Chapter 1

Ex. 1.1:
~ N(1,3) and y, ~ N(2,5) independent
wy =y + 2y,
Wy =4y; =y,

= Ew) =E(Qy;+2y,) =E(y) +2E(y2) =1+ (2)(2) =5
E(wp) =E(4y, —y,) =4E(y1) —EQ) = (1) -2 =2
Var(w,) = Var(y, + 2y,) = Var(y,) + 4Var(y,) = 3 + (4)(5) = 23
Var(w,) = Var(4y; — y,) = 16Var(y,) + Var(y,) = (16)(3) + 5 =53
Cov(wy,wy) = Cov(yy + 2y;,4y1 — ¥2) = Cov(yy, 4y1) + Cov(yy, —y2) + Cov(2y,, 4y,1) + Cov(2y,, —y,)
= 4Cov(y1,y1) — Cov(y1,y2) + (2)(4)Cov(y,, y1) — (2)Cov(y,,y2)
=4Var(y;) —0+0 —2Var(y,) = (4)B3)—-(2)(5)=12-10=2

(")

E(w) = E(wy) 5] _

E(w,)
_ [Var(wy) Cov(wy,w,) 23 o
Cov(w) = Cov(wll,wz) Var(w:) i ] [ 53] -t

w ~ MVN(p", v")
Another Solution:

+2
v~v=(:2) ngl yz) [4 —1] ;ﬂ 4y

oo =rap =250 =} %, |- [ =

Cov(w) = Cov(4 X) =A Cov(z) A
COV(X) _ [Var(}’l) COV(}’L)’Z)] _ [3 0]

Cov(y1,¥2) Var(y,) “lo s
Note: y, and y, are independent = Cov(Y;,Y;) =0

-‘-COV(VNV)=Ll} _21][3 g”% _41]_[12 —5[ —1] [2 ]

e 2 )6 == v <o [] ]
SW o~ MVN(E* ,U*

Another Solution:

=y +2y, =01 2)( ) 1Y
%]/2 ~ ~

2 =4y, 3’2—(4—1)<1)= ’zy
yz ~ ~

-



*=FEw) = (2) where W = (Wl>

W,

=
Il

Var(w,) = Var(~'1 ) = a~'1 COV(X) a; =(1 2) (g c

y )

Var(w,) = Var ( é JN/) = Qﬁz COV(Z) a = -1 ((3) (5))
3

0

Cov(wl,W2)=Cov( '13~/, éz)= 1Cov(y)a, =(1 2)(

~ ~ ~7 ~

Y, ~ N(0,1)
y2 ~N(34)

y= (1) =5() = () e =cotm) =} 3

y ~MVN(g v )

} independent = Cov(yy,y,) =0

(@) y1 ~N(0,1) = y{ ~ xf

1
(b) Letw = |r2-3
2

— _2\2
Note: y, ~ N(3,4) & 222 ~ N(0,1) & (Y2T3) ~ 2

w'w~ x5
(c) Lo
— (yl) — [0] Cp = [1 0 -1 1
= v/~ 31" = 0 41'— 0 1
. —1 1 2 yl _ 3’2 3’1 .2 2
X=yv y—(yp}’z)o - y)—(17) y2>—3’1+z}’2
4
1 0
— a1 2 . — -1, = 1 0 — 3 _9_
mprrgran-gsre-onfy ()~ 630 3w
4
Ex 1.3
_ _[21... 14 11. .- 1 9 -11_1719 -1
Z—@l) X~MVN(E v ) E_[g]'y_[l 9]—1_4(9)—12[—1 4] 35[—1 4]
(a)



- (- wre-0- (00

Note that:
2
, aj1  Ag2]1(*1
x4 x=0ax) [a21 azz] <x2) - Z Z HjXi%j

andasA’ = A symmetric (a;; = a;;),
2 2

2 _ 2 _ 2 2
Z Q;iXi T A12X1X3 T Ap1X2X1 = z A X{ + 2a12%1X% = A11X7 + QX5 + 2a13X1X;

x'A x=
i=1

i=1
Aly—wWr iy -~ a3

(b)
! ( 7 _1) (;/:) 315 [9yf + 4y5 — 2y1,]

