
Sequences and Convergence
Properties of convergence sequences

Monotonic Sequences
Cauchy Criterion

Subsequences
Open and Closed Sets

Introduction to Real Analysis
Sequences

Ibraheem Alolyan

King Saud University

Ibraheem Alolyan Real Analysis



Sequences and Convergence
Properties of convergence sequences

Monotonic Sequences
Cauchy Criterion

Subsequences
Open and Closed Sets

Table of Contents

1 Sequences and Convergence

2 Properties of convergence sequences

3 Monotonic Sequences

4 Cauchy Criterion

5 Subsequences

6 Open and Closed Sets

Ibraheem Alolyan Real Analysis



Sequences and Convergence
Properties of convergence sequences

Monotonic Sequences
Cauchy Criterion

Subsequences
Open and Closed Sets

Sequences and Convergence

Definition
A sequence is a function whose domain is ℕ.

𝑥 ∶ ℕ → ℝ

𝑥(𝑛) = 𝑥𝑛

(𝑥1, 𝑥2, 𝑥3, …)
(𝑥𝑛)∞

𝑛=1

(𝑥𝑛)
{𝑥𝑛 ∶ 𝑛 ∈ ℕ} is the range of the sequence.
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Examples

1 (2) = (2, 2, 2, …)
2 (2𝑛) = (2, 4, 6, …)
3 ((−1)𝑛) = (−1, 1, −1, …) is a sequence whose range is

{−1, 1}
4 ( 1

𝑛) = (1, 1
2 , 1

3 , …)
5 The sequence can be defined by induction

𝑎1 = 1, 𝑎𝑛+1 = 𝑎𝑛 + 1
𝑛, 𝑛 ∈ ℕ
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Convergence

Definition
The sequence (𝑥𝑛) is said to be convergent if there is 𝑥 ∈ ℝ such
that

∀𝜀 > 0 ∃𝑁 ∈ ℕ ∶
|𝑥𝑛 − 𝑥| < 𝜀 ∀𝑛 ≥ 𝑁

and we write
lim

𝑛→∞
𝑥𝑛 = 𝑥

lim 𝑥𝑛 = 𝑥
𝑥𝑛 → 𝑥
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Examples

lim
1
𝑛 = 0

.
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Neighborhood
Definition
If 𝑎 ∈ ℝ then 𝑉 ⊂ ℝ is called a neighboorhood of 𝑎 if there is
𝜀 > 0 such that

(𝑎 − 𝜀, 𝑎 + 𝜀) ⊂ 𝑉

.
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Remarks
If we found 𝑁 ∈ ℕ such that

|𝑥𝑛 − 𝑥| < 𝜀 ∀ 𝑛 ≥ 𝑁
then any number greater than 𝑁 will satisfy the condition.
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Remarks

If we change 𝜀 we might need to change 𝑁 .
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Remarks

If (𝑥𝑛) satisfies for all 𝜀 > 0 there exists 𝑁 ∈ ℕ and a
constant 𝐶 > 0 such that

|𝑥𝑛 − 𝑥| < 𝐶𝜀 ∀ 𝑛 ≥ 𝑁

then 𝑥𝑛 → 𝑥.
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Examples

1 lim
1
2𝑛 = 0

2 lim
3𝑛

5𝑛 + 9 = 3
5

3 ((−1)𝑛)
4 (𝑛)
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Uniquness

Theorem
If the sequence (𝑥𝑛) is convergent then its limit is unique.
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Bounded sequences

Definition
A sequence (𝑥𝑛) is bounded if there is a 𝐾 > 0 such that

|𝑥𝑛| ≤ 𝐾 ∀𝑛 ∈ ℕ

Theorem
If a sequence is convergent then it is bounded.

