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ت ا 4

ول ا ب ا ر ح إ 1 .0
:1 ا


−3 1 1 2
1 −4 2 −1
0 −1 −2 1
1 0 1 0

 R1,2,3R1,2,(−1)R1,4−→


1 −4 2 −1
0 −11 7 −1
0 −1 −2 1
0 4 −1 1


R2,3,(−1)R2,(11)R2,3−→

(−4)R2,4


1 −4 2 −1
0 1 2 −1
0 0 29 −12
0 0 −9 5


3R4,3,5R3,4−→

R3,4,(−2)R3,4


1 −4 2 −1
0 1 2 −1
0 0 1 20
0 0 0 −37


4R2,1,(−2)R3,2−→

( 1
−37

)R4


1 0 10 −5
0 1 0 −41
0 0 1 20
0 0 0 1


(41)R4,2,(−20)R4,3−→

5R4,1


1 0 10 0
0 1 0 0
0 0 1 0
0 0 0 1


(−10)R3,1−→


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 .



5 ول ا ب ا ر ح إ .1 .0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 . B ا ا ر ا ا

1 0 1 0 0
0 1 −2 0 0
0 0 0 1 0
0 0 0 0 0 1

 . C ا ا ر ا ا

:2 ا
.a, b, c ∈ R ،X =

 a 2a− 1 a
b+ 2 2b+ 3 b
c+ 2 2c+ 1 c


:3 ا

.
 0 1 −1

1 −2 3
−1 1 −1

 A ا س .1
B+I = 2A−1 و (B+I)−1 = 1

2
A ن 2(B+I)−1 = A ن إذا .2

.B = 2A−1 − I =

−1 2 −2
2 −5 6
−2 2 −3

 و

:4 ا
.A−1 =

 2 0 1
−17 5 −7
−31 2 −13


:5 −1ا 3 −2

2 −4 3
0 −1 1

 1 1 −1
2 1 1
2 1 2

 ا س



ت ا 6

.A = I + 1
8

−1 3 −2
2 −4 3
0 −1 1

 و A− I = 1
8

−1 3 −2
2 −4 3
0 −1 1

 و

:6 ا
.BA

(
x+ z y + t
−x −y

)
,AB

(
x− y x
z − t z

)
.x = y + t و z = −y إذا إذا و إذا AB = BA إذاً

.y, t ∈ R ,
(
y + t y
−y t

)
ت ا إذاً

:7 ا

.A2 =

1 −2 −1
0 1 −2
0 0 1

 و (I − A)3 = 0 .1
و A(A2 − 3A + 3I) = I إذاً ،= (I − A)3 = I − 3A + 3A2 − A3 .2

.A−1 = A2 − 3A+ 3I =

1 1 2
0 1 1
0 0 1

 و س A

:8 ا
.
−1 3 −2

2 −4 3
0 −1 1

 A ا س

:9 ا
.|2A−5B−3C−1(BT )5| = 16|A|−5|B|2|C|−1 = 9

10

:10 ا
.(I−PE)(I+PE) = I+PE−PE−PEPE = I+−P 2E2 = I .1

.(I − PE) ا س (I − PE) ا إذاً
.E2 = 0 E =

(
0 1
0 0

)
.2



7 ول ا ب ا ر ح إ .1 .0
:11 ا

.A−1 =

 0 1 −1
−1 1 0
1 −1 1

 .1

.C3 = B C = A

1 0 0
0 −1 0
0 0 2

A−1 ا .2

:12 ا

.A−1 =

 2 0 1
−17 1 −7
−31 2 −13

 .1

.|B| = 1

4
إذاً ،8|B| = |A−1 + I| .2

:13 ا
.1
2
(A− B) A ا س و A2 − AB − 2I3 = 0



ت ا 8

ا ب ا ر ح إ 2 .0

:1 ا

،

∣∣∣∣∣∣∣∣∣∣
−4 1 1 1 1
1 −4 1 1 1
1 1 −4 1 1
1 1 1 −4 1
1 1 1 1 −4

∣∣∣∣∣∣∣∣∣∣
= 0

،
∣∣∣∣∣∣
1 a b+ c
1 b c+ a
1 c a+ b

∣∣∣∣∣∣ = 0

،
∣∣∣∣∣∣∣∣
1 2 4 8
1 3 9 27
1 4 16 64
1 5 25 125

∣∣∣∣∣∣∣∣ = 12

،
∣∣∣∣∣∣∣∣
−4 1 1 2
1 3 1 5
1 0 −4 6
1 1 1 2

∣∣∣∣∣∣∣∣ = −80

∣∣∣∣∣∣∣∣
x a b x
b x x a
x b a x
a x x b

∣∣∣∣∣∣∣∣ = (b− a)2(a+ b+ 2x)(a+ b− 2x)

