51 :
Find the mass of a cube with edge length 2 and density equal to the square of
the distance from one edge.
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Solution to Exercise 42:

Exercise 52 :
An object occupies the volume of the upper hemisphere of 2% + y? + 22 = 4
and has density z at (x,y, z). Find the center of mass.

Solution to Exercise 43:

Exercise 53 :

An object occupies the volume of the pyramid with corners at (1, 1,0), (1, —1,0),
(—1,-1,0), (=1,1,0), and (0,0,2) and has density 2% + y? at (z,y, z). Find
the center of mass.

Solution to Exercise 44:

Exercise 54 :

Consider the triangular wedge D that is in the first octant, bounded by the
planes % + - 1 and x = 12. In the yz plane, the wedge forms a triangle
that passes through the points (0,0,0), (0,7,0), and (0,0,5). Set up integral

formulas that would give the centroid (Z,7,Z) of D. Actually compute the
integrals for §. Then state T and Z by using symmetry arguments.

Solution to Exercise 45:

6 Cylindrical Coordinates

The cylindrical coordinate system is just the polar coordinate system plus the
z coordinate. The volume of a typical small unit of volume is rArAf#Az, or in
the limit, r dr df dz.

Example 36 :
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The volume under z = v/1 — 72 above the quarter circle inside z? + 3% = 1 in
the first quadrant.

Y
/ / / rdzdrdf
o Jo Jo

Example 37 :

Consider the solid D delimited by both the cylinder 22 +y? = 1 and the sphere
2% + 9% + 22 = 4, and with density p(z,vy,2) = 22y? at (z,y,2). Compute its
total mass.

2r 1 pNV4A—r2 1 r2r p1 -
/ / / r®cos® Osin Odzdrdfd = 5 / / V4 — 72 7% sin”(26) dr d6
0 o J— o 0
™

= 1
/ V1—=1r2rdrdd
0

I
I8 S—
|

Va—r2

13

6.1 Double Integrals and Cylindrical Coordinates

Example 38 :

Compute the volume under the surface z = /4 — 22 — y? and above the quarter
of the disc 22 + y? < 4 in the first quadrant.

T2
4
V:/2/ \/4—r2rdrd9:—7r.
o Jo 3
Example 39 :

Compute the volume under z = v/4 — r? above the disc defined by 0 < r <
2cos0, =5 <0< 7.

|4

5 2cos 0
/ / V4 —r2rdrdd
-z .Jo

™

508 8 8t 32
2 S Csin®e)do =" 22
/0 (3 3% ) 39
Example 40 :

Compute the area outside the circle r=2 and inside r = 4sin6.
The region is described by % <f< %’T and 2 < r < 4sin#, so the integral

is:

%" 4 sin 0 %r 4
A:/ / rdrd@z/ SSin29—2d9:%+2\/§.
5 Y2 5
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6.2 Exercises

Exercise 55 :

2+y
Evaluate/ / / 2 +y) — 5 5 dzdydx.
22+ y? 4z

Solution to Exercise 46:
In cylindrical coordinates, we have:

Vaz24+y? 3
/// (@ +y)z dedydz = // / dzdo dr
12+y2+ 2 0 T2+22

= f/ [tan~ (>]odr—”—

Exercise 56 :
Vi—z? 2— 3:2 —y?
Evaluate / / / z2v/ 12 + Y% + 22 dz dy dx.
Va2 ty?

Solution to Exercise 47:
In cylindrical coordinates, we have:

1 Vi—z2 p/2—22-4y2
/ / / zvVx2 + y2 + 22dzdydx
—1Jo

z24y2
w1 p/2-r2
= / / / rvr?2 + z2dzdrdf
o Jo Jr

3
227
10 °

s

13 5
7/ 227(1 —r7)dr =
3 Jo

Exercise 57 :
Evaluate / / / z? dzdydz over the interior of the cylinder 224+y? = 1 between
z=0and z = 5.

Solution to Exercise 48:
In cylindrical coordinates, we have:

1 pr2m 5 5
///x2 dxdydz = / / / r> cos? 0dzdOdr = —ﬂ-
o Jo 0 4

Exercise 58 :

Evaluate / xy drdydz over the interior of the cylinder z2+y? = 1 between
z=0and z =5.

Solution to Exercise 49:
In cylindrical coordinates, we have:

1 27 5
///xy drdydz = / / / 3 cos 0 sin Odzdfdr = 0.
o Jo Jo



Exercise 59 :

Evaluate / / / zdxdydz over the region above the xy— plane, inside z2

y? — 2z = 0 and under x2 + y? + 22 = 4.

Solution to Exercise 50:
In cylindrical coordinates, we have:

] [ =zava:

2m 2cos 0 Va=r?
/ / / zdzrdrdfd
Va=r?
27 2cos @
= / / r(4 —r?)drdf
0 0
27
= / cos? 0do = r.
0

Exercise 60 :
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Evaluate / yz dzdydz over the region in the first octant, inside 22 + 3% —

2z = 0 and under z? + 2 + 22 = 4.

Solution to Exercise 51:
In cylindrical coordinates, we have:

27 p2cosf pN4—12
///yz dxdydz = / / / zdzr? sin 0drdo
o Jo Vai—r?

2 2 cos 0
= / 7“ sin Odrdo
0

Exercise 61 :

Evaluate ///(JL“2 + 9?) dzdydz over the interior of 22 + y? + 22 = 4.

Solution to Exercise 52:
In cylindrical coordinates, we have:

27 Va—rZ
///(xQ—i—yQ)dxdydz = / // r3dzdrdf
Via—rZ

256
47T/ 34— r2dr = 1—;
0

Exercise 62 :
Evaluate /// V22 + y2 dzdydz over the interior of 22 + 3% + 22 = 4.
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Solution to Exercise 53:
In cylindrical coordinates, we have:

///\/mda:dydz

2 2 Va—r2
/ / / r2dzdrdf
0 0 —/4—r2
2
477/ r2\/4 — r2dr
0

_ . 2
r=2sint 6 / sint dt = 472
0

Exercise 63 :
Compute (x +y + 2) dedydz over the region inside 22 + 3% + 22 = 1 in
the first octant.

Solution to Exercise 54:
In cylindrical coordinates, we have:

27 1 /172
z + vy + z) dedydz / / / rcos0 4 rsinf + z)rdzdrd0
///( ) 0 0 7\/171"2( )
27 1 py/1-12
/ / / zrdzdrdf
0 0 J—v1-r2

1 4
47r/ rv1—r2dr = —.
0

T
3

Exercise 64 :
Compute the mass of a right circular cone of height h and base radius R if the
density is proportional to the distance from the base.

Solution to Exercise 55:
In cylindrical coordinates, we have:

R 2 h 1
M = / / / zdzrdrdd = =wh?R?.
0 0 0 2
Exercise 65 :

Compute the mass of a right circular cone of height A and base radius R if the
density is proportional to the distance from its axis of symmetry.

Solution to Exercise 56:
In cylindrical coordinates, we have:

R 27 h 92
M = / / / dzr?drdf = =whR>.
0 0 0 3

Exercise 66 :
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An object delimited by the unit sphere and has density equal to the distance
from the z—axis. Compute the mass.

Solution to Exercise 57:

1 p2r V112 1
Mz/ / / dzr2|cos<9|drd9:4/ r2\/1— r2dr = =
o Jo J- 0

Vier=: 2

Exercise 67 :
Compute the volume above the 2 — y plane, under the surface 72 = 2z, and
inside r = 2.

Solution to Exercise 58:

Exercise 68 :
Compute the volume inside both r = 1 and % + 22 = 4.

Solution to Exercise 59:

Exercise 69 :
Compute the volume below z = v/1 —r2 and above the top half of the cone
Z=T.

Solution to Exercise 60:

Exercise 70 :
Compute the volume below z = r, above the x — y plane, and inside r = cos§.

Solution to Exercise 61:

Exercise 71 :
Compute the volume below z=r, above the z — yplane, and inside r = 1+ cos 6.

Solution to Exercise 62:

Exercise 72 :
Compute the volume between x2 4+ y2 =22 and 22 + y2 = 2.

Solution to Exercise 63:

Exercise 73 :
Compute the area inside r = 1 4 sin # and outside r = 2sin 6.

Solution to Exercise 64:

Exercise 74 :
Compute the area inside both r = 2sinf and r = 2cos 6.

Solution to Exercise 65:

Exercise 75 :

Compute the area inside the four-leaf rose r = cos(26) and outside r = 3.
Solution to Exercise 66:

Exercise 76 :
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Compute the area inside the cardioid r = 2(1 4 cos#) and outside r = 2.
Solution to Exercise 67:

Exercise 77 :
Compute the area of one loop of the three-leaf rose r = cos(36).

Solution to Exercise 68:

Exercise 78 :
3 V9—x2

Compute / / sin(z? + y*)dy dx by converting to cylindrical coordi-
—3.Jo

nates.

Solution to Exercise 69:

Exercise 79 :

a 0
Compute / / x?y dy dz by converting to cylindrical coordinates.
0 —+va?2—zx2

Solution to Exercise 70:

Exercise 80 :
Compute the volume under z = y? + = + 2 above the region 2?2 + 32 < 4

Solution to Exercise 71:

Exercise 81 :
Compute the volume between z = 22y and z = 1 above the region 2 +y% < 1

Solution to Exercise 72:

Exercise 82 :
Compute the volume inside z? + y? = 1 and z2? + 22 = 1.