The converse is not true.
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Algebraic operations on sequences
Theorem
If 𝑥𝑛 → 𝑥 ≠ 0 then there exists 𝑀 > 0 and 𝑁 ∈ ℕ such that

|𝑥𝑛| > 𝑀 ∀𝑛 ≥ 𝑁

.
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Algebraic operations on sequences

Theorem
If (𝑥𝑛) converges to 𝑥 and (𝑦𝑛) converges to 𝑦 then

1 (𝑥𝑛 + 𝑦𝑛) converges to 𝑥 + 𝑦.
2 (𝑥𝑛𝑦𝑛) converges to 𝑥𝑦.
3 If 𝑦𝑛 ≠ 0 for all 𝑛 ∈ ℕ and 𝑦 ≠ 0� then (𝑥𝑛

𝑦𝑛
) converges to 𝑥

𝑦 .
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Convergent Sequences

Theorem
If 𝑥𝑛 → 𝑥 and 𝑦𝑛 → 𝑦 and If

𝑥𝑛 ≤ 𝑦𝑛 ∀𝑛 ∈ ℕ

then 𝑥 ≤ 𝑦
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Squeeze Theorem

Theorem
If

𝑥𝑛 ≤ 𝑦𝑛 ≤ 𝑧𝑛 ∀𝑛 ≥ 𝑁0

and lim 𝑥𝑛 = lim 𝑧𝑛 = 𝑙 then (𝑦𝑛) converges to 𝑙
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Binomial Theorem

(𝑥 + 𝑦)𝑛 =
𝑛

∑
𝑘=0

(𝑛
𝑘)𝑥𝑛−𝑘𝑦𝑘
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Examples
If 𝑥𝑛 → 𝑥 then |𝑥𝑛| → |𝑥|
Is the converse true?

.
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Examples
If 0 < 𝑎 < 1 then lim 𝑎𝑛 = 0

.
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Examples
If 𝑐 > 0 then lim 𝑐 1

𝑛 = 1
.
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Examples
If 𝑥𝑛 ≥ 0 for all 𝑛 ∈ ℕ and 𝑥𝑛 → 𝑥 then √𝑥𝑛 → √𝑥

.
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Examples
lim 𝑛 1

𝑛 = 1
.
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Monotonic sequences

Definition
A sequence (𝑥𝑛) is

1 increasing if
𝑥𝑛+1 ≥ 𝑥𝑛 ∀𝑛 ∈ ℕ

2 strictly increasing if

𝑥𝑛+1 > 𝑥𝑛 ∀𝑛 ∈ ℕ
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Monotonic sequences

Definition
A sequence (𝑥𝑛) is

1 decreasing if

𝑥𝑛+1 ≤ 𝑥𝑛 ∀𝑛 ∈ ℕ

2 strictly decreasing if

𝑥𝑛+1 < 𝑥𝑛 ∀𝑛 ∈ ℕ

if a sequence is increasing or decreasing, it is called monotonic
sequence.
Note: (𝑥𝑛) is increasing iff (−𝑥𝑛) is decreasing

Ibraheem Alolyan Real Analysis



Sequences and Convergence
Properties of convergence sequences

Monotonic Sequences
Cauchy Criterion

Subsequences
Open and Closed Sets

Examples
1 ( 1

𝑛)
2 (𝑛2)
3 ((−1)𝑛)
4 ( (−1)𝑛

𝑛 )
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Monotonic Sequences

Theorem
A monotonic sequence is convergent iff it is bounded.

1 if (𝑥𝑛) is increasing and bounded then

lim 𝑥𝑛 = sup {𝑥𝑛 ∶ 𝑛 ∈ ℕ}

2 If (𝑥𝑛) is decreasing and bounded then

lim 𝑥𝑛 = inf {𝑥𝑛 ∶ 𝑛 ∈ ℕ}
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Examples
Prove that 𝑥1 = 1, 𝑥𝑛+1 = √2𝑥𝑛 is convergent then find its limit

.
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Extended Real Number System

ℝ̄ = ℝ ⋃{−∞, ∞} = [−∞, ∞]
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Cauchy sequence
Definition
A sequence (𝑥𝑛) is called a Cauchy sequence if

∀𝜀 > 0 ∃𝑁 ∈ ℕ ∶
|𝑥𝑛 − 𝑥𝑚| < 𝜀 ∀𝑛, 𝑚 ≥ 𝑁

.
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Cauchy criterion

Theorem
A sequence (𝑥𝑛) is convergent iff it is a Cauchy sequence
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Cluster Point

Definition
1 A point 𝑥 ∈ ℝ is called a cluster (an accumulation) point of

𝐴 ⊂ ℝ if every neighborhood 𝑉 of 𝑥 contains an element in 𝐴
different than 𝑥.
The set of all cluster point is 𝐴.