.
∣∣∣∣∣∣
a− b− c 2a 2a

2b b− c− a 2b
2c 2c c− a− b

∣∣∣∣∣∣ = (a+ b+ c)3

.
∣∣∣∣∣∣
a+ b b+ c c+ a
a2 + b2 b2 + c2 c2 + a2

a3 + b3 b3 + c3 c3 + a3

∣∣∣∣∣∣ = 2abc(a− b)(b− c)(c− a)



9 ا ب ا ر ح إ .2 .0

.
∣∣∣∣∣∣
a+ b ab a2 + b2

b+ c bc b2 + c2

c+ a ca c2 + a2

∣∣∣∣∣∣ = (a− b)(b− c)(c− a)(ab+ ac+ bc)

.
∣∣∣∣∣∣
a2 b2 ab
b2 ab a2

ab a2 b2

∣∣∣∣∣∣ = −(a3 − b3)2

:2 ا
،|A| = −1

3
⇐ |A−1| = −3

.|B| = −1
2
⇐ |2BT | = −4

.|A(AdjA) + 2B(AdjB)| = ||A|I3 + 2|B|I3| = −
(
4
3

)3
:3 ا

.|A| = −5(b+ 2)(a+ 2) .1
.a, b ∈ R \ {−2} س A ن a, b .2

:4 ا
1

2
A4 + A = 0 أن و س A ا ن |ABT | = −14 أن

.1
2
A3 = −I3 ن

.|B| = 14 و |A| = −1 إذاً
:5 ا



ت ا 10

∣∣∣∣∣∣∣∣
m 0 1 2m
1 m 0 0
0 2m+ 2 m 1
m 0 0 m

∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣
m 0 1 m
1 m 0 −1
0 2m+ 2 m 1
m 0 0 0

∣∣∣∣∣∣∣∣
= (−m)

∣∣∣∣∣∣
0 1 m
m 0 −1

2m+ 2 m 1

∣∣∣∣∣∣
= (−m)

∣∣∣∣∣∣
0 1 0
m 0 −1

2m+ 2 m 1−m2

∣∣∣∣∣∣
= m(m+ 1)2(2−m).

:6 ا
أن و .A(A + I) = 2I إذا .A2 =

 3 −1 −1
−1 3 −1
−1 −1 3

 = 2I − A

.A−1 = 1
2
(A+ I) = 1

2

0 1 1
1 0 1
1 1 0

 و س A ا

:7 ا

إذا .detP = 6 ,adjP =

−3 3 6
1 −3 2
2 0 −2

 .1

.P−1 = 1
6

−3 3 6
1 −3 2
2 0 −2


.D = P−1AP =

1 0 0
0 −1 0
0 0 2

 .2



11 ا ب ا ر ح إ .2 .0

.D4 =

1 0 0
0 1 0
0 0 16

 .3

:8 ا
.P−1 = 1

4
Q و PQ = 4I3 .1

.N =

0 0 2
0 0 0
0 0 0

 و B = P−1AP = 4I3 +N .2
.(B − 4I3)

2 = 0 = B2 − 8B + 16I3 إذا ,N2 = 0 .3
و B−1 = −1

16
(B − 8I3) و

.A−1 = PB−1P−1 = −1
16

10 14 −1
2 −2 0
0 0 −4


:9 ا

2AC − AB2 + 9I = 0 ⇒ A(B2 − 2C) = 9I ⇒ A−1 = 1
9
(B2 − .1
2C).

B2 = 36


2 1 3 2
1 0 1 1
2 1 2 1
1 1 2 2


إذا

A−1 = 2


4 2 6 4
1 −1 1 2
2 1 4 2
1 1 2 4



.|A| = −1

320
.|A−1| = 26

∣∣∣∣∣∣∣∣
2 1 3 1
1 −1 1 1
2 1 4 1
1 1 2 2

∣∣∣∣∣∣∣∣ = −26.5 = −320 .2



ت ا 12

.adjA =
−1

320
A−1 .3

:10 ا

.A−1 = 1
1−a2

 1 −a 0
−a 1 + a2 a
0 a 1

 .1

,A−1 =

 9 −36 30
−36 192 −180
30 −180 180

 .2

.B−1 = 100
63

 35 −175 161
−175 911 −850
161 −850 800

 ≈

 55.6 −277.8 255.6
−277.8 1446.0 −1349.2
255.6 −1349.2 1269.8


:11 ا

.2 A ا د و B = adjA =

 4 6 −2
−1 0 1
−2 −2 2

 .1

. A−1 = 1
2

 4 6 −2
−1 0 1
−2 −2 2

 A ا س .2
.C = adjB = |A|A = 2A .3



13 اا ب ا ر ح إ .3 .0

اا ب ا ر ح إ 3 .0
:1 ا

ا در
1 0 1
0 1 1
0 0 0

∣∣∣∣∣∣
b

a− b
c− b− a

 . ا .1
م.