=y vty ~ X220

where
A=p'v? =(23)i ’ _1](2) [(9(2)* + (H(B)? - (23]
£r£=953511 413
Ex 1.4:
Y1) Y2, -, ¥y, are imdependent and yi~ N(u;0?).
1% ; H oz 0
y=2) wist=- 12(% iy = )ie=EQ=[i|;cov(y)=|: o|=0%
i=1 I 0% o2
(a)
n
__1
}’—;Z Yi
=1
n
SEG) =2 EG) =1 ) pu=—(u)=p
i=1 i=1
n n n n
1 1 1 1 , n , a°
= Var(y) = Var EZ Vi FVar Zyi :FZ Var(yi)=ﬁz 0f=—50"=—
i=1 i=1 i=1 i=1
y .U'n
Another Solution:
y 1§n: 1(1 1)(3{1) 11’ 1 <1>
y==) y=-1..D|i|=-1y;1 =|:
ni=1 n Yn n 1
U n
=>E()=E(11’ ):31’15( Y= =1, =lz =lu=
y n X n~ 4 n“’E T n 4 H n‘u H
U i=1
1 ! 1 ! 1 )i 14 2 0-2 4 02 1
:>Var(y)—Var<n1 X)=—2Var(l )= 10v(y)l =1L =5U1 =2(,..1) 1



a? a?
SamW=T
(b)

=Y, - PP = =T, i—u -9 ==Yk, (-0 - (- )]

=ﬁ2?=1 (i =)+ (T —w? =20 —WF — )]
=¥, i —wW Xk, G-w?-23%, 0i—wG —w]

n—1

= nll B, i —w?+n@-w? -200 - WXk, G — ]
= Ok 0~ W+ -0 =20 - WIZL, i — Iy 4}
= SOk 0= + 0@~ w? = 207 = wIng — nil}

_ — I, 0 — W% +n@F — p) — 27 — W — W]

T n-1
=%, G —w?—n@ - w?]
()
—w? —n@F-w?
n
> (- 1§ = ) (1 -0 —n(F - )’
i=1
n
- 2 i = W? = (1= DS+ n(F - p)?
(yl u)z _(n—-1)s? Lo - 1?
0-2 0-2
n
:Z Ilz (n—1)52+<37—u>
= o? a/Vn
Note:
2
1. Y, ~NQo 2)@ ~ N(O, 1)@( ﬂ) ~xby, (= 12,,n)
—_ N2
V1) Y25 e» Y @T€ mdependent = ( o ”) (y”a ”) are independent
n
. Vi— I\,
- Z (—G ) x*(m)
) ~ L=21
> g y—u 2
2 7=V (w5) = 5~ MO & (C5E) ~ b
Now;

O vi—m? (m-152 (7-p\?
oty bt (o)

X%y = Xt—1) + x(y (Cochran’s Theorem)

_ 2 = 2
Therefore, u ¥2(n—1) and Z=25" and (y ”) are independent = S2 and ¥ are independent

o2

o/Nn
Note: This can also show by Cochran's Theorem.



(d) From (c), we have shown that
(n—1)s?

= ~x*(n—1)

This can also be shown by Cocharn's Theorem.

~7?

y-u
© S
Note:

1.

~ N(0,1)

2 o2 XZ (n—-1)

3. Y and S? are indepondat

4, 1fZ ~N(0,1),X ~ x%(m), and Z and X are independent, then
VA

a/\/_
(n-1)s?

t=W~t(m)
Now, B
y— U Vn(y - Vn(y —
R A el ngﬁw—u):y—u~“n_n
(n 1)5 52 ) S s/Vn
J /(n—1) 57 o

Ex 1.5: (See Example in Section 1.6.2)
Y1, Y2, -,V are independent, and y; ~ Poisson(8) < y4,y,, ..., ), iid Poisson( 8 ) (random sample)

(a) Suppose that y ~ Poissin ( 6 ) The pmfis

e~ %9y
fy(y; 0) = y! Y = 011121"'

[oe]