Solution to Exercise 73:

Exercise 83 :
Compute the volume under z = r above r = 3 + cos 6.

Solution to Exercise 74:

Exercise 84 :
Sketch and describe the cylindrical surface of the given equation. x2 + 22 = 1,
2 2 _
¢ +y° =9,
z = cos (g + 33),
z=9-— yQ,
z=ée".
Solution to Exercise 75:

Exercise 85 :
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Let E be the region bounded below by the cone z = /22 + y2 and above by
the paraboloid z = 2—x2—y?2. Set up a triple integral in cylindrical coordinates
to find the volume of the region.

The cone is of radius 1. Since z = 2—22—y? =2—r2and 2 = /22 + 92 = r,
we have 2 — r2 = r, then r = 1. Therefore z = 1. So the intersection of these
two surfaces is a circle of radius 1 in the plane z = 1. Thus, the region
E={(r0,2): 0<0<2r, 0<r<1, r<z<2-7r2} Hence the integral for

the volume is )
27 1 2—r
= / / / rdzdrdf = 51
0 0 r 6

Solution to Exercise 76:
We can also see that

E={(r0,2)0<0<2r,0<2<1,0<r<z}U{(r,0,2)[0<0<2r, 1<2<2 0<r<v2—z}.
Then

27 27 V2—z T
V= / //rdrdzd@—i—/ // rdrdzde—g

Exercise 86 :

Let E be the region bounded below by the xzy—plane, above by the sphere
22 +y? + 22 = 4, and on the sides by the cylinder 22 4+ y? = 1. Set up a triple
integral in cylindrical coordinates to find the volume of the region.

The equation for the sphere is: z? + 32 4+ 22 = 4 or r? + 22 = 4. The equation
for the cylinder is 2 +y? = 1 or r? = 1. Then the region E is defined as follows:
E={(r6,2)0<z<+v4—7r20<r<1,0<6<2r}. Then the volume of £
is

wm
D

Solution to Exercise 77:

2 1 V4a—r?
vV = / // rdzdrdf
27
= / / —7"2 dr dé

= / (8\/§)d9_2ﬁ<8\/§).
0 3 3
Exercise 87 :

w/2 psin® prcos6
Evaluate / / / r2 dz dr df.
0 0 0

Solution to Exercise 78:

Exercise 88 :
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T sin 6 7 sin 6
Evaluate / / / rcosZ0dz drdb.
o Jo 0

Solution to Exercise 79:

Exercise 89 :

Compute /// fz,y, z)dzdydz, for D = {m2 +9? <R’0<z2< a}7 flz,y,2) =
D

24P 4 25— 32 (x2 +y2),

Solution to Exercise 80:

Exercise 90 :

Compute /// f(z,y, z)dzdydz, for D = {x2 +1y2<220<z2< 1}, flzyy,2z) =
D

(22 +y2+1)%’
Solution to Exercise 81:

Exercise 91 :
Evaluate the triple integrals / / / flz,y, z)dzdydz.
E

L. f(z,y,2) =2, E={(z,y,2): 2 +4*<9,2<0,y<0,0<2<1},

2. f(x,y,z):sz,E:{(m,y,z): a:2+y2§16,x20,y§0,—1§z§1},
(z,9,2)
(z,9,2)

3. f(my.2) =2y, E={(x,y,2): o +y°" <Lz >0,x>y-1<2<1},

4 f(z,y,2) =® +y* E={(x,y,2): 2°+y° <4,2>0,2<y,0<2 <3},
5. f(x,y,2) = VT E = {(z,y,2) : 1 <2 +y? <4,y <0,z <
yv3,2 <z <3},

6. flz,y,2) = Va2 +y2, E={(z,y,2): 1 <a’+y* <9,y <0,0<2<1},

Solution to Exercise 82:

1. Using the cylindrical coordinates, we get:

3 p3E 1
/// flz,y, z)dedydz = / / / zdzd@dr = 31
E o Jx Jo 4

2. Using the cylindrical coordinates, we get:

4 0 pl 3
/// f(z,y, z)dedydz = / / / rcos 0z2dzdfdr = —.
E 0o J-z /1 3
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3. Using the cylindrical coordinates, we get:

1, 41 1
/// flz,y, 2)dedydz = / / / 72 cos 0 sin Odzdfdr = = .
E o Jo J-1 3

4 fla,y,2) =2+ E={(z,y,2) 1 @’ +y> <42 >0, <y,0 <z <3,
Using the cylindrical coordinates, we get:

2 3
/ / / f(z,y, 2)dzdydz = / / / r2dzdfdr = .
E o Jz Jo

5. Using the cylindrical coordinates, we get:

2 3¢ 03
/// f(z,y, 2)dedydz = / / ’ / e"dzdfdr = E(e2 -1).
E 1 JIE J2 3

6. Using the cylindrical coordinates, we get:

3 27 1
/ / / f(x,y, 2)dedydz = / / / rdzdfdr = .
E 1 T 0

7 Spherical Coordinates

x = pcosfsing
y = psinfsing
z = p CoSs
z
r=psing, p >0, € [0,7] and 8 € [0, 27]. x

Example 41 :
Consider the points M and N of coordinates (10,5, ) and (6, 5, ) respec-
tively in spherical coordinates:
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1. The rectangular coordinates of M are: (0,5,5v/3).
. 3 33

The rectangular coordinates of N are: (5, 5 3).

2. The cylindrical coordinates of M are: (5,%,5V/3).
The cylindrical coordinates of N are: (3,7%

Example 42 :
Change the rectangular coordinates(1,/3,0) to

1. the spherical coordinates
2. the cylindrical coordinates.

p? =a?+y?2 + 22 =4, then p = 2.
9—tan_1(y)—tan_1\f 0=3.

o= cos’l(%) =1Z.

Thus the spherical coordinates are: (2, %, 7).
for the cylindrical coordinates, we have 72 = x2 + % = 4, then r = 2.

The cylindrical coordinates are (2, §,0).
Example 43 :

Change the cylindrical coordinates(4, —%,6) to
1. the rectangular coordinates
2. the spherical coordinates.

For the rectangular coordinates, we have x = r cosf = 0.
y=rsinfd = -2 and z = 6.
For the spherical coordinates, we have p? = 22 4+ y? + 22 = 4 + 36, then
p = 2v/10.
3
=" 2=6= pcos @, then ¢ = cos™! —.

2’ \/ﬁ

Thus the spherical coordinates are: (2v/10 ,COS

o

Example 44 :

1. Describe the graph of the equation p = sec ¢ = 6.
psecp =6 <= p=6cosp <= p°> = 62. Hence 22 +y? + 2% =
p? = 2?2+ y?+ (2 — 3)2 = 9. This is the equation of the sphere of
radius 3 and center (0,0, 3).

2. Describe the graph of the equation p = 6sin ¢ cos 6.
We know that @ = psinpcos®, then £ = singcos¢. Then p? = 6z. This
is the equation of the sphere of radius 3 and center (3,0,0).
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Example 45 :
Change the equations to spherical coordinates:

1. 22 +y® =4z
2. 22 —422 4+ 2 =0

1. 2?2 + ¢y = 42 <= p?sin®p = 4pcos, which is equivalent to: p =
L Co8®

sin2cp'
2. x2—4z2+y2=0 — p2Si1’1290:4p2COS2S0 < tan2<p=4.

7.1 Triple Integrals In Spherical Coordinates

Consider a domain  C R? defined in spherical coordinates by:

Q= {(p70> 50) 6]07 +OO[><]0527‘—[X}017T[: a<p<b, 91([)) <0< 02([7)7 (91(07 p) <p< (91(07 p)}

Theorem 7.1

Let f: Q ¢ R?> — R be a continuous function, then the triple integral
of function f in the region €2 can be expressed in spherical coordinates
as follows,

b 02(p) »2(0,0) ,
/// f(ac,y,z)dV:/ / / p~sinpf(psing cos @, psinpsin, pcos p)de
«Q a 61(p) ©1(0,0)

Then the volume of a domain 2 is equal to:

b r02(p) re2(0,p)
Vz/// dV:/ / / p*sinpdpdy df.
Q a JO1(p) Je1(0,p)

Example 46 :
Evaluate the integral by using the spherical coordinates.

1 pVi—a?  py/1-22—y2 1
o Jo 0 ety +z

Solution:

We have: 0 <2< y/1—22—92 then 0 < p < 1.

0<y<+vV1—-22, 0<z<I1,then0<ep<Zand0<6<

vl |
NE

9) dp.
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We get

/ / vi=a® w/ VISP dyde
-T2+y +Z2 -

[SE]
[ME]

1
1
/ =P % sin o dpdpdf
o P
1

(
|

VB
VB

/ d )singpd@dﬁ
0

Fl 1

J
J
J

0

™

[NE]

o\éc\whc\

us
2

—~

I
S~

7.2 Exercises

Exercise 92 :
Set up an integral for the volume of the region bounded by the cone z =
3(2? + y?) and the hemisphere z = /4 — 22 — y2.

