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1 Introduction

Term or

Formula Explanation
stochastic family of random variables X(t)
process
index setT T={0,1,2,...} orT=[0,0)

state space

Range of possible values for X;

ran:\dom variable that takes on its values by chance
variable X
sample a set Q whose elements w correspond to the possible outcomes of an
space Q experiment
the family of events, a collection & of subsets A of {): we say that
the event A occurs if the outcome w of the experiment is an element
of A; and
the probability measure, a function P defined on & and satisfying
(a) 0=P[J)=PAl=PQ) =1 forA €%
Events
(D = the empty set)
(b) AU 4)=Y Pia), (2.19)
= n=1
if the events A, A,, . . . are disjoint; i.e., if A, N A; = J when i # j.
probability The triple (), F, P)
space
the law of Pr{A} = > Pr{A|B)} Pr{B}.
total =l ) B
i Pr{A N B)) = Pr{A[B} Pr{B,} into Pr{A} = =%, Pr{A N B}, where 0 =
prObablllty' Bl,- UB, U a;d }‘3, n l;, = Qnitfoi ;j (cf. Sectiorf 2.1),t0 yieldere
distribution

function of X

F(x) = Pr{X = x}, -0 < x < 4%,

Discrete X

set of distinct values x,, x,, . . . such thata, = Pr{X =x;} > 0fori =1, 2,
...and 2Z,a; = 1. The function

probability
mass
function for
X

p(x) = py(x) = a; fori=1,2,...

Continuous
X

If Pr{X = x} = 0 for every value of x,




1 Introduction

probability

density
function for
X

function of x. If there is a nonnegative function f(x) = Jy(x) defined for
—o0 < x < o such that

b
Prla<X=b}=[fdx for-w<a<b<w, (22

distribution
function of X

Foy = f@de,  —w<x<w

f(x)=%F(x)=F’(x), —<x< oo,

the
expectation
of g(X)

E[g(X)] = Z g(x) Pr{X = x,),

If X is a discrete random variable

the
expectation
of g(X)

E[¢(X)] = [ g(x)f(x) dx.

If X is continuous

mth
moment of X

EX"] = 3 x" Pr{X = x},

If X is a discrete random variable

+ o

EX") = | x"f(x) dx,

—_—
If X is continuous

mean or
expected
value of X
(mx or }Lx.)

m=1in mth moment of X

X

variance of

(a;’( or Var[X]. )

Var[X] = E[(X — u)’] = E[X*] — .
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E[X] = p and Var[X] = p(1 — p),

Bernoulli
Distribution
(with 17 mass /m:L fn s ¢é ﬂf d
parameter — r’ “01- f;} /
p) rr (K=
Y =14) +--- + 1)
Binomial E[Y] = E[1(A)] + -+ + E[1(A,)] = np,
Distribution
(with Var[Y] = Var[1(A))] + - - - + Var[1(4,)] = np(1 — p).
parameters | p.(k) = Pr{Y = k)
n and p) n* (3 3)
= K1 — p)y* fork=0,1,...,n.
K —gp PP
Poisson !
Distribution E[X] =A %/[X) - ,>‘
(with Ao ’
parameter k -
> 0) pk) = m fork=0,1,....
Geometric | — 1 —
Distribution EZl = —2,  vafz)=—2£
(with 14 “
paran;eter pk)=p(l =p}  fork=0,1,..
p
E[U] = %(a +5) and Varu] =L 1_2“)2.
Uniform 1 0 for u < a,
Distribution fiw) = {m fora=u=b, Fyx) = [x —-a fora<x<b,
. b
0 elsewhere. , 1 ¢ for x > b,
1 1
Exponential ar = A and - Var[T] = s
Distribution -
Ae™™ fort =0,
(with £ =5 Ny
parameter 7
P> ro= 7z
memoryless There is no memory in the sense that Pr{T — ¢ > x|T >t} =em =
property Pr{T > x}, and an item that has survived for ¢ units of time has a remain-

ing lifetime that is statistically the same as that for a new item.
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hazard rate