.c− b− c = 0 إذا إذا و إذا م ا ن إذاً
ا در

1 2 3
0 1 2
0 0 0

∣∣∣∣∣∣
a

2a− b
c+ 2a− 2b

 . ا .2
م.

.c+ 2a− 2b إذا إذا و إذا م ا ن إذاً
:2 ا

a− b− 6 = −3
−2 + b+ 2 = −1
a− 3− 2c = −1

. ن إذا ا م (1,−1, 2) ن إذا .1
.c = 0 و b = −1 ,a = 2 إذاً

. و م ا ن
∣∣∣∣∣∣
2 −1 −3
−2 1 1
1 3 0

∣∣∣∣∣∣ ̸= 0 د ا أن .2

:3 ا
.1

م ا ا ا ا .2 1 2 −1
−1 1 0
0 1 −1

∣∣∣∣∣∣
−4
−2
−4





ت ا 14

إذا . ا ه در
1 2 −1
0 1 −1
0 0 1

∣∣∣∣∣∣
−4
−4
3

 ا و
x = 1, y = −1, z = 3. و و م ا وس، ل

ل و
1 0 0
0 1 0
0 0 1

∣∣∣∣∣∣
1
−1
3

 . ا ه ا ا ر ا ا و
x = 1, y = −1, z = 3. و و م ا ردن، وس

.3
. ا ه در

1 2 −1 1
0 1 −8

7
4
7

0 0 0 0

∣∣∣∣∣∣
1
1
7

m− 4

 ا .4
.m ̸= 4 ن إذا م ا

ل. ا د م ا m = 4 إذا

{(5
7
− 9

7
z +

1

7
t,
1

7
+

8

7
z − 4

7
t, z, t) ∈ R4}.


0 −2 3
2 −4 2
−1 −2 5
1 −2 −1

∣∣∣∣∣∣∣∣
0
0
0
1

 : م ا ا .5

ا و ا ه در

1 −2 −1
0 1 0
0 0 1
0 0 0

∣∣∣∣∣∣∣∣
1
−3

4

−1
2

0

 ا و

.(2,−3
4
,−1

2
) م ي 0ا 1 3 −2

2 1 −4 3
2 3 2 −1

∣∣∣∣∣∣
0
0
1

 : م ا ا .6

. م ا و ا ه
2 1 −4 3
0 1 3 −2
0 2 6 −4

∣∣∣∣∣∣
0
0
1

 ا و



15 اا ب ا ر ح إ .3 .01 2 1
2 a+ 3 3
1 3− a a− 2

∣∣∣∣∣∣
1
1
−1

 : م ا ا .7

. ا ه
1 2 1
0 a− 1 1
0 0 a− 2

∣∣∣∣∣∣
1
1
0

 ا و
S = {(z, 1− z, z), z ∈ ل ا د م ا a = 2 إذا

.R}
م ا a = 1 إذا

S = {(1+a
a−1

, 1
1−a

, 0), z ∈ و م ا ،a ̸= 2 و a ̸= 1 إذا
.R}

1 −1 1 1
2 −1 1 3
0 01 −1
−2 1 0 −1

∣∣∣∣∣∣∣∣∣∣
0
0
0
0
0

 : م ا ا .8

و ا ه در

1 −1 1 1
0 1 −1 1
0 01 −1
0 0 0 1

∣∣∣∣∣∣∣∣∣∣
0
0
0
0
0

 ا و

. ا ا م ي ا ا
:4 ا

.

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∣∣∣∣∣∣∣∣∣∣
2
1
3
−2
0

 : م ا ا ا ر ا ا .1

.(2, 1, 3,−2) و م ا و
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.
1 0 0
0 1 0
0 0 1

∣∣∣∣∣∣
3
4
3
4
13
4

 : م ا ا ا ر ا ا .2
.(3

4
, 3
4
, 13

4
) و م ا و

.

1 0 0 −1
0 1 0 0
0 0 1 0
0 0 0 0

∣∣∣∣∣∣∣∣
−1
0
0
0

 : م ا ا ا ر ا ا .3

.{(−1 + t, 0, 0, t), t ∈ R} ل ا د م ا و
:5 ا

.