Solution to Exercise 83:
Using the conversion formulas from rectangular coordinates to spherical coor-
dinates, we have:

For the cone: z = /3(22 4+ y2) or p cos ¢ = v/3p sin ¢, or tan ¢ =
=5

For the sphere: z = \/4 — 22 — y2 or p = 2, then
27 5 2 16 3
V:/ / / pzsingodpdgodez—ﬂ(l—i).
o Jo Jo 3 2

Exercise 93 :
Let E be the region bounded below by the cone z = y/x2 + y? and above by
the sphere z = 22 + y2 + 22

. the

Sl

Solution to Exercise 84:

Use the conversion formulas to write the equations of the sphere and cone in
spherical coordinates.

For the sphere: 2% +9° 4+ 22 = 2 <= p? = pcos ¢ <= p = cos .

For the cone:

z=va2+y? << pcosp= \/p2sin2<p(cos2¢+sin2¢)

<= pcosp=psinp

<= cO0s p =sin .

3 b
/ sin p dp d9:/ [—cosgp]
0 0
0 .

p| sinpdpdd = / / sin ¢ dypdf

20
0
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Then ¢ = 7. Then the integral for the volume of the solid region E becomes:

27 T cos ¢ T
V:/ / / p’sin pdpdpdd = =.
0 o Jo 8
Exercise 94 :

Evaluate the following triple integrals / / flz,y, z)dzdydz.
E

0,z > 0},
2. f(p,0,9) = psinp(cosd +sin), E = {(p,0,0) : 1 <p<20<60<
T0<p< T},
2
3. flw,y,2) = 2zy; B = {(z,y,2) : \/732“":‘!2 <z< \/1_x2_92a$ >
0,y > 0},

4. f(p,0,0) = pcosp; E={(p,0,0): 0<p<2cosp,0<0<5,0<¢p<
Ih

Solution to Exercise 85:

1. Using the spherical coordinates, we get:

E
2 s %
// f(p,0,¢)dpdode = / / / psin p(cos 0 + sin 0)dedfdp = 3.
B 1 Jo Jo

Exercise 95 :

Compute the volume of the solids F and F' defined in rectangular coordinates
by:

E={(z,y,2) \/.m<2<\/mx>0y>0}
Ff{(x,y,):fvﬂ/ +22—22<0,y/22 +y% < 2},

Exercise 96 :
Convert the integral into an integral in spherical coordinates:

\/16 y2 \/16—12—742
/ /\/ / y (2% +y* + 2%)2dzdydz,
16—y2 J —4/16—22—y2




98

Vi—z2 16 12 —y2
/ / / dzdydzx.
Vi—z2 2+y

Solution to Exercise 86:

1.
2.

Exercise 97 :
Let Bp the ball of center (0,0,0) and radius R.

2T T R
/// V2 +y? + z2dxdydz / / / p° sin pdpdfdyp
Br o Jo Jo

R
47 / pPdp = tR.
0

Exercise 98 :
Consider the solid delimited by the plane xoy, the cylinder x? + y? = x and
the sphere 22 + y? + 22 = 1.

2 4+y*+22<1

The solid is defined by: ?+y? <z
z > 0.
pPP+22<1
In cylindrical coordinates, we have { p? < pcos6
z>0.

Then p € [0,1] and if p is fixed, 6 is in [~ cos™! p,cos™! p] and z € [0, /1 — p2].
Then the volume of the solid is given by:

1 pcos™ip \1—p2
/ / / pdzdfdp

= /Qp\/lfpcos Ypdp = Z(
0

v

)-

OJ\[\D
Wl o

us
2

Exercise 99 :

Compute /// f(z,y, z)dzdydz, for D = {x2 +yP+ 22 < RQ}, flzyy,2) =
D

(a> R >0),

\/a2_x2_y2_z2
Exercise 100 :

Compute the center of mass of an object that occupies the upper hemisphere
of 22 + y2 + 22 =1 and has density p(z,y) = 2+ y2.
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Exercise 101 :

Compute the center of mass of an object that occupies the surface z = xy,
0<2<1,0<y <1 and has density p(z,y) = /1 + 22+ y>.

Exercise 102 :

Compute the center of mass of an object that occupies the surface z = v/x2 + y2,
1 < z < 4 and has density p(z,y) = 222.

Exercise 103 :

Compute the centroid of the surface of a right circular cone of height h and
base radius R, not including the base.






CHAPTER I11

VECTOR CALCULUS

In this chapter, we introduce the differential calculus in several variables.

1 Vectors in R"

1.1 Representation of Vectors in R"

We focus in this book on two and three-dimensional problems.

A vector is a magnitude in a certain direction. Vectors are used to represent
forces, velocity, acceleration, and many other quantities. For example, the po-
sition of a particle in a the plane or in space can be given by a position vector

d
Z. The velocity is by definition d—? Another example, the temperature at

each point in the plane or the space, and we study the change of the tempera-
ture with position.

e an arrow starting from the origin.
e an arrow pointing in a certain direction with a certain length (magnitude).

e an arrow with a certain length and direction.

the coordinates of a point relative to a reference point.

e a line segment oriented between two points.

Hence a vector in R” is interpreted as an n—tuple, i.e. an 1 X n matrix.
Consider the cartesian coordinate system in R™, M any point in R™ and O the
origin, then the vector OM is called the position vector of the point M.

101
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IfA=(z1,...,2,) and B = (y1,...,yn) are two points, then the vector from

A to B (represented by zﬁ) is defined by: AD = (Y1 — @1,y Yn — Tn)-
There is another standard way of representing vectors used in this book. In R?
we define

- -

i =(1,0), j =(0,1).

Then any vector in R? can be written as
- >
U= (ry)=xi+yj.
Similarly in R® we define
- - -
i =(1,0,0), j =(0,1,0), X =(0,0,1).
Then any vector in R? can be written as
T T
U= (z,y,2)=zi +yj +zK.
) o e e
In R?, the vectors { i, j } define the standard basis of R*. Similarly in R® the

vectors { i, j, k} are the standard basis of R?.

1.2 The Dot (or the Inner) Product

Definition 1.1

1. InR™, if 4 = (1,...,2y) and v = (Y1,---,Yn), the dot product
of @ and 7 is the number denoted by

<7) 7> = Z TkYk-
k=1

The dot product is also denoted by: @.7.

Forn=2, ¥ = (z,y) and ¥ = («',¢/), (¥, V) = za’ + yy/.
Forn =3, W = (z,y,2) and ¥ = (¢/,¢/,2), (¥, V) = za’ +
yy' + 22

2. If 4 = (x1,...,2,), then (W, W) = Zx% > 0. The number
k=1

n

in is denoted by ||| and called the magnitude (or the
k=1

length or the norm) of .
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3. If M = (z1,...,2,) and N = (y1,...,¥n) are two points in R”.
Tnhe distance from M to N is the norm of the vector MN =

>k —zx)”

k=1

Example 47 :

1. The distance from the point A = (1,—1,2) and N = (—1,1,0) is
VET=1D2+ (1 +1)2+ (0 —2)2 =23,

2. A sphere of radius r centered at (a,b,c) is defined as all points (z,y, z)
which are distance r from the center, we get the equation of a sphere is
(z—a)+(y—b)>+ (- =1

3. The equation 22412422 +2x—3y = 0 can be rewritten by completing the
square as (z+1)2—1+(y—3)2=2+22 =0 or (z+1)*+(y—3)2+22 = L,

so it is a sphere of radius \/71? centered at (—1,3,0).

Properties 1.2: (Properties of the Dot Product)

1. (4, 7)) = (¥, ), for all vectors o, V.
2. For all vectors 7, 77

(&, ) < 12|V

This inequality is called the Cauchy-Schwarz inequality.

Definition 1.3: The Cosine Law

The angle 6 between the vectors U and U is defined as follows,
U =, V)= || || 7] cosb.




Corollary 1.4

C
If ABC'is a triangle in the plane,

a = |BC, b = [AC], ¢ =
||AB|| and 6§ = mZAC B, then b

2 =a%+b%>— 2abcosh

Example 48 :
Consider the cartesian coordinate system in R3. A vector U makes angles with

The direction angles associated to a vector k74

. @7
three axes 74 are given by: cosa = s,
— —
cos B = (L. 7) cosy = <7’k).
v B = [l

Definition 1.5

Two vectors @ and ¥ in R” are called orthogonal if (7, 7) = 0.

Theorem 1.6: Pythagorean Theorem

If 7 and U are orthogonal in R™, then
I+ 71 = 1)+ 17>

Solved Exercise 1 :

Let @ and ¥ two vectors with the same norm.

Prove that the vectors @ + ¥ and ¥ — ¥ are orthogonal.
Solution

(U +0, U =) = ||ul|2 = |v|?+ (&, V)= (&, V) =0.
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1.3 Projection and Component Along a Vector

Definition 1.7

Let @ and ¥ be two vectors in R? or R3, the component of @ along

7 s
comp— U = <7’ﬁ> = || || cos b,

where 6 is the angle between W and V.
The projection of the vector @ on the vector ¥ is

" 1 o (U, 7)
(compy ) 5 ¥ = 5 7

7 1 7 1
1 1
1 1
1 1
1 1
1 1
| | 8
0 1 1,
proj@?? proj%? 7
Example 49 :

1. Consider the vectors @ = (2,—1) and ¥ = (1,3). The projection of @

. _ <7,§> 1
onto U is the vector W = e U = _E7'
2. Consider the vectors @ = (—1,1,3) and ¥ = (1, -1, —2). The projection
. _(wA)— 4
of & onto ¥ is the vector W = =T = 3 V.

