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[Solution Key] MATH-244 (Linear Algebra); Mid-term Exam; Semester 432  

 Question 1:  

a) Find the values of λ for which the matrix ൥
𝟏      𝟎          𝛌 
𝟐      𝟏   𝟐 + 𝛌
𝟐      𝟑         𝛌𝟐

൩ is invertible. 

Solution:  ൥
𝟏      𝟎          𝛌 
𝟐      𝟏   𝟐 + 𝛌
𝟐      𝟑         𝛌𝟐

൩

ି𝟏

exists ⟺ อ
𝟏      𝟎          𝛌 
𝟐      𝟏   𝟐 + 𝛌
𝟐      𝟑         𝛌𝟐

อ = 𝛌𝟐 + 𝛌 − 𝟔 ≠ 𝟎 ⟺ 𝛌 ∈ ℝ − {−3, 2}.                               [2 marks] 

b) By using properties of the determinants, show that: 

อ

𝒂 + 𝒃 + 𝒄    𝒃     𝒂
𝒅 + 𝒆 + 𝒇    𝒆    𝒅

𝒈 + 𝒉 + 𝒊     𝒉    𝒈 
อ = อ

𝒄    𝒃     𝒂
𝒇    𝒆    𝒅
𝒊     𝒉    𝒈 

อ. 

Solution:  อ
𝒂 + 𝒃 + 𝒄    𝒃     𝒂
𝒅 + 𝒆 + 𝒇    𝒆    𝒅

𝒈 + 𝒉 + 𝒊     𝒉    𝒈 
อ = อ

𝒂 + 𝒃 + 𝒄    𝒅 + 𝒆 + 𝒇     𝒈 + 𝒉 + 𝒊
 𝒃                    𝒆                     𝒉

  𝒂                    𝒅                     𝒈 
อ (𝒃𝒚 𝒕𝒂𝒌𝒊𝒏𝒈 𝒕𝒓𝒂𝒏𝒔𝒑𝒐𝒔𝒆) 

                                                                  = อ

𝑐    𝑏     𝑎
𝑓    𝑒    𝑑
𝑖     ℎ    𝑔 

อ  (𝑏𝑦 𝑡ℎ𝑒 𝑟𝑜𝑤 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠 𝑅ଵ + (−1)𝑅ଶ, 𝑅ଵ + (−1)𝑅ଷ).                    [2 marks] 

c) Let 𝑨 = ൥
 𝟐     − 𝟏           𝟎 
𝟏     − 𝟐           𝟏
𝟏     − 𝟏           𝟎

൩. Find adj(A) and 𝑨ି𝟏. 

 Solution:  𝑎𝑑𝑗(𝑨) = ൥
    𝟏         𝟏         𝟏 
   𝟎        𝟎         𝟏
−𝟏   − 𝟐   − 𝟑

൩

𝑻

= ൥
𝟏     𝟎   − 𝟏 
𝟏     𝟎   − 𝟐
𝟏     𝟏   − 𝟑

൩.                                                 [2 marks] 

                         Since |𝐴| = 1, we get   𝑨ି𝟏 =  |𝑨|ି𝟏𝑎𝑑𝑗(𝑨) = 𝑎𝑑𝑗(𝑨) = ൥
𝟏     𝟎   − 𝟏 
𝟏     𝟎   − 𝟐
𝟏     𝟏   − 𝟑

൩.                                 [1+1 marks] 

Question 2:  

a) Let 𝑨 = ൥
𝟏   𝟏   𝟏
𝟏   𝟎   𝟑
𝟐   𝟏   𝟑

൩ and 𝑩 = ൥

𝜶
𝜷
𝜸

൩. Show that the linear system AX = B has a unique solution for any fixed α, β, γ ∈ ℝ. 

Solution:  Since |𝑨| = อ
𝟏   𝟏   𝟏
𝟏   𝟎   𝟑
𝟐   𝟏   𝟑

อ = 𝟓 ≠ 𝟎, 𝑨ି𝟏 exists. So, the linear system has the unique solution X= 𝑨ି𝟏𝑩 = 𝑨ି𝟏 ൥

𝜶
𝜷
𝜸

൩ 

       for any fixed α, 𝜷, γ ∈ ℝ.                                                                         [2 marks] 

b) Solve the following system of linear equations by using the Cramer’s rule:  
     𝒙 −   𝒚 +    𝒛 = 𝟎                               
     𝒙 +   𝒚 +    𝒛 = 𝟐                               

 𝒙 + 𝟐𝒚 + 𝟒𝒛 = 𝟑.                            

Solution: |𝑨| = 𝟔, ห𝑨𝒙ห = 𝟔, ห𝑨𝒚ห = 𝟔 and ห𝑨𝒛ห = 𝟎. Hence, 𝒙 = 
ห𝑨𝒙ห

|𝑨|
=

𝟔

𝟔
= 𝟏, 𝒚 = 

ห𝑨𝒚ห

|𝑨|
=

𝟔

𝟔
= 𝟏 and 𝒛 = 

ห𝑨𝒛ห

|𝑨|
=

𝟎

𝟔
= 𝟎. 