1 0 −1 −1
0 1 0 1
0 0 0 0
0 0 0 0

∣∣∣∣∣∣∣∣
8
−3

m2 − 1
0

 : م ا ا ا ر ا ا

.m2 − 1 ̸= 0 إذا م ا و
{(8 + z + t,−3 − ل ا د م ا m2 − 1 = 0 إذا و

.t, z, t); z, t ∈ R}
:6 ا

.
1 −1 −m
0 2−m 2m− 1
0 0 4m

∣∣∣∣∣∣
2
−5

−2(m+ 2)

 ا
ل. ا د م ا m = 2 إذا .1

؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟ : m = 2 إذا م ا ل .2
؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟؟ . م mا = 0 إذا .3



17 اا ب ا ر ح إ .3 .0
:7 ا 1 1 2

−1 −2 1
3 −7 4

∣∣∣∣∣∣
8
1
10

 : م ا ا .1
: ا ر ا 1ا 1 2

0 −1 3
0 −10 −2

∣∣∣∣∣∣
8
9

−14

 −3R1,3 ,1R1,21 1 2
0 1 −3
0 0 −32

∣∣∣∣∣∣
8
−9
−104

 :10R2,3 ,−R21 1 2
0 1 −3
0 0 1

∣∣∣∣∣∣
8
−9
13
4

 :− 1
32
r31 0 5

0 1 −3
0 0 1

∣∣∣∣∣∣
17
−9
13
4

 :(−1)R2,1

.
1 0 0
0 1 0
0 0 1

∣∣∣∣∣∣
3
4
3
4
13
4

 :3R3,2, (−5)R3,1

.z =
13

4
,y =

3

4
,x =

3

4
ا

.


1 −1 2 −1
2 1 −2 −2
−1 2 −4 1
3 0 0 −3

∣∣∣∣∣∣∣∣
−1
−2
1
3

 : م ا ا .2

: ا ر ا ا
1 −1 2 −1
0 3 −6 0
0 1 −2 0
0 3 −6 0

∣∣∣∣∣∣∣∣
−1
0
0
0

 :(−3)R1,4 ,1R1,3 ,(−2)R1,2
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1 −1 2 −1
0 1 −2 0
0 0 0 0
0 0 0 0

∣∣∣∣∣∣∣∣
−1
0
0
0

 :(−3)R2,4 ,(−3)R2,3 ,R2,3


1 0 0 −1
0 1 −2 0
0 0 0 0
0 0 0 0

∣∣∣∣∣∣∣∣
−1
0
0
0

 :1R2,1

.t = u ,z = s ,y = 2s ,x = u− 1 ا
.z = 7t ,y = −4t ,x = −3t ا .3

. م ا .4
.z = 7 ,y = 2 ,x = −4 .5

.y = t ,x = 3 + 2t .6
.
1 1 2
1 0 1
2 1 3

∣∣∣∣∣∣
a
b
c

 : م ا ا .7

.
1 1 2
0 −1 −1
0 −1 −1

∣∣∣∣∣∣
a

b− a
c− 2a

 :(−2)R1,3 ,(−1)R1,2 : ا ر ا ا

.
1 1 2
0 1 1
0 0 0

∣∣∣∣∣∣
a

a− b
c− a− b

 :1R2,3 ,(−1)R2

.−a− b+ c = 0 ن إذا إ م ا ن إذا
:8 ا

.c = 0 و b = −1 ,a = 2 ن إذا و إ ا م (1,−1, 2) .1
ا م ا أن .2

2x− y − 3z = −3
−2x+ y + z = −1
2x+ 3y = −1

. و ا م ا إذا س



19 اا ب ا ر ح إ .3 .0
(16 وي ا د )

:9 ا

.|A| = 2 و B = adjA =

 4 6 −2
−1 0 1
−2 −2 2

 أ)
.A−1 = 1

2
B ب)

:10 ا
A− B =

−1 1 2
−2 2 2
4 −2 −4


.A(A− B) = 2I3.A−1 = 1

2
(A− B)

:11 ا
ا ا


1 1 2 1
1 2 1 1
1 1 1 2
2 1 1 1

∣∣∣∣∣∣∣∣
11
9
6
14

 −→


1 1 2 1
0 1 −1 0
0 0 −1 1
0 −1 −3 −1

∣∣∣∣∣∣∣∣
11
−2
−5
−8

 −→


1 1 2 0
0 1 0 0
0 0 1 0
0 0 0 1

∣∣∣∣∣∣∣∣
6
1
3
−2


.x = 6, y = 1, z = 3, t = −2 إذا
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ا اا ب ا ر ح إ 4 .0
:1 ا