1.4 The Cross Product

Definition 1.8

If 4, = (21,91, 21) and Uy = (22,Y2, 22), then the cross product of U
and 72 is the vector

_)

s e
i k.

T 21J+

T2 22

1 Y
T2 Y2

71/\72: +

Yy 2
2 22

Remark 4 :
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1. The vector 71 A 72 is orthogonal to the vectors 71 and 72 and its di-
rection is given by the right-hand rule i.e. the determinant |71, 72, WA
U 5| is non negative.

2. |1 A Wyl is the area of the parallelogram spanned by @, and o, i.e.,
Iy A o] = ||l |2 siné.

3. Two vectors 71 and 72 are parallel if and only if 71 A 72 =0.
4. ||71/\72||2 = ||71||2||71”2_<u1,112>2. Indeed ”71/\72”2 _ ||71||2||72H2sin2 9 —
12127 2][2(1 — cos? 0).

Solved Exercise 2 :

Compute the area of the triangle with vertices (2,3, —-1), (1,3,2), (3,0, —2).
Solution

Two sides are: U = (—1,0,3), v = (1,-3,-1),

UANT =(9,2,3), | AT|?=81+4+9 = 104 = 8.13. The area of the
triangle is V/26.

Theorem 1.9: (Cross Product Properties)

Let @1, W2, and W3 be vectors and let ¢ be a constant:
1. Wi AWa=—UsAU1;
2. (U1 ) AWz =c(U1 A Wy) = U1 A (T 2);

CUIN (W + W)= UL AT+ U1 AU s;

(T + L) AUs=U1 A U3+ W A Us;

(W, (T AUs)) = (W1 A W), Us);

CTIA (@2 ATs) = (B, D)) T2 — (T 1, Ta)) T

[ S

1.5 Scalar Triple Product

The scalar triple product of three vectors 71, 72, and U is the determinant

1 Y1 2
<71a(72/\73)> =|T2 Y2 22|

T3 Ys Zz3
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The volume of the parallelepiped formed by the vectors 71, 72, and U5

(W1, (U2 A Us)).

The vectors 71, U and U are in the same plane if the scalar triple product

<71, (72 A\ 73)> is 0.

Example 50 :

Compute the volume of the parallelepiped spanned by the 3 vectors
U1 =(2,3,—1), Uy =(1,3,2) and U3 = (3,0, -2).

72 AN 73 = (—6,8, —9), <71, (72 A\ 73)) = 21.

Remark 5 :
<717 (72 A 73)) = <(71 A 72), 73)-

is

1.6 Exercises

2 Line and Plane Parametrization

2.1 Lines

A line L in three-dimensional space is determined by

e A point My = (zo, Yo, 20) on the line

e A vector U = (a,b, c) that gives the direction of the line.

Any point M on the line can be expressed as My +t ¥ for some real number ¢
called the parameter.

Line-Vector Equation

The parametrization ¢t — My + 7 is called the vector equation of a line L,
where My is a point on the line and T is the direction of the line.
Line-Parametric Equation

It My = (20, yo, 20) and v = (a,b,c), the equations

T = x9 + at,
y = yo + bt,
z=2zy+ct

give the parametric equations for the line passing through My and in direction
of the vector .

Line Symmetric Equation

If we begin with the parametric equations of a line:

T = x9 + at,
Y=1Yo + bta
z=2zy9+ct
we can eliminate the parameter to get the symmetric equation of a line;

T—To Y—Y 22— 20

a b c
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Let My = (z1,y1,21), Mo = (x2,y2,22) be two points on the space. The
parametric equation of the line passing through M; to My is the parametric
equation of the line with M; on the line and the direction MMy = (x5 —
T, Y2 — Y1, 22 — 21)-

The vector equation of the line is: M(¢t) = My + tM1 M. If ¢t € [0,1], this
equation in the is segment which goes from M; to Ms.

Theorem 2.1: [Distance from a Point to a Line]

The distance from a point M to a line passing through a point M, and

parallel to a vector U is

1MoM A )|
i

Solved Exercise 3 :

Find the distance from M = (2,—3,1) to the line containing M; = (1,3, —1)
and M, = (2,—-1,1).

Solution

M]_M2 = (1, —472)7 MM1 = (17—6,2), M1M2 A MM1 = (470, —2). The dis-

tance is ﬁ
2.2 Planes

In order to find the equation of a plane, we need:

e a point on the plane My = (xq, Yo, 20)

e a vector that is orthogonal to the plane n = (a,b,c). This vector is called
the normal vector the to plane.

Plane - Vector Equation

Any point M of the plane verifies (W , 7) = 0. This is the vector equation
of the plane.
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Plane-Scalar Equation
The scalar (or component) equation of the plane is a(x —xg) +b(y — yo) + c(z —

Z()) =0.

Solved Exercise 4 :
Determine the equation of the plane that passes through the points M; =

(1,2,3), My = (3,2,1) and My = (—1,-2,2).
Solution

St — _

MlMg = (2,0, —2), M1M3 = (—2, —4, —1), M1M2 /\M1M3 = (—8,6, —8) The
scalar equation of the plane is —8(z — 1) + 6(y —2) —8(z — 3) = 0 —
4x — 3y + 4z = 10.

Remark 6 :
Two planes are parallel if and only if the normal vectors are parallel i.e. A

ns = 0.

Theorem 2.2: [Distance from a Point to a plane]

The distance between a point M and the plane passing through a point

M, and normal to a vector 77 is

If My = (20,90, 20), M = (2,y,2) and @ = (a,b,c), then
|a(z — 20) + b(y — yo) + (2 — 20)|

AR N
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Solved Exercise 5 :
Find the distance from M = (1,2,0) to the plane 20 — 3y +2z = 1. M; =

(-1,-1,0), @ = (2,-3,2)

2.3 Exercises

3 Curves and Surfaces

3.1 Quadratic Curves in R?

ﬁ‘m
EN|

A quadratic curve is the graph of a second-degree equation in two variables
taking one of the forms

1.
2.
3.

Y

=

N

7
.
.
.
.
Y

\

x

R
The ellipse — + -5 = 1 with foci
a b

(£c,0), where a? = b2 + 2.

The parabola z2 = 4py with focus
at (0,p) and directrix at y = —p

22 2
The hyperbola — — - = 1 with
a b2

foci at (£c,0) where ¢? = a? + b2.



111

3.2 Surfaces in Space

z

Cylinders which consist of all lines
(called rulings) that are parallel to a
given line and pass through a given
plane curve

x

Example 51 :

z

y2+z2=1

The set of points (x,y, z) that satisfy the equation
22 + y2 = 1 is the cylinder of radius 1 centered at
(0,0,0) whose axis of symmetry is the z-axis.
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Elliptic Paraboloids which will

2. model functions with local maxima
or minima

Hyperbolic Paraboloids (“saddles”)

3 which model a new kind of criti-

' cal point, called a saddle point, for

yfunctions of two variables

3.3 Quadric Surfaces in Space

A quadric surface is the graph of a second-degree equation in z, y, and z taking
one of the standard forms

Az’ + By’ + C22+ D=0, A2z’>+ By>+Cz=0.

We can graph a quadric surface by studying its traces in planes parallel to the
x, y, and z axes. The traces are always quadratic curves.

a2y 2
1. The ellipsoid: o + 72 + 2= 1.
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The set of points (z,y, 2) that satisfy the equation
22 + y2 + 22 = 1 is the sphere of radius 1 centered
b Y at (0,0,0).

X
w2+y2+22:1

22 42
2. Elliptic Paraboloid z = — + =

a2 b2
z
j i
I
i Yy
xT

z:w2+y2

3. Hyperbolic Paraboloid (Saddle) z = 2— - =
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2 2 2

. x
4. Hyperboloid of one sheet P~ + 2= 1

z

24 y? —22=1

2 2

5. Cone: 2—2 + Z—z = 22

You can have similar equations with z, y, z permuted or with the origin
shifted.

3.4 Exercises
4 Vector Functions and Space Curves

4.1 Vector-Valued Functions

4.1.1 Continuity and Differentiability of Vector-Valued Functions

Definition 4.1

A vector-valued function is a function r(¢) whose domain is a set of real
numbers and whose range is a set of vectors in two- or three-dimensional
space. We can specify r(¢) through its component functions:

r(t) = (f(t), 9(t), h(t)) = f(£)i+ g(t)j + h(t)k.

Example 53 :
r(t) = (cost,t,sint).

z
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Definition 4.2

1. The limit of a vector-valued function is the limit of the component
functions:

lim (2 (), y(t), 2(8)) = (lim 2(t), lim y(¢), lim =(2) )

2. A vector-valued function r(t) = (z(t),y(
t

), z(t)) is continuous if
each of the component functions z(t), y( i

t

), 2(¢) is continuous.
t), z(t)) is differentiable
t

3. A vector-valued function r(t) = (z(t),y(t),
), z(¢) is differentiable

t),
if each of the component functions z(t), y(
and we have r'(t) = (2/(t), y'(t), 2'(t)).

dr . r(t+h)—r(t)
—

f R —
r(t)_dt P,

4. The integral of a vector-valued function r(t) = (z(t), y(t), 2(¢)) on
an interval [a, b] is defined by:

/abr(t)dt: (/abm(t)dt, /aby(t)dt,/abz(t)dt> .