                                               [1+3(.5) + 3(.5) marks] 
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c) Use any of the elimination methods to show that the following system of linear equations is   inconsistent:  
−𝒙 +  𝟐𝒚 −   𝟓𝒛 = 𝟑 

𝒙 −   𝟑𝒚 +     𝒛 = 𝟒 

𝟓𝒙 − 𝟏𝟑𝒚 + 𝟏𝟑𝒛 = 𝟖. 

Solution: Since  ൥ 
−1       2  − 5
 1    − 3      1

  5  − 13    13
อ 

3
4
8

൩ ~ ൥ 
1  − 3     1
0      1     4
0      0     0

อ
  4
−7
  2

൩, the given linear system is inconsistent.            [(2+1) marks] 

 

Question 3:  

a) Let {𝒗𝟏, 𝒗𝟐, 𝒗𝟑} be a linearly independent subset of vector space V. Show that the subset {𝒘𝟏, 𝒘𝟐, 𝒘𝟑} is linearly 
independent in V, where 𝒘𝟏 = 𝒗𝟏 + 𝟐𝒗𝟑, 𝒘𝟐 = 𝒗𝟏 + 𝒗𝟐 + 𝒗𝟑 and 𝒘𝟑 = 𝒗𝟐 + 𝒗𝟑.  

Solution:  If 0 = 𝜶𝟏𝒘𝟏 + 𝜶𝟐𝒘𝟐 + 𝜶𝟑𝒘𝟑 = 𝜶𝟏(𝒗𝟏 + 𝟐𝒗𝟑) + 𝜶𝟐(𝒗𝟏 + 𝒗𝟐 + 𝒗𝟑) + 𝜶𝟑(𝒗𝟐 + 𝒗𝟑)   

                                     = (𝜶𝟏 + 𝜶𝟐)𝒗𝟏 + (𝜶𝟐 + 𝜶𝟑)𝒗𝟐 + (𝟐𝜶𝟏 + 𝜶𝟐 + 𝜶𝟑)𝒗𝟑 ,                                             [1 mark] 

                       then, by the linear independence of {𝒗𝟏, 𝒗𝟐, 𝒗𝟑}, we get 𝜶𝟏 + 𝜶𝟐 = 𝟎,  𝜶𝟐 + 𝜶𝟑 = 𝟎 and 𝟐𝜶𝟏 + 𝜶𝟐 + 𝜶𝟑 = 𝟎; 

                           which gives 𝜶𝟏 = 𝜶𝟐 = 𝜶𝟑 = 𝟎. Hence, {𝒘𝟏, 𝒘𝟐, 𝒘𝟑} is linearly independent in V.                      [2 marks] 

b) Show that 𝑭 ≔ {(𝒙, 𝒚, 𝒛) ∈ ℝ𝟑| 𝒚 − 𝒛 = 𝟎, 𝒚 + 𝒛 = 𝟎} is a vector subspace of Euclidean space ℝଷ. Then find a 
basis and dimension of 𝑭. 

Solution: (𝑥, 𝑦, 𝑧) ∈ 𝐹 ⟺ (𝑥, 𝑦, 𝑧) = (𝑥, 0,0) = 𝑥(1,0,0). So,  𝑭 = 𝒔𝒑𝒂𝒏({(1,0,0)}); which is a vector subspace of ℝଷ. [3 marks] 

                        Hence, {(1,0,0)} is a basis of F and so dim(𝐹) = 1.            [2 marks] 

c) Show that 𝑩 ≔ {𝒕𝟐 + 𝟐, −𝒕 + 𝟏, 𝟐𝒕 − 𝟏} is a basis of the real vector space 𝑷𝟐(𝒕)  of all polynomials in real 
variable 𝒕 having degree ≤ 𝟐. Then find the coordinate vector of the polynomial 𝒕𝟐 + 𝟑𝒕 + 𝟑 with respect to the 
basis 𝑩. 

Solution: If 𝟎 = 𝛂൫𝒕𝟐 + 𝟐൯ + 𝛃(−𝒕 + 𝟏) +  𝛄 ( 𝟐𝒕 − 𝟏) = 𝛂𝒕𝟐 + (𝟐 𝛄 − 𝛃)𝐭 + 𝟐𝛂 + 𝛃 −  𝛄   then 𝛂 = 𝛃 = 𝛄 = 𝟎. So, the   

                        set 𝑩 is linearly independent in the vector space 𝑷𝟐(𝒕).  However, 𝐝𝐢𝐦(𝑷𝟐(𝒕). ) = 𝟑.   So, 𝑩 is a basis      

                     of 𝑷𝟐(𝒕).                           [(2+1) marks] 

                  Now, if 𝒕𝟐 + 𝟑𝒕 + 𝟑 = 𝛂൫𝒕𝟐 + 𝟐൯ + 𝛃(−𝒕 + 𝟏) +  𝛄 ( 𝟐𝒕 − 𝟏)= 𝛂𝒕𝟐 + (𝟐 𝛄 − 𝛃)𝐭 + 𝟐𝛂 + 𝛃 −  𝛄 ,     then 

                   𝛂 = 𝟏, 𝛃 = 𝟓 and 𝛄 = 𝟒. Hence,     [𝒕𝟐 + 𝟑𝒕 + 𝟑 ]𝑩 =  ൥
𝟏
𝟓
𝟒

൩.           [2 marks] 
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