E(y) = Z yfy(v;0) = Z ye_egy 2 y—= y9 = 6‘92 2 __ -0 il
’ | l — | — |
= = y! =4 = y(ly— 1! = -

0 6> 0 o
=% =0e0 Y —i(k=y-1
y=1 k

Result:

(b) 8 =ef & B =1n(H)
We need to find the maximum likelihood estimator (MLE) of .
First: MLE of 6 : (See Example in Section 1.62)
e P9V
f(yl,G) = T YVi = 0,1,2,
;!
In f(y;,0) =In (e“g) +1In (67) —In (y;!) = =0 + y;In (6) — In (y;!)
The log-likelihood function is:



n

16 y) =) In fO;0) = ) [=0+yin(0) ~In (D] = ~0n+1n (0) ) yi— > In ()
i=1 i=1 i=1

i=1

aL(6; y) 1%
RO R _"+§Z yi
i=
a6 y) 1% Y1 Vi
Set _ - 2y — =1 L -
0 0 0= n+92yl eZyl neo B— y
=
We need to make sure that y maximize [(6; y) not mlnlmlzlng,
9%1(6; y) ; ny n
orsyr 9.1 Zy‘_ Llyl Z_Z_ylz___yz_td)
6% |,_, 06 0 . y? y: oy

asn>0 andy > 0.

~The MLE of #is 6 = y.
Second: Using invariance property of MLE,
The MLE of 8 = In (0) is:
B =1In(6) =1n (y).

2
(©s=%, (J’i - eﬁ)
we need to find the value of f that minimizes s : [Least Square Estimator of g ]:

aﬁ aﬁz (v = Zn:% - Z 2(vi —ef)(= eﬁ)——2€ﬁz (i —ef)

i=
Z Yi— neﬁ]
i=1

- N SE ¥
Zyi—ne’;]=0=>2 yi—neB=0=> Zyl-=ne3=> eﬁ=%=)7
i=1 i=1

& B =In(y) » Same result as in (b)

= —2¢eF

—Ssezto o —2ef

YB

We need to make sure that # = In (¥) minimizes s not maximizing:

2
Z_[; by %[‘Zeﬂ@yi —nef)] = —2%[63 (i —nef)]| = —2{ef (Syi — nef) + ef (—nef )}
= —2{efLy; —ne?l —ne?f} = —2[efy; — 2ne?’| = —2¢F[3y; — 2ne’]
> g—; = —2e"D[zy; - 2ne™P] = —25(2y; — 2ny) = —2y(ny — 2ny) = —25(-ny) = +2yny
B=In(3)
=2n(y)*>0
asy >0

Ex 1.6:
Table 1. 4
n; = number of eggs of the i-th insect.



y; = number of female eggs of the i-th insect.
n; — y; = number of male eggs of the i-th insect.

i=12,..,16
Pregenuy [ Fermade M Totz0 b
Grouy M9 (ne=yy | (n-) 2

\ bg T 29 lo.g2
R 2 22 5=z ’-58
' > P T [ﬁ
Sl Toko Sy 200201 Zng
=34 = 3FH -‘-"f‘?‘}i""‘ﬂ

(a) The proportion of female eggs of the i-th insect is:

L
i n;
( y; 18
=—=—=10.62
Pr= T 29
Y2 31
=—=—=0.58
P2 n, 53
Yie _ 7
= =—=10,37
P16 = ne 19

(b) y; = number of female eggs (successes) of the
n; = Total number of eggs of the i-th insect.
y; ~ Binomial(6)
{yl, Y2, .. Yy, are independent
We need to find the MLE of 6 :

f(yue)—( )9%(1— 0)" iy, = 0,.

In f(y,6) =1In (;‘) +1In (67) +In [(1 — 6)"i] =In (yl-) +y:In (6) + (n; — y)In (1 — 6).