Remark 7 :

r(t+h) —r(t)

The vector —————~ measures

h
the displacement from ¢ to ¢t + h.
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The vector r’(t) gives the instantaneous
change in displacement The magnitude
|r’(t)] gives instantaneous speed.

4.1.2 Tangent Lines

Consider the curve r(t) = (2t,e~!, cost —t2). /() = (2, —e~ !, —sint — 2t) and
r'(0) = (2,—1,0). The parametric equations for the tangent line to the curve
at (0,1,1) is
r = 2t,
Y= 1- t7
z=1

Definition 4.3

The unit tangent to r(t) is the vector

R0
TO = wer

4.1.3 The Arc Length
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Definition 4.4

The arc length of a plane curve r(t) = (z(t),y(t)), t € [a,b] is

b b
L= [ VEOPFT@Fd = [ 7).

The arc length of a plane curve r(t) = (z(t),y(t), 2(t)) t € [a, ] is

b b
L- [ VEOP+ WO + FOPd = [ (@)

If r(t) is the space curve of a moving body and if ¢ is time:
1. r'(t) is the velocity of the moving body
2. ||r’'(¢t)’]] is the speed of the moving body

3. 1 (t) is the acceleration of the moving body

Definition 4.5: (The Arc Length Function)

Let & be a space curve given by a vector function
r(t) = z(t)i+y(t)j + z(t)k

for ¢ € [a, b].
the arc length function for ¢ is defined by:

s(t) = / I a0 .

By the Fundamental Theorem of Calculus,

ds ,
2 = Ir@).

4.1.4 The Partial Derivatives

Let f be a function defined on a domain D C R2. For (z¢,y0) € D, the partial
derivatives of f with respect to z and y if they exist are defined by:

0 L B
é(l’o,yo) = fo(z0,90) = ;ILIL% flao+ ,yo]i f("EanO)’
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0 7 . 7
a—i(aroayo) = fy(z0,, %) = }1113}) f(xo,y0 + })l fxo yo)-

Consider a smooth function f: D C R?> — R, the partial derivatives of f
with respect to z, y and z if they exist are defined by:

0 h _

—ai (x,y,2) = folz,y,2) = ’lllgb flo+ ,y,z}z f(x,y,z);

0 h,z) —

—35 (€,y,2) = fy(2,y,2) = lim oyt ZZL fwy.2),
B) —

g:];(xv%z) = fz(a?,y7z) = ,112%) f(x7y7z+ }z f(x,:%Z)

Theorem 4.6: (Schwarz’s Theorem)

Let f be a function defined on a domain D that contains the point (a, b).
0% f 0% f
and
0xdy Oyor

If the functions are both continuous on D, then

0% f 0% f
———(a,b) =
dxdy Oyor

(a,b).

4.1.5 The Directional Derivative

Let f be a function defined on a domain D C R2 For (zg,%) € D and
U= (a,b) a unit vector in R?. The directional derivative of f in the direction
of U at (g, o) if it exists is

f((w0,y0) + hu) — f(w0,y0)

Duf(an yO) = }llg% h
o f(zo + ah,yo + bh) — f(x0,y0)
= lim .
h—0 h

If f is a function defined on a domain D C R®. For (x¢,y0,20) € D and
U = (a,b, c) a unit vector in R3. The directional derivative of f in the direction
of U at (0, Y0, 20) if it exists is

I f (%0, Yo, 20) + hu) — f(z0, Yo, 20)
1m
h—0 h

~ lm f(wo + ah,yo + bh, 20 + ch) — f(xo, Yo, 20)
- h—0 h ’

Duf(an Yo, ZO)
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Example 54 :

1. If 4 = (a,b), Dyf(xo,yo) is the same as the derivative of f(zo+at, yo+bt)
at t = 0. We can compute this by the chain rule and get

D f(z0,y0) = afe(xo,y0) + bfy(x0,y0).

2. Find the directional derivative of f(z,y) = xy® — 2 at (1,2) in the
direction U = (3, f)

3. Find the directional derivative of f(z,y) = 2% Iny at (3, 1) in the direction
of U = (-1, T)
4.1.6 The Tangent Plane

The derivatives %ﬁ(a, b) and %g(a, b) define a tangent plane to the graph of f
at (a,b, f(a,b)).
The differential of z = f(x,y) is

af 8f
8.Td T + 8_31

Definition 4.7

If f has continuous partial derivatives, the tangent plane to z = f(z,y)

at (a,b, f(a,b)) is

dz

2= fla,) + 5D =) + 3 @by b

\ J

Chain Rule for Functions of One Variable If y = f(u) and v = u(x), then

dy _dy du_ o d
dr  dudz ' \Wdr
The Chain Rule for Two Variables If z = f(x,y), z = g(t), and y = h(t),
then

& _0fds  ofdy

dt  Oxdt  Oydt

If
z = f((E,y),JJ = g(s7t)7y = h‘(Svt)v

then
0z O0fdx  Of Oy 0z 0f0x  Of Oy

s  Qxds  Oyds ot ox ot dyot
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4.2 Exercises

5 Vector Fields

Definition 5.1

1. A two-dimensional transformation is a function f that maps
each point (x,y) in a domain  C R? to a point f(z,y) =
(u(z,y),v(z,y)) in R2.

2. A two-dimensional vector field is a function f that maps each point
(x,y) in a domain Q C R? to a two-dimensional vector f(z,y) =

u(@,y) T +v(z,y) 3, where i = (1,0) and J = (0,1).

3. A three-dimensional transformation is a function f that maps
each point (x,y,z) in a domain  C R? to a point f(x,y,2) =
(u(z,y, 2),v(z,y, 2),w(z,y, 2)) in R3.

4. A three-dimensional vector field maps (z,y, z) in a domain ) C
R3 to a three-dimensional vector f(z,v,2) u(a:,y,z)_i> +
v(x,y,z)? + w(w,y,z)ﬁ, where _1> = (1,0,0), j = (0,1,0) and
K = (0,0,1).

| Il

\

Vector fields have many important applications, as they can be used to repre-
sent many physical quantities:

e Mechanics: the classical example is a gravitational field.
e Electricity and Magnetism: electric and magnetic fields.

e Fluid Mechanics: wind speed or the velocity of some other fluid.

- - -
Ifr(t)=x(t)i +y(t)j + 2(t) k is the position vector field of an object. We

can define various physical quantities associated with the object as follows:
: / dr AT rs 1T
velocity: v(t) =r1'(t) = §F =2'(t) i +y'(t)j +2'(D)k,
. " 2 1" __> " —_> " e
acceleration: a(t) =v'(t) = L =r () =2 =2 )i +y ()] +2z (t)k,
The norm ||v(¢)|| of the velocity vector is called the speed of the object.

Example 55 :

1. The gravitational force field between the Earth with mass M and a point
particle with mass m is given by:

GmM — — —

F(r,y,z) = —m@f i4+yj+z2k),
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where G is the gravitational constant, and the (x,y, z) coordinates are
chosen so that (0,0,0) is the center of the Earth.

2. The Electrostatiqc fields:

m3D, E=——3%
. dreo|rP "

m2D, E=—"
g omeo|r2"

5.1 Gradient Fields

Let f be a scalar function of two variables, the gradient of f is defined by

Vi) = (), G ).

If f is a scalar function of three variables, its gradient is a vector field on R?

given by 5 5 5
V000 = (G (5,020, 5 2, B 0,0 2).

The operator V will be denoted by:

- - —
-9 {4+ 034 90 — (2 2 9
V=451 + oy + 5.k OrV—(away’az) as a vector.
Remark 8 :

Let f be a function. The vector V f(zg, yo, 20) is orthogonal to the level surface
of fS={(z,y,2) € R3: f(x,y,2) = C} that contains (x¢, Yo, 20)-

Theorem 5.2

Consider f and g two smooth scalar functions F = (fi, f2, f3) and
G = (91, 92, 93) two smooth vector fields defined on a domain Q C R3.
We have:

Vi) - (B2 20 A0,

fV(g) +gV(f).

V(F.G) V(fi91 + f2g2 + f393)
V(f191) + V(f292) + V(f393)
= fV(g1) + 1V(f1) + f2V(g2) + 92V (f2)

+£3V(g3) + g3V (f3)-

Example 56 :
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Definition 5.3: (Inverse square field)

T T
Let r(z,y,2) = i +yj + zk be the position vector of the point
M (z,y, z). The vector field F(z,y,z) = i ”3 r(z,y, z) is called an in-

verse square field, where ¢ € R.

5.2 The Divergence

Definition 5.4

The divergence of a vector field F = (P, Q, R) is

/(o 0 0 OP 9Q OR
(V,F>—<<£7a—y,&> (P,Q, R)> =5 e

5.3 The Curl of a Vector Field
The curl of F = (P,Q, R) is

> 27
i

VAF=|2 ;g §:<%_@Q_@@_@)
x y z ’ :
P O R dy 0z 0z Ox O0xr Oy

If F= P i+ Q j is a two dimensional vector field, the curl V ANF can, also be
defined by regarding the k—component to be zero, i.e. F = P i+ Q j+o0 k
ﬁ
then curlF = (%—g — %—P) k.
Yy
Here are two simple but useful facts about divergence and curl.