A = ,E1 = {X ∈ R3 : AX = 0} ن ء E1 ا
.(3 −7 −1

)
ـ و (1, 0,−1) ∈ E2 و (1, 0, 1) ∈ E2 ن ء E2 ا

.(1, 0, 1) + (1, 0,−1) = (2, 0, 0) ̸∈ E2

A = ,E3 = {X ∈ R3 : AX = 0} ن ء E1 ا
.
(
1 1 −1
1 1 1

)
.E4 = {(0, 0, 0)} ن ء E4 ا

.A =
(
1 1 0

) ,E5 = {X ∈ R3 : AX = 0} ن ء E5 ا
ـ و (0, 1, 0) ∈ E6 و (1, 0, 0) ∈ E6 ن ء E6 ا

.(1, 0, 0) + (0, 1, 0) = (1, 1, 0) ̸∈ E6

A = ,E7 = {X ∈ R4 : AX = 0} ن ء E7 ا
.
(
1 0 0 0
0 1 −1 0

)
.(0, 0, 0) ̸∈ E8 ن ء E8 ا

:2 ا
AX = B ا م ا ن أن (x, 1, y, 1) ∈ ⟨e1, e2, e3⟩ ن

ا د ا ن م ا ـ و .B =


x
1
y
1

 و A =


1 1
2 −2
3 3
4 −4


ا وا

. أن 2a− 2b = 1, 4a− 4b = 1

AX = B ا م ا ن أن (x, 1, 1, y) ∈ ⟨e1, e23⟩ ن



21 ا اا ب ا ر ح إ .4 .0

.B =


x
1
1
y

 و A =


1 1
2 −2
3 3
4 −4


.y = 2 و x = 1

3
ا ه و . و م ا ا و

:3 ا
: ا ا م ا ن أن E ء ا (a, b, c) ا

2x+ y = a
3x− y = b
−x− 2y = c

ا م ا م ا ا و
x+ 2y = −c
−3y = a+ 2c
−7y = b+ 3c

.

ت ا إ أن و .7a − 3b + 5c = 0 ن إذا و إ ن م ا ا
ا أن و .F ⊂ E إذاً . د ا ه (1,−1,−2) ,(2, 3,−1) ت ا
(3, 7, 0), (5, 0,−7) ا و (1,−1,−2) ,(2, 3,−1)

.E = F و dimE = dimF = 2 إذاً ،
:4 ا

u = ت ا R4 ا ء ا v = (−2, x, y, 5) ا ن
، AX = B ا ن ا ن أن .v = (−1, 2, 3, 1) و (1,−1, 1, 2)

3 = ن إذا و إ م ا ا و .B =


−2
x
y
5

 و A =


1 −1
−1 2
1 3
2 1


.y = 10 و x = 5 إذاً .x− 2 = y+2

4

:5 ا



ت ا 22

.e1, e2, e3 ت ا ت ا أ وا A ا .1
.A ا ء ا Vect{e1, e2, e3} ء ا

.A1 =

1 0 2 −1
0 1 −2 1
0 0 0 0

 A ا ر ا ا
.dimVect{e1, e2, e3} = 2 إذاً

إذا و إ Vect{e1, e2, e3} = Vect{(1, 1, 0, 0), (−1, 1,−4, 2)} ن

.B =


1 0 2 −1
0 1 −2 1
−1 1 −4 2
1 1 0 0

 ,2 B ا ا ر

.A2 =


1 0 2 −1
0 1 −2 1
0 0 0 0
0 0 0 0

 B ا ر ا ا

إذا
.Vect{e1, e2, e3} = Vect{(1, 1, 0, 0), (−1, 1,−4, 2)}

(1, 1, 0, 0) ∈ إذا .2(1, 1, 0, 0) = e3 − e2 ,(1, 1, 0, 0) = e1 + e2 .2
.Vect{e1, e2} ∩ Vect{e2, e3, e4}

e2 ∈ Vect{e1, e2}∩ و (1, 1, 0, 0) ∈ Vect{e1, e2}∩Vect{e2, e3, e4} .3
و dimVect{e1, e2} ∩ Vect{e2, e3, e4} = 2 إذا .Vect{e2, e3, e4}

dimVect{e1, e2}+ Vect{e2, e3, e4} ≤ 3

.Vect{e1, e2}+ Vect{e2, e3, e4} ̸= R4 إذا
:6 ا

ن ن u3, u4 ن ا و ن u1, u2 ن ا أن
.dimE = dimF = 2
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.A =


1 2 1
1 3 2
1 1 0
3 8 5

 ،2 ا ا ر إذا و إ F = G

.

1 0 −1
0 1 1
0 0 0
0 0 0

 ا ه ا ا ر ا ا

.F = G إذا
:7 ا

u3 = و u2 = (−1,−1, 2) ,u1 = (1, 0, 1) ت ا أ ا ا
.A =

1 −1 −2
0 −1 1
1 2 −2

 (−2, 1,−2)