The log-likelikood functlon is:

1(6:y) = Z In £ (y;; 6) = Z i [(01)]+ 2@+~ 3o m1 - )]

=Z In [(y )]+ln (9)2 yi +1n (1—9)2 (n; — )
i=1

:'05’(9:2)_2 yi X (m—y) A-60)Y yi—0Y (ny—y)

@ 6  1-6 6(1—0)
?:1 Yi_92?=1 Yi_92?=1 ni+92?=1 yizZ yi—0Y n L (0<0<1)
6(1—0) (1 —0)
ol(6; y) ~ Xh,yi 363
s 2 g vy =0 o 6= Liza Vi 363 0.49455 ~ 0.495

00 Yhon 734

7



We need to make sure that 8 maximizes the likelihood function not minimizing;

azl(g'z) 2 yi—6Zn;]
o = 35 [T = gramey (001 — O)[—Tny] — [Zy; — 6Zny[1 - 2601

[-6%n; + 6%En; — Zy; + 205y; + 6Zn; — 205nf] = [-20%Y n; +20Y y; —Zy]

92(1 9)2 92(1 )2
9%1(8.y) _ 1 ¥ i\ T vi < y)? (z yl)
262 é:zn_ézu—é)Z[_z(z_ni) zn +2( )Z ) y‘] b2(1- 9)2[_ s T2 —2 yl]
xn;
Xy . ]
B2 (102 <0;asXZy; >0
~ 6 =22 is the MLE of 6.
xn;
(c)

Numerical Method (Newton-Raphson Method):
we need to solve

al(6;y) Yyi—0Y n 363 — 7346
~ et 2 e ——— =
B, 6(1—0) 6(1—0)
Let:
: 363 —7340

[—(2)(734)62 + (2)(363)6 — 363] = [7266 — 146862 — 363]

1
=90 =gz =gy 02(1— 0)?

The iterative procedure for r = 1,2,3, ...:
363 — 7346

6@ )N (1 — ™ —7346™
G — gy _ g(6m) . 616 )2 _ 363 — 7346 :
g(60) 7 72690 — 1468(6™)" — 363 7260 — 1468(6™)" — 363
(60) (1- (6)) 00 (1-00)
We choose the initial value of 8: §(® = 0.4
0 =04 363 — 73400 = 0.4542
7 726(0,4) — 1468(0,42) —363
(0,4)(0,6)
52 — 04542 363 — 734(0.4542) 04760
o 726(0.4542) — 1468(0.4542)2 — 363
(0.4542)(0.5458)
63 =...=04857
6@ = ... = 0.4902
0G) = ... = 0.4924
6®) = ... = 0.4935
6 = ... = 0.4940
6® = ... = 0.4943
6 = ... = 0.4944
610 = ... = 0.4945



Bisection Method:
The likelihood function is

z(e;z)=z In (Zz>+ln(9)z yi +1n (1—9)2 (n; — 1)

~——————
not dep. on 6

Define:

I*(6) = In (e)z yi+1In (1 — 9)2 (n; —y;) = 363In () +371In (1 — 0) = 363In (8) + 371In (1 — 6)

as), y; =363and ), n; = 734.
Let's strat with §(¥ = 0.1 and 6® = 0.9:

(k)

k )

—_— e L

\ 0.l

2 1 o."1

¥
4 "{0.‘4‘73‘3
o | 0.4964
H a,‘fﬁ;t{

12 | 0.449Y4(
?o.“fﬂﬁa]:]

60,4875

/7

{
|
|
|
|

dep. on 6

2% (8™ o Fx)
k.fi%’i"-‘-ql?l 7 &) 8 5
—g92.5041 4 O = _1_9#_.0.;
~50@&. 3300 & gm_- 6" '9{37. 0,3
. . ==
v
- 569.%%5 = O =6_*~ =-eo4
f 2z
i 5y
- 5220298 5 0. 8387 N5
1 2
-5 N.6557% _}5 GC—’Hz gu?f'&mi-_a"-;};
2
- 508.9257 Jﬁ 6L 0267 pane
’ (a % (9
~508FIM s g L Tre L
2

(3) {a)
16 _ Lya4s

- 50%.3345 |5 6”2 0000, ygsy
, ‘ 2 =
~50%, 7275 > 6" 695 oM oYMl
i 2 -
-5 ‘5.:}259 Ly 003) "'L )
SO X
-509:7? 6F«

- 50%. 727 __) 9”‘}:9