2 A point in 𝐴 which is not a cluster point of 𝐴 is an isolated
point of 𝐴.
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Cluster Point

Examples
1 {1, 2, 3}
2 ℤ
3 [0, 1)
4 { 1

𝑛 ∶ 𝑛 ∈ ℕ}
5 ℚ
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Bolzano - Weierstrass

Theorem
Every infinite and bounded subset of ℝ has at least one cluster
point in ℝ.
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Cauchy sequences
Examples

Show that
𝑥𝑛 = 2𝑛

3𝑛 + 1
is a Cauchy sequence

.
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Cauchy sequences
Examples

If 𝑥1 = 1, 𝑥2 = 2 ,

𝑥𝑛 = 1
2(𝑥𝑛−1 + 𝑥𝑛−2), 𝑛 = 3, 4, …

Prove that (𝑥𝑛) is convergent.

.
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Subsequence

Definition
If (𝑥𝑛) is a sequence, and (𝑛𝑘) is strictly increasing sequence of
natural numbers

𝑛1 < 𝑛2 < 𝑛3 < …
then the sequence

(𝑥𝑛𝑘
) = (𝑥𝑛1

, 𝑥𝑛2
, …)

is a subsequence of (𝑥𝑛)
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Subsequences

Examples
1 (𝑥4, 𝑥5, 𝑥6, …)
2 (𝑥1, 𝑥3, 𝑥5, …)
3 Is (1

2 , 1, 1
5 , …) a subsequence of ( 1

𝑛)
4 Is (4, 8, 9, …) a subsequence of (2𝑛)
5 ( 1

𝑘2 ) is a subsequence of ( 1
𝑛)
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Subsequence

Theorem
If (𝑥𝑛) converges to 𝑥, then every subsequence of (𝑥𝑛) converges
to 𝑥

Theorem
If (𝑥𝑛) is convergent and has a subsequence that converges to 𝑥,
then (𝑥𝑛) converges to 𝑥

Theorem: Bolzano-Weierstrass
Every bounded sequence has a convergent subsequence.
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Subsequence

Theorem
If (𝑥𝑛) converges to 𝑥, then every subsequence of (𝑥𝑛) converges
to 𝑥

Theorem
If (𝑥𝑛) is convergent and has a subsequence that converges to 𝑥,
then (𝑥𝑛) converges to 𝑥

Theorem: Bolzano-Weierstrass
Every bounded sequence has a convergent subsequence.
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Subsequence

Theorem
If (𝑥𝑛) converges to 𝑥, then every subsequence of (𝑥𝑛) converges
to 𝑥

Theorem
If (𝑥𝑛) is convergent and has a subsequence that converges to 𝑥,
then (𝑥𝑛) converges to 𝑥

Theorem: Bolzano-Weierstrass
Every bounded sequence has a convergent subsequence.
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Open Set

Definition
A set 𝐴 ⊂ ℝ is open if for all 𝑥 ∈ 𝐴 there is 𝜀 > 0 such that
(𝑥 − 𝜀, 𝑥 + 𝜀) ⊂ 𝐴
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Open Sets

Examples
1 (𝑎, 𝑏)
2 ℝ\{𝑦} where 𝑦 ∈ ℝ
3 [𝑎, 𝑏)
4 ℤ
5 ℚ
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Open Sets

Theorem
1 ℝ and 𝜙 are both open
2 Any union of open sets in ℝ is open
3 Any finite intersection of open sets in ℝ is open
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Closed Set

Definition
A set 𝐹 ⊂ ℝ is closed if its complement 𝐴𝑐 is open.
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Closed Sets