w = (−2, 1,−2) و v = (−1,−1, 2) ,u = (1, 0, 1) ن |A| = −3 أن
. أ ن

.
a
b
c

 = A−1X =

 2y + z
−x+z

3−x+3y+z
3

 ن X = au+ bv + cw ن إذا

:8 ا
ن ذا و إ R3 ء أ S∣∣∣∣∣∣

1 0 t
1 1 t
t 0 1

∣∣∣∣∣∣ = 1− t2 ̸= 0

.t ̸= ±1 ن ذا و إ R3 ء أ S إذا
:9 ا

ء أ S ن −3 وي A =

1 −1 1
1 1 0
1 0 −1

 ا د أن
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.R3

.R3 ء C د ا س ا e1, e2, e3 ت ا
.A−1 = 1

3

 1 1 1
−1 2 −1
1 1 −2

 ا A ا س

.[e3]S = 1
3

 1
1
−2

 ,[e2]S = 1
3

1
2
1

 ,[e1]S = 1
3

 1
−1
1

 إذاً

:10 ا

.A =


3 2 1 0
2 3 4 5
0 1 2 3
1 2 1 2
0 −1 2 1

 ا ا ء ا ت ا ء ا

ء ا ا إذا .A =


1 0 0 1
0 1 −1 0
0 0 1 1
0 0 0

 ا ر ا ا

3

:11 ا

BPC = إذا CPB ا س BPC و CPB =

0 1 1
1 0 1
1 −2 0

 .1

.
−2 2 1
−1 1 −1
2 −1 1


.[v]B = BPC [v]C =

−2 2 1
−1 1 −1
2 −1 1

 2
−1
1

 =

−7
−4
6

 .2

:12 ا



25 ا اا ب ا ر ح إ .4 .0
1 2 0 1
0 0 1 −1
0 0 0 1
0 0 0 0
0 0 0 0




1 2 1 0
−1 −2 2 −3
2 4 −3 4
0 0 −2 2
3 6 1 2

 ا ر ا ا

.V ء س أ {v1, v3, v4} إذا
:13 ا

v = ae1 + be2 ⇐⇒ و a, b ∈ R د و v ∈ Vect(e1, e2)
−2 = a− b
x = −a+ 2b
y = a+ 3b
3 = 2a+ b

⇐⇒


a = 1

3

b = 7
3

x = 13
3

y = 22
3

.(x, y) = (13
3
, 22

3
) إذا

:14 ا
.B =

(
−1 0 −1 2
2 3 0 1

)
ا و A =

1 2 3 4
1 1 1 3
2 1 1 1

 ا
.B ا ء ا F و A ا ء ا E

A1 =

1 0 0 −2
0 1 0 9
0 0 1 −4

 ا ا B و A ت ا ر ا ا

.B1 =

(
1 0 1 −2
0 1 −2

3
5
3

)
ا و

.dimF = 2 ,dimE = 3 إذا
:15 ا

.
1 2 −4 −2 −1
0 −2 4 2 0
1 1 −2 −1 1

 در
1 2 −4 −2 −1
0 1 −2 −1 0
0 0 0 0 1

 ا .1
.3 ا ر إذا
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.


0 −1 2 −2
−7 7 2 8
0 4 −6 6
2 −2 0 −2

 در ة ا .2

.4 ا ر إذا

.


1 7 2 5
−2 1 1 5
−1 2 1 4
1 4 1 2

 ا

1 7 2 5
0 3 1 3
0 0 0 0
0 0 0 0

 ا .3

.2 ا ر إذا
.
 1 4 −1 2 4

2 0 −3 −1 7
−2 3 2 1 4

 ا
1 4 −1 2 4
0 −8 −1 −5 −1
0 3 −1 0 11

 ا .4
.3 ا ر إذا

.
1 a −2 b
0 1 3 3
0 0 8− 3a 11 + b− 3a

 ا
 2 5 −5 −7
−1 −3 1 2
1 a −2 b

 ا .5
.3 ا a ̸= 8

3
ن إذا

.3 ا b ̸= −3 و a = 8
3

ن إذا
.2 ا b = −3 و a = 8

3
ن إذا
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اا ب ا ر ح إ 5 .0
:1 ا

ت ا R4 F ا ء ا
S = {u = (1, 1, 0, 0), v = (1, 0,−1, 0), w = (0, 0, 1, 1)}.

.u, v, w أ وا A =


1 1 0
1 0 0
0 −1 1
0 0 1

 .1

S أن ا و A =


1 1 0
0 1 0
0 0 1
0 0 0

 A ا ر ا ا

.F ا ء س أ
.u3 =

1√
12
(1,−1, 1, 3) ,u2 =

1√
6
(1,−1,−2, 0) ,u1 =

1√
2
(1, 1, 0, 0) .2

F ا ء ري س أ {u1, u2, u3}

:2 ا
• ⟨(a, b) + (c, d), (x, y)⟩ = (a+ c)x+ (a+ c)y + (b+ d)x+ .1

2(b+ d)y = ⟨(a, b), (x, y)⟩+ ⟨(c, d), (x, y)⟩
• ⟨(a, b), (x, y)⟩ = ax+ ay + bx+ 2by = ⟨(x, y), (a, b)⟩

• ⟨λ(a, b), (x, y)⟩ = λax+λay+λbx+2λby = λ⟨(a, b), (x, y)⟩
• ⟨(a, b), (a, b)⟩ = a2 + 2ab+ 2b2 = (a+ b)2 + b2 ≥ 0

• ⟨(a, b), (a, b)⟩ = 0 ⇐⇒ a+ b = 0 = b ⇐⇒ a = b = 0
{v1 = (1,−1), v2 = إذا v2 = (1, 0) ا وا ري u1 ا .2