The exponential distribution is uniquely the continuous distribution

or failure | yith the consrant failure rate r(r) = A. .

rate r(s)

Gamma
Distribution o o

(with E[X,] = I and Var[X ] = e
parameters A
«>04> f(x) = =—— (Ax)*'e™  forx>0.
) I' )

[0 =011

Fo(x,y) = F(x,y) =Pr{X =x and Y =y}.

joint
distribtiltion Flay) = F/(X\(X,Tg})
function - Z Z prod)
Xex T<d
‘/‘ ‘)
A
(joint) Xy
probability Fo,y)= [ [ fo& mdnds  forallx,y.
density =
|\, ,‘) = 'VO‘D}.‘ .h_‘!’
i /0%
(joint) i i 0 ;oaorel cgTsd)
) i) = prlh=n, Y=1) o i
probability /) e @ﬂ"»‘w/‘w] _,r_jz P
mass i )(,\]’ . 01//,‘9 X;: T=c i
marginal + =
density f(x) = f f(x, y) dy

function of X

-

marginal
distribution
function of X

Fy(x) = lim, . F(x, y)

marginal
density
function of Y

) = Tf(x, y) dx.

—_—%

marginal
distribution
function of Y

F]”(}’} = lim_'.-—rﬂt F(xt y)
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marginal
mass
function of X

i =2 R

marginal
mass
function of Y

g2 i

covariance
of Xand Y

Cov[X Y], is the product moment oy, = E [(X p.,,)(Y - uyl =
JEIXY] = pxpty

XandY are
said to be
uncorrelated

oy = 0.

correlation . B ’
— —1=p=
coefficient p = oyloyo, for which —1 = p = +1.
Normal
Distribution probability density function
(with 1
parameters X w, 0°) = gt —x < x < %
u>0,0%> Hx; \V2mo
0)
standard 1 e
= e €142, e < w’
normal o V2m ¢
distribution Cdf:
_ 2 _ X
=00 o) = [ 4O dE  —e<x<w
The joint by y(x, y) = S
normal (or 2moovV1 = p?
bivariate 1
normal) % EXP[ 2 Q. y)}’ SHy<e.
distribution X = M\ — My
for random Q. y) = P {( ) 2"( )( )
variables . (y ,uy)}
XY a /)
E[X] = py E[Y]=pn
Moments Var[X] = o} Var(¥] =
-1<p<1
Cov[X, Y] = E[(X — p)(¥Y — py)] = poyoy.
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correlation

coefficient p




2 Conditional Probability
and Conditional Expectation

Term or
Formula

Explanation

conditional
probability
mass
function

Pxy(x]y)
of X given Y

i 4

Pr{X=xand Y = y}
Pr{Y = y}

Pry(x]y) =

Pxy(x,v)
py(y)

Pxiylxly)y = if py(v) >0; x,y=0,1,....

law of total
probability
" The
marginal
distribution
of X"

PriX=x} =) py(dy)py(»).
v=0

the
conditional
expected
value of g(X)
givenY =y

EgX)|r=yl=> gpedy)  if pi(y) >0,

The law of
total
probability
for
conditional
expectation

E[gX)] = > E[gX)|Y = ylpy().
E[g(X)) = E{E[g(X)|Y]}.

conditional
probability
density
function
[xy(x|y) for
the random
variable X
given that Y

=y

_ foxy)

fey(ly) = ) if f,(y) > 0,

The
conditional
distribution
function for
XgivenY =y

Fer(aly) = f fo@y) g if () >0.

