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King Saud University
College of Sciences
Department of Mathematics
[Solution Key] Math-244 (Linear Algebra); Mid-term Exam; Semester 2 (1442)
Max. Marks: 30 Time: 2 hours

Note: Attempt all the five questions!

Question 1: [Marks: 3+3]

-1 1 3 0
|1 2 3 =2 .
a) LetA= 0 -1 —2 7.Then.
2 1 0 6
i) Find the reduced row echelon form of the matrix A.
i) Use the reduced row echelon form to show that the matrix A is not invertible.
1 1 0
b) Let X=|1 —1 0 |. Find the value of A suchthat X® — 44l = 0.
0 0 V2
-1 1 3 0] [1 0-1 0
vy A | 12 3 =2/ ]o 1 2 o0
Solution: a) / i). A = o -1 -2 "o o o 1| (RREF).
2 1 0 6 0 0 0 0
ii). RREF of A # I = A is not invertible.
b). X2=|020|=X8=X®)*=| 0 16 0 :[ 0 16—4h  0|=X*—4hI= g g]=> A= 4.
002 0 0 16 0 0 16— 4A
Question 2: [Marks: 3+3]
1 1 1
a) LetX=[1 0 1| Find the matrix Y suchthat (2X+Y)™! = adj(X).
0 1 1
1 1 1 1 bc a
b) LetA=]| a b c|landB=[1 ca b | Show that det(B) = — det(A).
a? b* c? 1 ab ¢
. -3 -3 -3
Solution: a) 2X+Y) '=adjX) = XX ! =2X+Y=(X[X)'=-X = Y=-3X=|-3 0 —3].
0 -3 -3
1 bc a a abc a® a b c . b c 1 1 1
b). det(B)=|1 ca b|=—|b bca b*|=g-|abc abc abc :% 1 1(=—|a b c | =—det(A).
1 ab ¢ ¢ cab c* a* b* z a’ b*  c? a? b* c?
Question 3: [Marks: 3+3].
a) Find the value/s of a such that the following linear system
o
x+ y+ §z =1
x+ y+ z=1
xX+txy+ z =2
has: (i) no solution (ii) unique solution (iii) infinitely many solutions.
b) Solve the following homogeneous linear system. Why this system cannot be solved by Cramer’s Rule?

x—2y+3z=0
3x+y —2z=0
2x—4y+6z2=0.
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11 oz o1 1 1
Solution: a) Since|; ¢ 71:i1|~ [0 x-1 0 1},
1 « 1 2 0 0 x—-3 0
(1) the system has no solution for «c= 1;
(ii) the system has unique solution for < € R — {1, 3};
(ii1) the system has infinitely many solutions for <= 3.

b). Matrix of coefficients = A =

1-23 1 -2
31— 2] [0 7 — 11] So, solution set of the given system {G t,%t, t)| teR}. Since
2-46

det(A).= 0, the Cramer’s rule is not applicable.

Question 4: [Marks: 3+3]

a) Show that {1 - x, 1-x2, 1+ x+ x?} is a basis of the vector space P, of all polynomials in real variable x

with degree < 2.
b) Let S = {(1,0,1,1),(1,—-1,2,1),(1,-2,3,1)} generates the vector subspace F of the Euclidean
space R*. Find a basis of F contained in S and show that (0,-2,7,6) ¢F.
Solution: a) Since {1, x x2} is a basis of the vector space P,, dim (P,) = 3. Next, {1- x, 1- x4, 1+ x+ x?} is

linearly independent because o(1—x) +B( 1- x2)+ y( 1+ x+ x2) = 0 implies a. =f=1v = 0. So, {1-x, 1- x?%, 1+ x+x?2}
is a basis ofthe Vector space P,.

1 1
0 - 1 - 2 - 2 0
b)' 1 2 0
1 1 0
Question 5: Marks 3+3]

a) Let B={({2, 1), (1, 0)} and C = {(1, -2), (0, 1)} be bases of the Euclidean space R? and v = (1, 2). Find

the coordinate vector [v]p and the transition matrix ¢Ps. Then use the transition matrix to find [v],.

(REF). Hence, {(1,0,1,1),(1,—1,2,1)} is a basis of F and (0,—2,7,6) ¢ F.

SO R -
O ON
O RLr N O

1 1 0 2 3
_| 2 1 1 1 0 N
b) Let A= 1 -2 1 o 1l Find:
-2 -2 0 1 4
(1) a basis of col (A) (i) rank (A) (ii1) nullity (A).

P _ _ _ T nr21_n
Solution: a) [vlp = [ 3] and cPp = [5 2] Hence, [v]¢ = cPs[v]p = [5 2] [_3] = [4]
1 1 0 2 3 1 1 0 2 3
| 2 1 1 1 0 0 1 -1 2 -4 .
b).A= 1 -2 1 0 1 00 o0 1 5 (REF). Hence:
2 2 0 1 4 0 0 0 0 O
1 {(,2,-1,-2),(1,1,—2,-2),(2,1,0,1)} is a basis of col (A);

(i) rank (A)=3;
(iil) nullity (A) = 2.
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