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Note: /n answering the questions other than Question 2/b), if a student has used some
method/s different from the one/s being preferred and used in this solution key then the
respective instructor should award the student appropriately.

Solution of Question 1: a) |A™!| = 1 sothat |4| = 1. [1 mark]
Hence, adj(adj(4)) = |A|*24=4 [1 mark]
=(@AHt= |A|[1—1 ] [1—1 ] [1 mark]
0 -1 0 -1
.. 2 3k—21_ 2 k?
b) By the symmetricity, [kz 1] = [3k PR B [1 mark]
So, k? =3k +2=0.Thus, k=1, 2. [1 mark]
¢) |B] =—-30# 0 & Bisinvertible & B is aproduct of elementary matrices.  [0.5+0.5+1 mark]
-1 0 1 - 1 0 1
Solution of Question 2: a) [A: B] [ 2 o —2 ] [ -1 ] [1.5 marks]
1
Hence, solution set of the system = {(4,—1,t,—4): t € R}. [1.5 marks]
b) Let A denote the matrix of coefficients. Then:
1-1 0 1-1 0 11 0 1-11
[Al=|-2 3 —-4| =1 |4,/=|0 3 -4| =7, =|-2 0—-4| =6, 14,/=|-2 3 0| =1. [2 marks]
-2 3-3 1 3-3 -2 - -2 31
|4, |4y 14,1

Hence, x | , Tl 6, z l 1 [1 mark]

Solution of Question 3:
a) The zero polynomial = ax — 2ax* + (a — b)x® + (3a + 2b)x” € Ewitha=b =0 € R. [0.5 mark]
Next, for any a4, dy, b1, by, A, 8 € R, we have: [2.5 marks]

Mayx — 2a;x* + (ag — b)x® + (3a, + 2b1)x7) + 8(ayx — 2a,x* + (a; — b,)x® + (3a, + 2b,)x7)
= (Aa; + 8ay) x — 2(Aa; + Say)x* + ((Aa; + 8ay) — (Aby + 8b,))x® + (3(\a; + 8a,) + 2(Ab; + 8by))x” € E.
Hence, E is a vector subspace of P-.
b) ax —2ax* + (@ — b)x® + (3a + 2b)x” = alx — 2x* + x® + 3x7) + b(—x® + 2x7) for all a, b € R. [0.5mark]

Moreover, x — 2x* + x® + 3x7 and —x© + 2x”are linearly independent polynomials in E. [0.5 mark]
Hence, {x — 2x* + x° + 3x7, —x® + 2x7} is a basis of E and dim(E) = 2. [0.5+0.5 mark]

¢) Forany (x1,x,%3), 31, ¥2,¥3), (21, 22,23) € R®; a € R, we have

< (xq, %2, %3), V1, Y2, ¥3) > = %Y1 + 2X5Y5 + 3x3y3 = < (V1,¥2,¥3), (%1, X2, X3) >;
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< (o1, x2,%3) + (01,2, ¥3), (21,22, 23) > = < (X1 + y1, %2 + Y2, %3 + ¥3), (21, 25, 23) >
= (x1+y1)z1 + 2(x2 + y2)72 + 3(x3 + ¥3)23 = X121 + 2X22, + 3%325 + Y121 + 2275 + 3Y373
=< (x1,%2,%3), (21,22, 23) > + < (Y1, ¥2,¥3), (21, 22, 25) >;
< a(xy,x2,%3), 1, Y2, ¥3) > = < (@x1, axz, axs), (1, ¥2,¥3) > = (ax1)yy + 2(axz)y2 + 3(axs)ys
= a(eyr + 2%,Y2 +3x3y3 = @ < (%1, %2, %3), (1,2, ¥3) >;

< (x4, %2, %3), (X1, X9, X3) > = x,2 + 2x,2 +3x3%2 > 0.

Finally, < (x4, %3, %3), (X1, %2,%3) > =0 & x;2 + 2x,2 + 3x32 = 0 & (x4, 5, %3) = (0,0,0). QE.D. [2 marks]

O == (LD =~ S = Gg g [0.5+1 mark]
1

Sus, vi>, _Sus ve>, (221 gy [1.5 marks]
[ |17 7

U3ZU3_

Solution of Question 4: a) (1,0) = a(1,-1)+B(1,1) =2 a+p=1, —a+B=0=a=B= %

So that (1,0) = (1,—1) + (1,1). Similarly, (0,1) = =2 (1,—1) +5 (L,1). [1 mark]

Hence, T(1,0) = T G (1,-1) +5 (1,1)) =T, -1 +5T(1,1) =5((3,52) + (2-1,-3)) =3 (5,4,—1) and

T(0,1) = 1 (=1,-6,-5). [2 marks]

b) (3,52)=T({1,-1) =a(1,1,0)) +B(1,0,1) +y(1,1,1)) = a+B+y=3, a+y=5,B+y=2

1 5
=a=1B=-2y =450, [T(u)lc = [TA-D]c = [—2]. Similarly, [T(uy)]¢ = [ 3 [2 marks]
4 -6
1 s
Hence, [T]§ = [[T(u)]c [T(uy)lcl = [—2 3 ] [1 mark]
4 -6
1 5 17-1 2
¢) [T(0,D]¢ = [T [(0,D] = [—2 3 H f] = [ ;] [1.5+1+0.5 marks]
4 -6 1l 3l [_5

Solution of Question 5: a) q,(1) = (A —0)*(A—1)2(A+1)° = 2*(A — 1)?(A + 1)*. [2 marks]

b) Because algebraic multiplicity of eigenvalue A; = the geometric multiplicity of 4;,Vj = 1,2,3. [2 marks]

[ 0O 0 0 0 0 0 O 0]
| 0O 0 0 0 0 0O O O |
| 00 0 0 0 0 O 0|
0 0 0 1 0 0 00O
c) bp= 6 00010 0 o [2 marks]
00 0 0 0-1 0 O
[ 00 0 0 0 0-1 OJ
0 0 0 0 0 0 0-1
d) A''=PDPYH)!'= pD'P~t= PDP'=A [3 marks]

k)



