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Note: In answering the questions other than Question 2/b), if a student has used some 
method/s different from the one/s being preferred and used in this solution key then the 
respective instructor should award the student appropriately. 

Solution of Question 1: a)       |𝐴ିଵ| = 1 so that  |𝐴| = 1.                           [1 mark] 

                                            Hence,  𝑎𝑑𝑗൫𝑎𝑑𝑗(𝐴)൯ =  |𝐴|ଷିଶ𝐴 = 𝐴        [1 mark] 

                                              = (𝐴ିଵ)ିଵ = |𝐴| ൥
−1       1       1
   1  − 1       0
   1       0  − 1

൩ = ൥
−1       1       1
   1  − 1       0
   1       0  − 1

൩.        [1 mark] 

b) By the symmetricity, ቂ𝟐    𝟑𝒌 − 𝟐
𝒌𝟐        − 𝟏

ቃ = ൤       2            𝑘ଶ

3𝑘 − 2    − 1
൨.           [1 mark] 

So,  𝑘ଶ − 3𝑘 + 2 =0. Thus, 𝑘 = 1, 2.            [1 mark] 
c) |𝐵| = −30 ≠ 0 ⟺ 𝐵 is invertible ⟺  𝑩 is a product of elementary matrices.      [0.5+0.5+1 mark] 

Solution of Question 2: a)  [𝐴: 𝐵] = ൥
   1 − 1     0      1
−1      2     0 − 2
   3      1     0      3

อ
1
2

−1
൩ ~ ൥

1 − 1     0       1
0      1     0 − 1
0      0     0      1

อ
1
3

−4
൩.                 [1.5 marks] 

Hence, solution set of the system = {(4, −1, 𝑡, −4):  𝑡 ∈ ℝ}.             [1.5 marks] 

b) Let A denote the matrix of coefficients. Then: 

|𝑨| = อ
   1 − 1      0
−2     3 − 4
−2     3 − 3

อ  = 1, |𝑨𝒙| = อ
1 − 1     0
0     3 − 4
1     3 − 3

อ  = 7, ห𝑨𝒚ห = อ
  1   1     0

−2   0 − 4
−2   1 − 3

อ  = 6, |𝑨𝒛| = อ
  1 − 1   1
−2    3   0
−2     3   1

อ  = 1.  [2 marks] 

        Hence, 𝑥 =
|𝑨𝒙|

 |𝑨|
= 7, 𝑦 =

ห𝑨𝒚ห

 |𝑨|
= 6, 𝑧 =

|𝑨𝒛|

 |𝑨|
= 1.           [1 mark] 

Solution of Question 3:  

a)  The zero polynomial = 𝑎𝑥 − 2𝑎𝑥ସ + (𝑎 − 𝑏)𝑥଺ + (3𝑎 + 2𝑏)𝑥଻ ∈ 𝑬 with 𝑎 = 𝑏 = 0 ∈ ℝ.            [0.5 mark] 

      Next, for any 𝑎ଵ, 𝑎ଶ, 𝑏ଵ, 𝑏ଶ, λ, δ ∈ ℝ, we have:      [2.5 marks] 

     λ(𝑎ଵ𝑥 − 2𝑎ଵ𝑥ସ + (𝑎ଵ − 𝑏ଵ)𝑥଺ + (3𝑎ଵ + 2𝑏ଵ)𝑥଻) + δ(𝑎ଶ𝑥 − 2𝑎ଶ𝑥ସ + (𝑎ଶ − 𝑏ଶ)𝑥଺ + (3𝑎ଶ + 2𝑏ଶ)𝑥଻) 

  = (λ𝑎1 + δ𝑎2) 𝑥 − 2(λ𝑎1 + δ𝑎2)𝑥4 + ((λ𝑎1 + δ𝑎2) − (λ𝑏1 + δ𝑏2))𝑥6 + (3(λ𝑎1 + δ𝑎2) + 2(λ𝑏1 + δ𝑏2))𝑥7 ∈ 𝑬. 