the
conditional
expectation
of g(X) given
thatY=y

E[gX))Y = )] = [slferc) dx  if£0) >0,




2 Conditional Probability
and Conditional Expectation

The law of
total
probability _ _ _
for E[g(X)] = E{E[gX)|Y]}= | E[gX)|Y = yl£,(») dy.
conditional
expectation
random sum X = £+ Cen £, when &, &, ... are continuous random
conditional | Vvariables, a .
distribution conditional distribution function F, ,(x|n) of the random variable X given
function that N = n to be
F _ Pr{X=xand N = n} EPHN =) > 0 32
e alxin) = Pr(N = n] if Pr{N = n} ,  (3.2)
conditional probability density function f, N(x|n) for the random variable X
given that N = n by setting
| d .
fenlxln) = — F, (x|n) if Pr{N=n} = 0. (3.3)
conditional dx
probability b
density PrlfasX<b N=n}= J.fx.u(XI“)pN(ﬂ) dx
function ‘
for a < b and where p,(n) = Pr{N =n}. '
£x) =D fenxlmpy(n).
n=1}
The
conditional _ _
expectation E[E(X}lw =n] = |gx)fy H(I|H} dx.
of g(X)
the law of =
total E[g(X)) = > E[g(X)IN = n] py(n) = E{E[g(X)|N]}.
probability n=0
Let us assume that £, and N have the finite moments
E[&] = Var[§] = o7,
The &) = p ar[ ] a8
Moments of EIN)=v,  Va(N] =7,
a Random and determine the mean and variance for X = £, + - - - + £, as defined in
(3.1). The derivation provides practice in manipulating conditional expec-
Sum tations, and the results,
E[X] = v, Var[X] = vo? + u*7, 3.9
the he n-fold luti f the density f( del d by f(z) and
epe the n-fold convolution of the density Z). enote Y . Z)an
prObatflhty recursively defined by
density
function for M@ =1
the fixed and
sum
L +&E+ N2 :]f‘"_”(zfu)f(u)du forn > 1.

+$n




2 Conditional Probability

and Conditional Expectation

marginal
: o)
density
function of fX(-x} — Zf{"}(-l’}PN(ﬂ)-
X=
n=|
ilf—; 2t giventhatN=n>1.
Law of Total
Variance Var(Y) = E[Var(Y|X)] + Var(E[Y | X])
For n=0,1,...,
(a) E[X,] <,
stochastic and
process {X,,;
n=0,1..} (b) EX, Xy, ..., X,] = X,.
isa
Martingale Extension:

E(Xu|Xo., ..., Xnl =X,

for m > n.




3 Markov Chains: Introduction

Term or .
Explanation
Formula
PriX,. = jlXo = io ..., X,oy = i, X, = i}
= Pr{X,., = jlX
A Markov
process {X,} for all time points n and all states i, . . ., i, ,, i, J.
( Discrete ) PrXns =Jts- e Xnbm = jmX0 = i0s o+ X = in} 39
= Pr{Xn+1 =j1.---, Xntm = Jm|Xn = in} ‘
for all time points n, m and all states iy, ..., iy, J|, .. .,jm. In other words, once (3.9) is
established for the value m = 1, it holds for all m > 1 as well.
one-step
transition nntl — =3
o Pr’j Pfr[‘.k’u+| X: I]‘
probability
When the one-step transition probabilities are independent
stationary of the time variable n
transition Then P;;"*' = P; is independent of n, and P; is the
probabilities condmonal probablhty that the state value undergoes a transmon from
i toj in one trial. = )
Pn F, Py Fy '
P, P, P, P;
matrix or P= _
transition : : :
probab_lllty Py P, P, P,
matrix
of the : : : :
process PUEO for 1,_} = 0., 1,2,.. .
> P=1 fori=012,....
j=0
Pr{Xﬂ = iﬂ! Xl = il! RS er = irr]
(1.8)
- pfuﬂnﬁ e ‘Ru—z-'}ﬂ T lvin”
This shows that all finite-dimensional probabilities are specified once the
transition probabilities and initial distribution are given, and in this sense
the process is defined by these quantities.
Let Pr{Xp = I] = p,'.
The n-step n — — ‘
transition P| PI'[ mtn = J| A
probabilities
of a Markov P&:f) = Z F:kP("_"”,
chain

k=0




3 Markov Chains: Introduction

1 ifi =j,

0) —
=lo gins

P"=PxXPXxX: -+ XP=P" 2.3)
—
n factors

in other words, the #n-step transition probabilities P’ are the entries in the
matrix P", the nth power of P.

i is absorbing
state

P;=1

Absorbing
Markov
chain

Sl /,‘1‘&-’
g C ¢
dpin BA absrt ]
f Harkov Cho!