(V,(V A F)) =0. In other words, the divergence of the curl is zero.
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Theorem 5.6

V A (Vf) =0. That is, the curl of a gradient is the zero vector.

5.4 Exercises
6 Line Integral

6.1 Line Integral in Plane

Consider a plane curve given by the parametric equations

V(1) = (2(1),y(®), t € la,b].

Definition 6.1

Let f be a continuous function on R2. If v is continuously differentiable,
the line integral of f on 7 with respect to the arc length is defined by:

b b
/ For(®)y/ (@ (1) + (' (1))2dt :/ F@(0),y(®)/ (@' ()% + (v (1))t

Remark 9 :

LIff=1, /b V(@' (1))2 + (y'(t))2dt is the length of .
Note that /(2/(t))2 + (y/(t))2 = |7/ (t)|. We denote ds = /(' (t))2 + (v'(1))2dL.

2. The value of the line integral does not depend on the parametrization of
the curve, provided that the curve is traversed exactly once as t increases
from a to b.

Example 57 : (Integrating along an arc of circle)
Consider the arc of circle C' parametrized by (cost,sint), with ¢t € [0, 5]. In

this case ds = v/ cos2 t + sin? tdt = dt

/ (x + 4zy?)ds
C

s

2
/ (cost + 4costsin? t)dt
0

[ME]

= / cost(1 + 4sin® t)dt
0

! 7
h— / (14 4u?)du = ~.
0 3
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Definition 6.2

Let f be a continuous function on R? and let v be piecewise-smooth
curve, that is, 7 is a union of a finite number of smooth curves 1, . .., V&,
such that the initial point of 7,1 is the terminal point of ;. Then we
define the integral of a continuous function f along ~ with respect to

the arc length by:
k
[t@wis=>" [ 1
v =17

J:l J

Definition 6.3: [Center of mass of a wire]

If p(x,y) is the linear density at a point (z,y) of a thin wire shaped like
a curve v: [a,b] — R2. The mass of the thin is

m= [ @l 0l

and the center of mass of the thin

b b
(w0, Y0) = (/ w(t)p(v(t))llv’(t)lldt,/ y(t)p(v(t))llv/(t)lldt)

Example 58 :
A wire takes the shape of an arc of circle (cost,sint), with ¢ € [0,7]. If the
density of the thin is p(x,y) = 22 + 2. Then the mass of the thin is

m:/ dt=m
0

and the center of mass of the this ( / cos tdt, / sin tdt) =(0,2).
0 0

6.2 Line Integral in Space

Consider a space curve given by the parametric equations

’Y(t) = (m(t),y(t), Z(t))a te [aa b]
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Definition 6.4

Let f be a continuous function on R3. If 7 is continuously differentiable,
the line integral of f on v with respect to the arc length is defined by:

b b
/a Fov(DyV (@ ()2 + (v ()2 + (/ (1))2dt = /a F@(®), y(), 2 ) (@ ()2 + (5 ()2 + (= (£)2dt.

Remark 10 :

b
1. If f=1, / V(@' (1))2 + (y'(t))2dt is the length of .
Note that /(2/(t))2 + (3/(t))2 + (/(t))2 = ||7/(t)| and we denote ds =
V(@' (1) + (v (1) + (2 (1)) 2dt.
2. The value of the line integral does not depend on the parametrization of

the curve, provided that the curve is traversed exactly once as t increases
from a to b.

Example 59 :
Consider the curve v parametrized by v(t) = (cost,sint, 1), with ¢ € [0, F]. In

this case ds = V/cos2 t + sin? tdt = dt

/ (222 + bry? + 2)ds =
c

™

2
(2cost + 5costsin®t 4 1)dt

3
+ / cost(2 + 5sin? t)dt
0

1
T 11
2+ 5ud)du = = + —.
(2 + 5u”)du 2+3

u=cost

+

|
S— WA S—

NIE]

Definition 6.5

Let f be a continuous function on R3 and let v be piecewise-smooth
curve, that is, 7 is a union of a finite number of smooth curves 71, . . ., Vg,
such that the initial point of vy;4; is the terminal point of ;. Then we
define the integral of a continuous function f along v with respect to
the arc length as

L fla,2)ds = A ey, 2)ds.

j=1""
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Definition 6.6

Let f be a continuous function on D C R? and let C' be piecewise-
smooth curve on D parametrized by (z(t),y(t), 2(t)), ¢ € [a, b]:

1. The line integral of f(z,y, z) with respect to = along the oriented
curve C' is written / f(x,y, z)dz and defined by:
@

b
/ iy 2 = / Fa(t), y(0), ()2 (t)dt
C a

2. The line integral of f(z,y,z) with respect to y along the oriented
curve C is written / f(z,y,z)dy and defined by:
c

b
/ 2y = / P (), u(t), 2(t)y (t)dt
C a

Definition 6.7

1. The line integral of f(z,y, z) with respect to z along the oriented
curve C' is written / f(z,y,z)dz and defined by:
c

b
/ 2 = / F((®), y(8), 2(8) 7 (8)de
C a

6.3 Work of a Force Field

If F = (f,g,h) is a force field defined on a domain D C R3 and let C be
piecewise-smooth curve on D parametrized by (z(t), y(t), 2(t)), t € [a,b]: The
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work of F' along the curve C is defined by:

b b
W= / Fa(t), y(t), 2(0)a (1)t + / g (), (). ()Y ()t

b
+ / B (t), y(t), 2(0) (t)d
= /b(F o C(t),C'(t))dt.

b
/ (FoC(t),C'(t))dt is denoted also / F(z,y,z).dr
a C

7 Independence of Path and Conservative Vec-
tor Field

Definition 7.1

We say that the line integral / F.dr is independent of path in the

@
domain D if the integral is the same for every path contained in D that
has the same beginning and ending points.

Theorem 7.2

Let F = (f,g,h) be a continuous vector field defined on a connected
region D and let C' be a smooth parametric curve on D parameterized

by C(t) = (x(t),y(t), 2(t)), t € [a,0].
The integral

b b
[ rar = [ @000 O+ [ 10,060,200
C a a

b
/ F@ (), y(®), =) (t)dt

is independent of the path if and only if F' is conservative.
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7.1 Independence of Path

Theorem 7.3: (Fundamental Theorem of Line Integrals)

Consider a smooth parametric curve C' parameterized by a smooth
vector function C(t) = (z(¢),y(t),2(t)), t € [a,b]. If f is a continu-
ously differentiable function on a domain containing the curve C, then

[ Ve = ) - fc@).

In particular, if the curve is closed, (i.e. C(b) = C(a)), then / Vf.dr =
c
0.

Example 60 :
Consider the vector field F(xz,y) = (2ry — 3,22 + 4y + 5).

The line integral / F.dr is independent of path. Then, evaluate the line inte-

e,
gral for any curve C' with initial point at (—1,2) and terminal point at (2, 3).
F=Vf Gl =20y—3, f=a’y—32+9(y), 5L = 2>+ ¢'(y) = 2* + 45 +5.
Then f = 2%y — 3z + y* + 5y.

/ Fdr = f(2,3) — f(—-1,2) = 102 — 31 = 71.
C

7.2 Conservative Vector Fields

Let F(z,y) = (M(z,y), N(z,y)), where we assume that M (z,y) and N(z,y)
have continuous first partial derivatives on an open, simply-connected region
D C R2. The following five statements are equivalent, meaning that for a given
vector field, either all five statements are true or all five statements are false.

1. F(z,y) is conservative on D.

[N)

. F(z,y)is a gradient field in D (i.e., F(x,y) = V f(z,y), for some potential
function f, for all (z,y) € D).

w

. / F.dr is independent of path in D.
c

4. / F.dr = 0 for every piecewise-smooth closed curve C' lying in D.
c

oM _ a_N(x’y), for all (z,y) € D.

d. 8_y(x’y) 97
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Theorem 7.4

Consider a simple connected region D and let F' be a vector field defined
on D.
The following properties of a vector field F' are equivalent:

1. F' is conservative.

/ F.dr is path-independent, (i.e. meaning that it only depends

on the endpoints of the curve C.

3. f F.dr = 0 around any closed smooth curve C in D.
@

8 Green’s Theorem

Theorem 8.1: (Green’s Theorem)

Let v be a positively oriented, piecewise-smooth, simple closed curve
in the plane and let D be the region bounded by 7. If P and @ have
continuous partial derivatives on an open region that contains D, then

B 8Q oP

Remark 11 :

The notation f,y P(z,y)dx + Q(x,y)dy is sometimes used to indicate that the
line integral is calculated using the positive orientation of the closed curve. The
Green’s Theorem can be written as

// <8Q al;)d dy—/aDP(x,y)derQ(x,y)dy

where 0D is the positively oriented boundary curve of D.

Example 61 :
Consider the curve defined by the boudary of the triangle A of vertices (0, 0), (1, 0), (0, 1).