Hence, 𝑬 is a vector subspace of 𝑷𝟕. 

b)    𝑎𝑥 − 2𝑎𝑥ସ + (𝑎 − 𝑏)𝑥଺ + (3𝑎 + 2𝑏)𝑥଻ = 𝑎(𝑥 − 2𝑥ସ + 𝑥଺ + 3𝑥଻) + 𝑏(−𝑥଺ + 2𝑥଻) for all 𝑎, 𝑏 ∈ ℝ. [0.5mark] 

Moreover, 𝑥 − 2𝑥ସ + 𝑥଺ + 3𝑥଻ and −𝑥଺ + 2𝑥଻are linearly independent polynomials in E.       [0.5 mark] 

Hence, {𝑥 − 2𝑥ସ + 𝑥଺ + 3𝑥଻, −𝑥଺ + 2𝑥଻} is a basis of 𝑬 and 𝑑𝑖𝑚(𝑬) = 2.                  [0.5+0.5 mark] 

c) For any (𝑥ଵ, 𝑥ଶ, 𝑥ଷ), (𝑦ଵ, 𝑦ଶ, 𝑦ଷ), (𝑧ଵ, 𝑧ଶ, 𝑧ଷ) ∈ ℝଷ;   𝛼 ∈ ℝ , we have 

< (𝑥ଵ, 𝑥ଶ, 𝑥ଷ), (𝑦ଵ , 𝑦ଶ, 𝑦ଷ) > = 𝑥ଵ𝑦ଵ + 2𝑥ଶ𝑦ଶ + 3𝑥ଷ𝑦ଷ = < (𝑦ଵ , 𝑦ଶ, 𝑦ଷ), (𝑥ଵ, 𝑥ଶ, 𝑥ଷ) >; 



Page 2/2 

  < (𝑥ଵ, 𝑥ଶ, 𝑥ଷ) +  (𝑦ଵ, 𝑦ଶ, 𝑦ଷ), (𝑧ଵ , 𝑧ଶ, 𝑧ଷ) > = < (𝑥ଵ + 𝑦ଵ, 𝑥ଶ + 𝑦ଶ, 𝑥ଷ + 𝑦ଷ), (𝑧ଵ, 𝑧ଶ, 𝑧ଷ) > 

= (𝑥ଵ+𝑦ଵ)𝑧ଵ + 2(𝑥ଶ + 𝑦ଶ)𝑧ଶ + 3(𝑥ଷ + 𝑦ଷ)𝑧ଷ = 𝑥ଵ𝑧ଵ + 2𝑥ଶ𝑧ଶ + 3𝑥ଷ𝑧ଷ + 𝑦ଵ𝑧ଵ + 2𝑦ଶ𝑧ଶ + 3𝑦ଷ𝑧ଷ 

= < (𝑥ଵ, 𝑥ଶ, 𝑥ଷ), (𝑧ଵ, 𝑧ଶ, 𝑧ଷ) > + < (𝑦ଵ, 𝑦ଶ, 𝑦ଷ), (𝑧ଵ, 𝑧ଶ, 𝑧ଷ) > ; 

< 𝛼(𝑥ଵ, 𝑥ଶ, 𝑥ଷ), (𝑦ଵ, 𝑦ଶ, 𝑦ଷ) > = < (𝛼𝑥ଵ, 𝛼𝑥ଶ, 𝛼𝑥ଷ), (𝑦ଵ, 𝑦ଶ, 𝑦ଷ) > = (𝛼𝑥ଵ)𝑦ଵ + 2(𝛼𝑥ଶ)𝑦ଶ + 3(𝛼𝑥ଷ)𝑦ଷ 

= 𝛼(𝑥ଵ𝑦ଵ + 2𝑥ଶ𝑦ଶ + 3𝑥ଷ𝑦ଷ =  𝛼 < (𝑥ଵ, 𝑥ଶ, 𝑥ଷ), (𝑦ଵ , 𝑦ଶ, 𝑦ଷ) >; 

< (𝑥ଵ, 𝑥ଶ, 𝑥ଷ), (𝑥ଵ, 𝑥ଶ, 𝑥ଷ) > =  𝑥ଵ
ଶ + 2𝑥ଶ

ଶ + 3𝑥ଷ
ଶ  ≥ 0. 