Examples
1 [𝑎, 𝑏], [𝑎, ∞), (−∞, 𝑏]
2 [𝑎, 𝑏)
3 ℤ
4 ℚ
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Exercises (Convergent sequences)

1 Use the definition to show that
1 lim2𝑛 − 1

3𝑛 + 2 = 2
3

2 lim 𝑛3 + 1
2𝑛3 + 𝑛 = 1

2 .
2 Prove that lim 𝑥𝑛 = 0 if and only if lim |𝑥𝑛| = 0
3 If the two sequences (𝑥𝑛) and (𝑦𝑛) converge to 𝑐, and we

define the shuffled sequence (𝑧𝑛) by

(𝑧1, 𝑧2, 𝑧3, 𝑧4, … ) = (𝑥1, 𝑦1, 𝑥2, 𝑦2, …)

show that the sequence (𝑧𝑛) also converges to 𝑐
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Exercises (Convergent sequences)
1 Give an example of two sequences (𝑥𝑛) and (𝑦𝑛) such that

(𝑥𝑛 + 𝑦𝑛) is convergent and (𝑥𝑛) is divergent.
2 If the sequences (𝑥𝑛) and (𝑥𝑛 + 𝑦𝑛) are both convergent,

prove that (𝑦𝑛) is also convergent and determine its limit.
Can you state a corresponding result for the sequence
(𝑥𝑛 · 𝑦𝑛)?

3 Give an example of a divergent sequence (𝑥𝑛) such that
(|𝑥𝑛|) is convergent.
When does the convergence of (|𝑥𝑛|) imply the convergence
of (𝑥𝑛),
and what is the relation between lim |𝑥𝑛| and lim 𝑥𝑛 when
both exist?

4 If lim
𝑥𝑛 − 1
𝑥𝑛 + 1 = 0, prove that lim 𝑥𝑛 = 1
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Exercises (Monotonic sequences)

1 Prove that 𝑥𝑛 = 𝑛𝑛
𝑛! is monotonic

2 Prove that each of the following sequences is monotonic and
bounded, then find its limit

1 𝑥1 = 1, 𝑥𝑛+1 = √3 + 𝑥𝑛, for all 𝑛 ∈ ℕ
2 𝑥1 = 1, 𝑥𝑛+1 = 4𝑥𝑛 + 2

𝑥𝑛 + 3 , for all 𝑛 ∈ ℕ

3 Given 𝑥𝑛 = 1
𝑛 + 1

𝑛+1 + … + 1
2𝑛 , prove that (𝑥𝑛) is decreasing

and bounded then conclude it is convergent.
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Exercises (Cauchy criterion)
1 Show by definition that (𝑥𝑛) is a Cauchy sequence

𝑥𝑛 = 5𝑛
𝑛 + 3

2 If (𝑥𝑛) satisfies
|𝑥𝑛+1 − 𝑥𝑛| < 1

2𝑛

prove that (𝑥𝑛) is a Cauchy Sequence.
3 If

𝑥𝑛 =
𝑛

∑
𝑘=1

1
𝑘2

prove that (𝑥𝑛) is a Cauchy sequence.

Ibraheem Alolyan Real Analysis



Sequences and Convergence
Properties of convergence sequences

Monotonic Sequences
Cauchy Criterion

Subsequences
Open and Closed Sets

Exercises (Subsequences)

1 Prove that the sequence (𝑥𝑛) has a convergent subsequence

𝑥𝑛 = (𝑛2 + 20𝑛 + 30) sin(𝑛3)
𝑛2 + 𝑛 + 1

2 Give an example of
1 a sequence with no convergent subsequence
2 an unbounded sequence which has a convergent subsequence

3 If every subsequence of (𝑥𝑛) has a subsequence which
converges to 0, prove that lim 𝑥𝑛 = 0

Ibraheem Alolyan Real Analysis


	Sequences and Convergence
	Properties of convergence sequences
	Monotonic Sequences
	Cauchy Criterion 
	Subsequences 
	Open and Closed Sets