A " 1 S /,
(1) ’/Aeﬁ % ol f//e/"ﬁ'/m? i d o — abs=7E]
‘&';-\v‘. /(}f:"'..v ’ =

A Lfan S
(2) Here ’S,a‘/&“‘;t* one e
st n/v/ﬂfg,(ﬂ] et

<{is

Time of
absorption,
(or hitting
time, or
reaching
time)

T =min{n >0, X, =0. or X,, =2}

The
probability
that the
Markov
chain ends in
state O,
starting from
state 1

u = P{XT = O|XU = ]_} .

N /D

The
expected
(mean) time
for
absorption,
or mean
hitting time,
starting from
state 1

The case of
four state
Markov

chains

U; — P{XT = OlXo = Z} for: =1, 2.
ul’f!)o'rﬁd’ +h Y-

Wy —_:80 -f‘e, Y 'f‘ﬁb U




3 Markov Chains: Introduction

v, = E[T'Xy =1, fori =1, 2.
g =1+ hY +6.%

el
U= 1+ IZOI‘/,—V‘"?L s

. = )
U, = {T|/X() = {].
1=0,1,2

. £,
§= "—rfa:.ﬁ’r'r 6/0; " OLU.
U = l“fl‘ﬁodvz’*’ﬁdl‘f " -
‘ s 4 Bl %

A one-
dimensional
random walk

. . is a Markov chain whose state space
is a finite or infinite subset a, @ + 1, . . ., b of the integers, in which the
particle, if it is in state i, can in a single hansition either stay in i or move
to one of the neighboring states i — 1,7 + 1. __ : ’

the
transition
matrix of a
random walk

0 1 2 i—-1 i i+ 1
Olfro  po 0
q n o

(5.9)

where p>0,¢,>0,r,=20,andg, +ri+p=1i=12,...(i=1),
Po=0,r,20,r,+ p, = 1. Specifically, if X, = i, then fori = 1,

PriX,,, =i+ 1X, =i}l =p,
Pr[XJ|+I = i - IXN = I} = q,',
Pr{X,., = iX,= i} =r,

with the obvious modifications holding for i = 0.

The designation "random walk" seems apt, since a realization of the
process describes the path of a person (suitably intoxicated) moving

randomly
one step forward or backward.




3 Markov Chains: Introduction

F,{%}»(‘B

.i i_vh‘{'éi**o amewr”

<‘_.<hnk\‘ . n
N e T

u;, = Pr{X, reaches state () before state Ni}f,:, = i}

Gambler i
Ruin N—Ii "
T whenp =g = 3,
- i N
(g/p) — (g/p) when p # g.
1 = (g/p)"

Y

where X,, is player A's fortune at stage n




4 The Long Run Behavior of
Markov Chains

Term or .
Explanation
Formula
Markov
chain, is when raised to some
called power k, the matrix Pk has all of its elements strictly positive
regular ' = (T, Mpyoovs Ty,
where ;> O forj=0,1,...,Nand 2,- a; = 1, and this distribution is
independent of the initial state. ) ’
or, in terms of the Markov chain {X,},
limiting limPr{X, = jlX,=i}=m>0 forj=0,1,...,N.
proba b|||ty Theorem 1.1 Ler P be a regular transition probability matrix on the
.. . states 0,1, . .., N. Then the limiting distribution w = (my, m,, ... ) is
distribution the unique nonnegative solution of the equations
N
m=> mB, =01 N, (1.2)
k=0
N
S m=1 (1.3)
k=0
0 1
0“ l1—a a !
= <
P 1 b | =l where 0 < a,b < 1,
o1 ‘b aH (1—-a—>b)y| a —al
a+blp a a+b —b Bl
| b a
lim P = atb a+b .
e b a
a+b a+b
N
= e,
Long run j=0
mean cost