Use Green’s Theorem to calculate a line integral / 22ydx + xy3dy.
v
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/nydx +xyidy = / (y2 — xQ) dxdy
0 A

1 1-z
/ (/ (y* — x2)dy> dx = 0.
0 0
Example 62 :

Consider the curve defined by the circle C defined by 22 + 32 = 9. Use Green’s
Theorem to calculate a line integral / (3y — %) dx + (T + /y* + 1)dy.
c

/ (By — ) da 4 (Tx + /y* + 1)dy = / (7 — 3)dxdy
c D

= J36m.
Remark 12 :
Another application of Green’s Theorem is in computing areas. Since the area
0 0
of D is // dxdy, we wish to choose P and @ so that (a—Q - 6—62) = 1. Hence
€z Y

D
the area of D id

A:j{ xdy:—% ydlej{ (zdy — ydz).
oD oD 2 Joap

2 2
x
For example the area enclosed by the ellipse — + yo_ 1. A paramatrization

a? = b?
of the ellipse E is x(t) = acost, y(t) = bsint.

1 1 27
A=— 7{ (xdy — ydx) = 7/ abcos®t + absin® tdt = mab.
2 ) 2 /s

8.1 Exercises

Use Green’s Theorem to evaluate the line integral along the given positively
oriented curve.

Exercise 104 :

/(nydx + 22%ydy), where C' is the triangle with vertices (0,0), (2,2), and
c

(2,4).

Solution to Exercise 87:

2" pox 2
/ (zy’de + 22°ydy) = / / (2zy)dydx = / 3z3dr = 12.
C 0 Jx 0

Exercise 105 :
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/(cos ydx + x?sinydy), where C is the rectangle with vertices (0,0), (5,0),
c

and (5,2).

Solution to Exercise 88:

/ (cos yda + 2? sin ydy) = / / (2x + 1) sinydydx = 30(1 — cos 2).
c o Jo

Exercise 106 :

(xe™*"dx + (2* + 22%y?)dy), where C is the boundary of the region between
c
the circles 22 + y2 = 1 and 22 +y% = 4.

Solution to Exercise 89:

2 2m
/ (ze™2dx + (z* + 22%9°)dy) = / / (413 cos® 6 4 473 cos O sin? 0)rdrdd
c

2 27
4/ 7“4/ cos Bdrdf = 0.
1 0

9 Surface Integrals

Theorem 9.1: (Evaluation Theorem)

Consider a surface S in R? defined by z = g(z,y) for (z,y) on a region
R, C R% where g has continuous first partial derivatives, then

[ty z)as = // F(o.v. 9@ )1+ 22 + A

where g, = and g, =

% 8y

Example 63 :
Evaluate the integral [[q f(z,y,2)dS, where f(x,y,z) = 2® + yz and S the
upper half sphere 2% + y% + 22 = R2.

y2
Ly, 2)dS = R — 22 — 1 dA
//Sf(wyz) //D(O’R)(m +y z y)\/ + et Ty

P
2
r% cos? 0 + rsin 0+/R2 — r2 drdf
./0 /0 ),%,

27 rR r3 5 4
R/ / —————— cos” 0drdf = —R .
0 0o VR? —1r2 3
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10 Flux Integrals

Definition 10.1

A surface S is called orientable if a unit normal vector n can be defined
at every non boundary point of S and n is continuous over the surface.
For a surface defined by f(z,y,z) = ¢,

L Y
n= A

In particular if the surface is defined by z = g(z,y), V.f = (=gz, —9y, 1),

dS = /14 g2+ g2, ndS = V fdA.

10.1 Flux of a Vector Field

Consider F a vector field which can represents the velocity of some fluid in
the space. The flux of the fluid across S measures how much fluid is passing
through the surface S.

Consider the unit normal vector n to the surface at a point, the number F.n
represents the scalar projection of F onto the direction of n. So it measures
how fast the fluid is moving across the surface. Thus, the total flux across S is

/ F.ndS.
S
Theorem 10.2

Let F(x,y,2) = Mi+ Nj+ Pk be a continuous vector field defined on an
oriented surface S defined by z = g(z,y) on a region R, ,. The surface
integral of F over S (or the flux of F over 5) is:

/ F.ndS = // (-Mg, — Ng, + P)dA
S Ry

if the surface is oriented upward and

/ F.ndS = / / (Mg, + Ng, — P)dA
S Ry ,y

if the surface is oriented downward.
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Example 64 :

Compute the flux of the vector field F(x,y,z) = (x,y,0) over the portion of
the paraboloid z = 2% +y? below z = 4 (oriented with upward-pointing normal
vectors).

Solution First, observe that at any given point, the normal vectors for the
paraboloid z = 2% + y? are 4(2z,2y,—1). For the normal vector to point
upward, we need a positive z—component. In this case,

=—(2z,2y,—1) = (—2x,—2y,1)

is such a normal vector. A unit vector pointing in the same direction as u is

then )
n=———(—2x,—2y,1).

Vaz? +4y? 4+ 1
We have dS = |ju||dA = \/42? 4+ 4y? + 1dA. Then

/ /S F.ndS

-2
// (z,y,0 A2 7y ) \/4x2+4y + 1dA

4x2 +4y +1

//R(:c,y,O).(—2x,—2y,1)dA = //}%(—2952 — 2y%)dA.

The region R, , is the disc D(0,2), then

27 2
/ / F.ndS = / / —2r3drdf = —16m.
S 0 0

10.2 Exercises

Exercise 107 :

Evaluate / (2,-3,4).ndS, where D is given by z = 22 + ¢y, -1 < x < 1,
-1<y< 11,30riented up.

Exercise 108 :

Evaluate/ (z,9,3).ndS, where Disgivenby z = 3z—5y, 1 <x <2,0<y <2,
oriented uIJ)D.

Exercise 109 :

Evaluate / (2,9, —2).ndS, where D is given by z =1 — 22 — 3% 22 + 9% < 1,
oriented upE.)

Exercise 110 :

Evaluate [ (zy,yz,2z).ndS, where D is given by z = 2 +y?> +2,0 < 2 <
lLLxr<y< 1D, oriented up.
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Exercise 111 :

Evaluate/ (e, €Y, 2).ndS, where Disgivenby z = zy,0 <2 <1,—z <y < z,
D

oriented up.

Exercise 112 :

Evaluate | (xz,yz,z).ndS, where D is given by 2z = a? — 2% —y?, 22 +y? < b,
D

oriented up.

Example 65 :

Compute the flux of F = (z,y,2*) across the cone z = /22 + 32, 0 < 2 < 1,

in the downward direction.

We write the cone as a vector function: v = (vcosu,vsinu,v), 0 < u < 27
and 0 < v < 1. Then v, = (—vsinu,vcosu,0), v, = (cosu,sinu, 1), and
Yu N Ye = (vcosu,vsinu, —v). The third coordinate —v is negative, which is
exactly what we desire, that is, the normal vector points down through the

surface.
Then

2T 1
/ / x,y,2"), (veosu,vsinu, —v)) dvdu
o Jo

2 1
= / / zvcosu + yvsinu — ztv dv du
o Jo

27 1
= / / v2cos?u + v?sin?u — v° dv du
0 0

T
P dvudu ==
//v v° dv du 3

11 The Divergence Theorem

Theorem 11.1: The Divergence Theorem

Let @ be a solid region bounded by a closed surface S oriented by a
normal vector directed outward and if F is vector field €. Then

//SF.ndS = ///QV.FdV:///QdideV. (11.1)

total outward flux integral of local flux

over the interior through the surface S

Example 66 :
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Compute the outward flux [[4 F.ndS of the vector field F = (yz — 3z)i+ (z —
2)j+(2+22)k through S, which is the surface of the ellipsoid 222 +2y?+22 = 8
lying above the plane z = 0.

Solution The surface S is not closed (is not the boundary of the considered
solid), so we cannot use divergence theorem.

Add a second surface S’ so that SU S’ is a closed surface with interior D. We
can take the surface S’ the disc 22 + 32 < 4 in the zy—plane

//SF.ndS—i-///F.n’dS://DdiVFdV
//SF.ndS:///DdideV—///F_n/dS'

divF = —5+ 22,

///DdideV = ///D(—5+2z)dV

2 2 \V/8—2r2
= / // (=5 + 22)rdzdrdf
o Jo Jo
2

= 277/0 (—5(8 — 2r<) 4+ (8 — 2r°)")rdr

Hence

2
= 2 / (247 — 22r® + 4r°)dr = 64r.
0

—//,F.n’dS = —//IF.(—k)dS://l(2+z2)dS
— ///2dS:87r.

// F.ndS = 647 + 87 = 72m7.
S

Hence

Example 67 :
Use the Divergence Theorem to evaluate the surface integral / / F - dS of the
s

vector field F (z,y, z) = (CCB, v, z3) , where S is the surface of a solid bounded
by the cone x2 + 3% — 22 = 0 and the plane z = 1.
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Solution: Applying the Divergence Theorem, we can write:

AR s
_ /// [8&0 (3)4—%(23) dwdydz
3/// (2% +y° + 2%) dadydz.