Finally,  < (𝑥ଵ, 𝑥ଶ, 𝑥ଷ), (𝑥ଵ, 𝑥ଶ, 𝑥ଷ) > = 0 ⟺ 𝑥ଵ
ଶ + 2𝑥ଶ

ଶ + 3𝑥ଷ
ଶ = 0 ⟺ (𝑥ଵ, 𝑥ଶ, 𝑥ଷ) = (0,0,0). Q.E.D.    [2 marks] 

d)  𝑣ଵ = 𝑢ଵ = (1, 1,1); 𝑣ଶ = 𝑢ଶ −
ழ௨మ ,   ௩భவ

ห|௩భ|ห
మ 𝑣ଵ = (

ଵ

ଶ
,

ଵ

ଶ
,

ିଵ

ଶ
);               [0.5+1 mark] 

                  𝑣ଷ = 𝑢ଷ −
ழ௨య ,   ௩భவ

ห|௩భ|ห
మ 𝑣ଵ −

ழ௨య ,   ௩మவ

ห|௩మ|ห
మ 𝑣ଶ = (

ିଶ

ଷ
,

ଵ

ଷ
, 0).    [1.5 marks] 

Solution of Question 4: a)  (1,0) =  𝛼(1, −1) + β(1,1) ⟹ α + β = 1, −α + β = 0 ⟹ α = β =
ଵ

ଶ
.                 

So that  (1,0) =  
ଵ

ଶ
(1, −1) +

ଵ

ଶ
(1,1). Similarly, (0, 1) = −

ଵ

ଶ
(1, −1) +

ଵ

ଶ
(1,1).               [1 mark] 

Hence, 𝐓(1,0) = 𝐓 ൬
ଵ

ଶ
(1, −1) +

ଵ

ଶ
(1,1)൰ =

ଵ

ଶ
𝐓(1, −1) +

ଵ

ଶ
𝐓(1,1) =

ଵ

ଶ
൫(3, 5, 2 ) + (2, −1, −3)൯ =

ଵ

ଶ
 (5, 4, −1) and       

 𝐓(0, 1) =  1
2

 (−1, −6, −5).           [2 marks] 

b)  (3, 5, 2 ) = 𝐓(1, −1) = 𝛼(1,1,0)) + β(1,0,1) + 𝛾(1,1,1) ⟹ 𝛼 + β + 𝛾 = 3, 𝛼 + 𝛾 = 5 , β + 𝛾 = 2  

⟹ 𝛼 = 1, β = −2, 𝛾 = 4. So, [𝐓(𝑢ଵ)]𝑪 =  [T(1, −1)]𝑪 = ൥
1

−2
4

൩. Similarly, [𝐓(𝑢ଵ)]𝑪 = ൥
5
3

−6
൩.        [2 marks]    

Hence,  [𝐓]𝑩
𝑪 = [ [𝐓(𝑢ଵ)]𝑪   [𝐓(𝑢ଵ)]𝑪] = ൥

1   
−2      

4   

5
3

−6   
൩.          [1 mark] 

c)  [𝐓(0,1)]𝑪 = [𝐓]𝑩
𝑪  [(0,1)]஻ = ൥

1   
−2      

4   

5
3

−6   
൩ ൥

−
ଵ

ଶ

    
ଵ

ଶ

൩ = ቎

   2

   
ହ

ଶ

−5

቏.     [1.5+1+0.5 marks] 

Solution of Question 5: a)    𝒒𝑨(𝝀) =  (𝝀 − 𝟎)ଷ(𝝀 − 𝟏)ଶ(𝝀 + 𝟏)ଷ = 𝝀ଷ(𝝀 − 𝟏)ଶ(𝝀 + 𝟏)ଷ.    [2 marks] 

b) Because algebraic multiplicity of eigenvalue 𝜆௝ = the geometric multiplicity of 𝜆௝,∀𝑗 = 1,2,3. [2 marks] 

c)   𝑫 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡

  

0     0      0     0     0     0     0      0
0     0     0     0     0     0     0      0
0     0     0     0     0     0      0      0
0     0     0     1     0     0      0     0
0     0     0     0    1     0      0      0
0     0     0     0     0 − 1     0      0

 0     0     0     0     0     0 − 1      0 
0     0     0     0     0     0      0 − 1 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

            [2 marks] 

d)    𝑨ଵଵ = (𝑷𝑫𝑷ିଵ)ଵଵ =  𝑷𝑫ଵଵ𝑷ିଵ =  𝑷𝑫𝑷ିଵ = 𝑨.           [3 marks] 
***! 