per unit time

7, also gives the long run mean fraction of time that the process {X,} is in
state j. Thus if each visit to state j incurs a “cost” of c;, then the long run
mean cost per unit time associated with this Markov chain is




5 Poisson Processes

Term or .
Formula Explanation
- with parameter . > 0 is given by
The Poisson —
distribution — e K —
p= X fork=0,1,....
E(X)=t, VAR(X)=0x? = pt
Definition A Poisson process of intensity, or rate, A > 0 is an integer-
valued stochastic process {X(t); t = 0} for which
(i) for any time points t, = 0 < t, < t, < -+ < t,, the process
increments
X(t) — X(), X(t,) — X(1), ..., X(¢,) — X(¢,-))
are independent random variables;
(i1) for s = 0 and t > 0, the random variable X(s + t) — X(s).has the
Poisson distribution
o tk = Ar
Poisson Pr(X(s + 1) — X(s) = k} = )¢ fork=0,1,...;
process k!
(iii) X(0) = 0.
In particular, observe that if X(z) is a Poisson process of rate A > 0, then
the moments are
EX(n] = A and Var[X()] = o}, = At
nonhomoge )l = l}l(f)
nec:u:i or If X(r) is a nonhomogeneous Poisson
nonstationar process with rate A(f), then an increment X(#) — X(s), giving the number
b 'y of events in an interval (s, 7], has a Poisson distribution with parameter
osson J! AM(u) du, and increments over disjoint intervals are independent random
process

variables.




5 Poisson Processes

Given a Poisson process X(#) of rate A > 0, suppose that each event has
associated with it a random variable, possibly representing a value or a
cost. Examples will appear shortly. The successive values Y, 15, . . . are
assumed to be independent, independent of the Poisson process, and ran-
dom variables sharing the common distribution function

G(y) = Pr{Y, = y}.

A compou nd A compound Poisson process is the cumulative value process defined by
H X&)

Poisson ZH=> Y fort=0. 6.1)
process k=1

Consider the compound Poisson process Z(f) = 2, Y,. If A > 0 is the rate
for the process X(f) and pu = E[Y,] and »* = Var[Y,] are the common mean

and variance for Y,, ¥, . . ., then the moments of Z(t) can be determined
from the random sums formulas of II, Section 3.2 and are
E[Z(D] = Aut,; Var[Z(1)] = A(¥® + ud)t. (6.2)

A marked Poisson process is the sequence of pairs (W, 1)), (W, 12), . . .,

A marked where W, W, . . . are the waiting times or event times in the Poisson
Poisson process X(¢).
process Both compound Poisson and marked Poisson processes appear often as

models of physical phenomena.