. و ري س أ (1, 0)}
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دس اا ب ا ر ح إ 6 .0
:1 ا

{

 1
−2
1

 ,

0
1
1

} إذا .
1 2 0 1
0 0 1 1
0 0 0 0

 A ا ا ر ا ا .1
.A دي ا ء س أ

A ا إذا .2 A ا ر أن ول ا ال ا .2
.2

:2 ا
ء (X1, X2, X3, X4) س أ أن B و A ت ا ن
AX1 = X1, AX2 = 2X1 +X2, AX3 = 3X1 +2X2 +X3, R4

,X2 =


1
1
0
0

 ,X1 =


1
0
0
0

 أن AX4 = 4X1 +3X2 +2X3 +X4.

.X4 =


3
2
1
1

 ,X3 =


2
1
1
0


.P =


1 1 2 3
0 1 1 2
0 0 1 1
0 0 0 1

 وا . B و A ا إذاً
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اا ب ا ر ح إ 7 .0
:1 ا

A =

(
5 4
−4 −3

)
ة ا ود ا ة

qA(λ) =

∣∣∣∣5− λ 4
−4 −3− λ

∣∣∣∣ = (1− λ)2.

ر. ا إذاً

A =

(
−10 −6
18 11

)
ة ا ود ا ة

qA(λ) =

∣∣∣∣−10− λ −6
18 11− λ

∣∣∣∣ = (λ− 2)(1 + λ).

ر. ا إذاً
.E2 = ⟨(1,−2)⟩ و E−1 = ⟨(−2, 3)⟩

D =

(
−1 0
0 2

)
ا ا

.P =

(
−2 1
3 −2

)
P ا و
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A =

 5 0 4
2 1 5
−4 0 −3

 ة ا ود ا ة

qA(λ) =

∣∣∣∣∣∣
5− λ 0 4
2 1− λ 5
−4 0 −3− λ

∣∣∣∣∣∣ = (1− λ)3.

ر. ا إذاً

A =

 1 0 0
−1 1 −1
1 0 2

 ة ا ود ا ة

qA(λ) =

∣∣∣∣∣∣
1− λ 0 0
−1 1− λ −1
1 0 2− λ

∣∣∣∣∣∣ = (1− λ)2(2− λ).

ر. ا إذاً .E2 = ⟨(0, 1,−1)⟩ و E1 = ⟨(0, 1, 0), (1, 0,−1)⟩

D =

1 0 0
0 1 0
0 0 2

 ا ا

.P =

0 1 0
1 0 1
0 −1 −1

 P ا و
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A =


5 −3 0 9
0 3 1 −2
0 0 2 0
0 0 0 2

 ة ا ود ا ة

qA(λ) =

∣∣∣∣∣∣∣∣
5− λ −3 0 9
0 3− λ 1 −2
0 0 2− λ 0
0 0 0 2− λ

∣∣∣∣∣∣∣∣ = (5− λ)(3− λ)(2− λ)2.

.2 وي E2 ا ء ا إذا ذا و إذا ر ا ن
ر. A ا إذاً .E2 = ⟨(1, 1,−1, 0), (−1, 2, 0, 1)⟩

.E3 = ⟨(3, 2, 0, 0)⟩ و E5 = ⟨(1, 0, 0, 0)⟩

D =


5 0 0 0
0 3 0 0
0 0 2 0
0 0 0 2

 ا ا

.P =


1 3 1 −1
0 2 1 2
0 0 −1 0
0 0 0 1

 P ا و

A =

 2 2 −1
1 3 −1
−1 −2 2

 ة ا ود ا ة

qA(λ) =

∣∣∣∣∣∣
2− λ 2 −1
1 3− λ −1
−1 −2 2− λ

∣∣∣∣∣∣ = −(λ− 1)2(λ− 5).
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ر. A ا إذاً ,E5 = ⟨(1, 1,−1)⟩ ,E1 = ⟨(1, 0, 1), (−2, 1, 0)⟩

P =

1 −2 1
0 1 1
1 0 −1

 P ا و D =

1 0 0
0 1 0
0 0 5

 ا ا

A =

 7 4 16
2 5 8
−2 −2 −5

 ة ا ود ا ة

qA(λ) =

∣∣∣∣∣∣
7− λ 4 16
2 5− λ 8
−2 −2 −5− λ

∣∣∣∣∣∣ = −(λ− 3)2(λ− 1).