By changing to cylindrical coordinates, we have

I = ///x+y +z)dxdydz

1 z
= 3/dz/dg0/(r + 22 rdr—67r/[( ) }dz
o0 0 0 =0
I 1
e [ Eam ()]
B 47 2 5/, 10
0
Example 68 :

Evaluate the surface integral / / w3dydz + y>drdz + 23dxdy, where S is the

s
surface of the sphere 22 + y2 + 22 = a? that has upward orientation.
Solution: Using the Divergence Theorem, we can write:

I = // 23dydz + > dxderzdxdyf/// (32% + 3y° + 32?) dadyd=
/// 3: + 2 +z)dmdydz

By changing to spherical coordinates, we have

I = 3/// (a?2 + 42 +22) dxdydz = 3///7“2 -2 sin Odrdiydf
G G
27 w a
= 3/dz/1/sin0d9/r4dr
0 0 0

3-2m - [(—cosb)|g] - [(7::)

“} _ 127a®
0 5
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137

Using the Divergence Theorem calculate the surface integral / / F - dS of the

s
vector field F (z,y,2) = (2zy,8xz,4yz), where is the surface of tetrahedron
with vertices A =
Solution: By Divergence Theorem,

Example 70 :

(0,0,0), B=(1,0,0), C =(0,1,0), D =(0,0,1).

[[xas=[]f

/// (2zy) + Oy (8zz) + % (4yz)] av

/// (2y 4+ 0 + 4y) dedydz = 6/// ydxdydz.
G G

Use the Divergence Theorem to evaluate the surface integral / / F - dS of the

s
vector field F (z,y,2) = (z,y, z), where S is the surface of the solid bounded
by the cylinder z2 + y? = a? and the planes z = —1 and z = 1.
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Solution: Using the Divergence Theorem, we can have:

//F-dS _ // (V-F)dv
g G
S
G
/G//(l—l—l—i—l)dﬂcdydz:?)/c/ drdydz.

By switching to cylindrical coordinates, we have
1 27 a
I = 3///dxdydz—/ / / dr
G —
~ 3.2.9r [( )

o
11.1 Exercises
12 Stokes’s Theorem

Theorem 12.1: (Stokes’s Theorem)

Let S be an oriented, piecewise-smooth surface with unit normal vector
n, bounded by the simple closed, piecewise-smooth boundary curve %
having positive orientation. Let F(xz,y, z) be a vector field continuously
differentiable in some open domain containing S. Then,

7{ F.dr:]{ F.Tds = // curl F.ndS.
€ € S

\. J

= (x,y, ) is the position vector, dr = (dx, dy, dz), the unit tangent vector
to S at r = (z,y,2) is

de— dy —> dz—
T = — k.
s Tasd T as
Hence dr = dT'ds.

If the surface S is defined by z = g(z,y) on a region R, ,, then // curlF.ndS =
s
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0 0
// —Migy; — N1gy + P1)dA, where g, = —g, gy = 99 and curlF =
Ru.y ‘ ox’ Jy
M17N17P1)
Example 71 :

Use Stoke’s Theorem to evaluate the line integral j{ (y+22)de+ (z+22)dy + (z + 2y) dz,

3
where € is the curve formed by intersection of the sphere z2 +y? + 22 = 1 with
the plane x + 2y + 2z = 0.
Solution: Let S be the circle cut by the sphere from the plane. Find the
coordinates of the unit normal vector n to the surface S,

_>
1 T42- 742K 1— 2
n= =—1i+4+-] —|—fk.
V12 422 4 22 3 3 3
In this case P =y + 2z, @ =x + 2z, R = x4+ 2y. Hence, the curl of the

vector F is

V/\F — (aR_aQ> +<8P_8R> +(8Q_8P>
dy 0z y

- 2-297+2-Dj+(1-DK

ﬁ
=7.
Using Stoke’s Theorem, we have

7{(y+2z)dx+(x+2z)dy+(m+2y)dz = / (VAF)-ndS
% S
- (1= 2—,> 2=
= //SJ~(31+3J 3k>dS
2
= g/sds.

As the sphere 22 +y2+22 = 1 is centered at the origin and the plane x+2y+2z =
0 also passes through the origin, the cross section is the circle of radius 1. Hence

the integral is
2 2 2
1:7//d5:7.7r.12:i.
3J)J)s 3 3
Example 72 :

Use Stoke’s Theorem to calculate the line integral
?{ y3de — 23dy + 23dz.
€
The curve % is the intersection of the cylinder 22 + y? = a? and the plane

r+y+z=n0o
Solution
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We suppose that S is the part of the plane cut by the cylinder. The curve €
is oriented counterclockwise when viewed from the end of the normal vector n
which has coordinates

1-1+1J+1k 1 - 1 - 1 —
i j k.

" NiEEStESE 3 3 3
As P =143, Q = —23, R = 23, we can write:
OR 0Q\ — oP OR\ — oQ 0P\ =
F - (Z&8_% oz _ar 9% 90V
VA (8y 82) 1+<8z 83@)'] +<8x 8y>

%
= -3 (:c2 +y2) k.
Applying Stoke’s Theorem, we find:

1

j{ yide — 23dy + 23dz
€

//S(V/\F)ndS://S(V/\F)ndS

//S (—3(x2+y2)§>) (13_1>+137+13§>> ds
—\/5// (x2+y2)d5
S

We can express the surface integral in terms of the double integral:

I = _\/§// (x2+y2)dS
s
0 0
= —\f// a:—i—y \/l—i—(Z)—l-(Z)dxdy
D(0,a) Ox ay
The equation of the plane is z = b—x —y, so the square root in the integrand

is equal to
Ty 2+ o2 2—\/1+(—1)2+(—1)2—\/§
Ox oy) S

Hence,

f\/ﬁf/ (22 +y?) V3dzdy = -3 // (2 + y?) dady.
D(0,a) D(=,y)

By changing to polar coordinates, we get

a
3rat

2 a 7,.4
I:—S/ /r3drd0:—3-27r-—
0 0 4 0
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Example 73 :
Use Stoke’s Theorem to evaluate the line integral

74 (x+2)de+ (x — y)dy + zd=z.
€

The curve € is the ellipse defined by the equation % + % =1,z=1
Solution:

Let the surface S be the part of the plane z = 1 bounded by the ellipse.
Obviously that the unit normal vector is n = k. Since P = 2 + 2, @ =
r —1y, R = x, then the curl of the vector field F is

L (9R_0@\3, (0P OR\>, (0@ 0P\ p
VAE = (3y 6z>1+<8z 8:C>J+<6m 8y>k

- 1-0)K=K.

By Stoke’s Theorem,

ji(:c—i—z)dx—i—(x—y)dy—f—xdz = //S(V/\F)~ndS

//S(V/\F)-ndS
//Sﬁ-ﬁdsz//sds.

The double integral in the latter formula is the area of the ellipse. Therefore,

the integral is
//dS:ﬂ"2'3:67T.
s

Example 74 :

Show that the line integral ]{ yzdr + xzdy + rydz is zero along any closed
€

contour % .

Solution :

Let S be a surface bounded by a closed curve ¥. Applying Stoke’s formula, we
identify that P = yz, @ =xz, R = xy.

Then
_ (OR 0Q\ oP OR\ — 0Q IOP\ —
VAR = <8y 82’) l+<6z 8x)J+<3x 8y)k
= (x—x)_i>+(y—y)?—i—(z—z)¥:0~_i>+0~3>+0~¥=0.

Hence, the line integral:

]{yzdx—l—mzdy—l—mydz:// (V/\F)-ndS://O~ndS:0.
¢ s s
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12.1 Exercises
13 Curvature

Curvature measures the rate at which a space curve r(t) changes direction. The
direction of curve is given by the unit tangent vector

r'(t)
T = 1)
which has length 1 and is tangent to r(¢). The picture below shows the unit
tangent vector T(t) to the curve r(t) = (2 cos(t),sin(t)) at several points.
Obviously, if r(t) is a straight line, the curvature is 0. Otherwise the cur-
vature is non-zero. To be precise, curvature is defined to be the magnitude of
the rate of change of the unit vector with respect to arc length:
dT
curvature = k = |—
ds
The reason that arc length comes into the definition is that arc length is inde-
pendent of parameterization.
In most cases a curve is described by a particular parameterization and we
have the unit tangent vector as a function of t: T(t). We can compute the
curvature using the chain rule

4T _ards
dt  ds dt
Recall that ds/dt=—r"(t)—. Hence, it follows that
el 'T'(1)]
KR=|—| =
ds |r'(2)]

Example 75 :
What is the curvature of the ellipse r(¢) = (2 cos(t), sin(t))? We have several
computations to perform. First, we have
r'(t) = (—2sint, cost),

and

It/ (t)| = V4sin®t 4 cos2t,

implying
2sint cost

T(t) = (- , :
\/4sin2t—|—2cos2t \/4Sin2t+20052t
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Differentiating again, we have

2cost 4sint
T'(t) = (— —
(t) = ( in2 24\3/2° in2 2 4)3/2
(4sin”t + cos? t) (4sin®t 4 cos? t)

Finally, we have
_ Tl 2
Ie'(t)]  (4sin®t + cos2t)3/2
When t=0 or pi, the denominator is at its minimum, implying the curvature

is at a maximum. When t=pi or 3*pi/2, the curvature is at a maximum. This
is verified in the plot of the ellipse above.

Curvature of a Circle of Radius r
A circle of radius r can be described by the parameterization r(t) = r(cost, sint).
It can be shown that
r'(t) = r(—sint, cost),

and
l'(t)| =r

implying
T(t) = (—sint, cost),

Differentiating again, we have
T'(t) = (— cost, —sint).

Finally, we have

Alternative formula for the Curvature

It can be shown that the curvature is also given by the formula

) A ()]
SO
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