6 Continuous Time Markov Chains

Term or .
Formula Explanation
continuous X : - -
time {X(2); 0 = t < o} where the possible values of X(t
I are the nonnegative integers. , .
discrete the transition probability function for ¢ > 0,
state, , , -
Markov P(®) = Pr{X(t + u) =}|X(u) =i}, L,j=0,1,2,...,
processes is independent of u = 0.
Consider a sequence of positive numbers, {A,}. We define a pure birth
process as a Markov process satisfying the following postulates:
(1) Pr{X(r + h) — X(t) = 1|X(t) = k} = Mh + 0,,(h) (h = 0+).
(2) Pr{X(t + h) — X(t) = 0X(D) = k} = 1 = Nh + 0,,(h). (1.1)
(3) Pr{X(t + h) — X() < 0|X(1) =k} =0 (k=0).
As a matter of convenience we often add the postulate
pure birth 4 X© =0.
process
With this postulate X() does not denote the population size but, rather, the
number of births in the time interval (0, 1].
We define P(r) = Pr(X(1) = n}, assuming X(0) = 0.
HJ(!) = eﬂ\"ls
1 1 (1.7)
PH=A ( “ht + A )
A VR R
P(1) = Pr{X(5) = n|X(0) = 0} 18
= ’\0 T AIJ—I[BU.He_A"' + Tt + B“."eﬁh,,l'] forn = 1, )
where
Py(t) 5 - 1
A T ) (A, A
B, = 1 (1.9)
e = A A = A = A) (A, =AY
forO0 <k<n,
and
B = 1
" ()'D - )‘u) e (Aar—l - )‘ar) ‘
death Complementing the increasing pure birth process is the decreasing pure
pure deat death process. It moves successively through states N, N — 1, ..., 2, lE
proces and ultimately is absorbed in state O (extinction).




6 Continuous Time Markov Chains

Alternatively, we have the infinitesimal description of a pure death
process as a Markov process X(7) whose state spaceis 0, 1, ..., N and for
which

pure death G) PriX(t + B) = k— 1X() =k} = wh + o), k=1,...,N;
(i) Pr{X(t + i) = HX(®) =k} = 1 — weh + o(h). k= 1,...,N; (2.1)

proces
(iii) Pr{X(z + k) > kX() =k} =0,k=0,1,...,N.

The parameter u, is the “death rate” operating or in effect while the
process sojourns in state k. It is a common and useful convention to assign
Mo = 0.

When the death parameters w,, i, .. ., fy are distinct, that is, w; # w,
if j # k, then we have the explicit transition probabilities

P) = e

and forn < N,
P(1) = Pr{X(1) = nlX(0) = N}
P,(t) ) ) 2.2
= MuriMasr T ,LLA.\{A‘,_,,E e e AN.ue u"‘r]p
where
1

A, = :
T (e o) (e — (e — ) o (s — )




8 Brownian Motion and Related
Processes

Term or .
Explanation
Formula
is an example of a continuous-time, continuous-state-space Markov
process
Let B(1) be the y component (as a
function of time) of a particle in Brownian motion. Let x be the position
of the particle at time £, i.e., B(f,) = x. Let p(y, r\x) be the probability den-
sity function, in y, of B(t, + 1), given that B(f,) = x.
Since p(y, t|x) is a probability density function in y, we have the
properties
. =0 and [ pOr.dvdy=1. (L1)
. / _
limp(y, tix) =0 for y# x.
=0
Brownian : p(y, tix) must satisfy the
. partial differential equation
motion
rocess FE
P P 10222 (1.3)
at ax-
This is called the diffusion equation, and o is the diffusion coefficient,
Brownian Definition Brownian motion with diffusion coefficient @2 is a stochas-
motion with | tic process {B(f); t = 0} with the properties:
d'ffu,S',on (a) Every increment B(s + #) — B(s) is normally distributed with mean
coefficient

0.2

zero and variance o’f; o > 0 is a fixed parameter.




8 Brownian Motion and Related
Processes

(b) For every pair of disjoint time intervals (¢, &1, (%, #,], with
0=t <t =t <t,the increments B(t,) — B(t;) and B(z,) — B(t))
are independent random variables, and similarly for » disjoint time
intervals, where n is an arbitrary positive integer.

(c) B(0) = 0, and B() is continuous as a function of 7.

for a standard Brownian motion (¢? = 1), we have

standard Pr{B(s + 1) < y|B(s) = x} = Pr{B(s + 1) — B(s) <y — x}
Brownian
motion y— X
_ ¢( )
Vi
covariance

of the CDV[B(S’). B(f)] = g* min{_g,’ I}, fors,t = 0.

Brownian
motion