ر. A ا إذاً ,E1 = ⟨(2, 1,−1)⟩ ,E3 = ⟨(1,−1, 0), (4, 0,−1)⟩

P =

 2 1 4
1 −1 0
−1 0 −1

 P ا Dو =

1 0 0
0 3 0
0 0 3

 ا ا

A =


2 −1 0 1

2

0 1 0 1
2

−1 1 1 −1
1 −1 1 3

 ة ا ود ا ة

qA(λ) =

∣∣∣∣∣∣∣∣
2− λ −1 0 1

2

0 1− λ 0 1
2

−1 1 1− λ −1
1 −1 1 3− λ

∣∣∣∣∣∣∣∣ = (1− λ)(2− λ)3.
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.3 وي E2 ا ء ا إذا ذا و إذا ر ا ن
ر. ا إذاً .E2 = ⟨(−1, 1, 0, 2), (−1, 0, 1, 0)⟩

A =

1 3 0
3 −2 −1
0 −1 1

 ة ا ود ا ة

qA(λ) =

∣∣∣∣∣∣
1− λ 3 0
3 −2− λ −1
0 −1 1− λ

∣∣∣∣∣∣ = −(1− λ)(3− λ))(4 + λ).

ر. A ا إذاً
.D =

1 0 0
0 3 0
0 0 −4

 ا ا
.E−4 = ⟨(3,−5,−1)⟩ ,E3 = ⟨(3, 2,−1)⟩ ,E1 = ⟨(1, 0, 3)⟩

P =

1 3 3
0 2 −5
3 −1 −1

 P ا و

A =


−1 0 0 2
0 −1 2 0
2 −2 3 −2
−2 0 0 3

 ة ا ود ا ة
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qA(λ) =

∣∣∣∣∣∣∣∣
−1− λ 0 0 2

0 −1− λ 2 0
2 −2 3− λ −2
−2 0 0 3− λ

∣∣∣∣∣∣∣∣ = (1− λ)4.

ر. ا إذاً

و qA(λ) = λ4 A =


0 2 3 0
0 0 1 0
0 0 0 2
0 0 0 0

 ة ا ود ا ة

ر. ا

A =


1 1 3 −1 1
2 0 −1 0 −2
0 0 1 0 0
0 0 0 2 0
0 0 0 −1 2

 ة ا ود ا ة

qA(λ) =

∣∣∣∣∣∣∣∣∣∣
1− λ 1 3 −1 1
2 −λ −1 0 −2
0 0 1− λ 0 0
0 0 0 2− λ 0
0 0 0 −1 2− λ

∣∣∣∣∣∣∣∣∣∣
= (2−λ)3(1−λ)(1+λ).

.3 وي E2 ا ء ا إذا ذا و إذا ر ا ن
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ر. ا إذاً .E2 = ⟨(1, 1, 0, 0), (1, 0, 0, 1)⟩

:2 ا
.1

|λI − A| = (1− λ)2(1 + λ)

A ة −1 و 1 إذاً
.1 −1 ة ا ي ا د ا و 2 1 ة ا ي ا د ا .2

.(x, y, z) ∈ E1 ⇐⇒
{
m(x+ y) = 0
y + z = 0

.3
و .2 وي ه و E1 = {(x, y,−y); x, y ∈ R} ،m = 0 إذا

ر. ا ن ا ه
و .1 وي ه و E1 = {(x,−x, x); x ∈ R} ،m ̸= 0 ذا و

ر. ا ن ا ه
.D =

1 0 0
0 1 0
0 0 −1

 و P =

1 0 −1
0 1 1
0 −1 1

 ,m = 0 إذا أ) .4
m = 0 إذا ب)

A1437 = PDP−1 = A.

:3 ا
A ة ا ود ا ة

qA(λ) =

∣∣∣∣∣∣∣∣
1− λ 1 0 0
0 −λ 2 0
0 0 −1− λ 3
0 0 0 −2− λ

∣∣∣∣∣∣∣∣ = λ(λ− 1)(1 + λ))(2 + λ).

ر. A ا إذاً
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.D =


0 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −2

 ا ا

,E1 = ⟨(1, 0, 0, 0)⟩ ,E0 = ⟨(1,−1, 0, 0)⟩
.E−2 = ⟨(1,−3, 3,−1)⟩ ,E−1 = ⟨(−1, 2,−1, 0)⟩

P =


1 1 −1 1
−1 0 2 3
0 0 −1 3
0 0 0 −1

 P ا و

An = PDnP−1 = P


0 0 0 0
0 1 0 0
0 0 (−1)n 0
0 0 0 (−2)n

P−1

:4 ا
،qA(λ) = |λI − A| = (λ− 2)(1 + λ)2 .1

.A ة 2 و (−1) إذاً
v1 = (1, 0,−1), v2 = و (x, y, z) ∈ E−1 ⇐⇒ 3x − 5y + 3z = 0 .2

.E−1 ء أ (5, 3, 0)
(x, y, z) ∈ E2 ⇐⇒ x = y = z

E2 ء أ v3 = (1, 1, 1) و
.D

−1 0 0
0 −1 0
0 0 2

 و P =

 1 5 1
0 3 1
−1 0 1

 أ) .3
.A9 = PD9P−1 ب)


