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In Chapter 3 we defined the dot product of vectors in R", and we used that concept to
define notions of length, angle, distance, and orthogonality. In this chapter we will
generalize those ideas so they are applicable in any vector space, not just R". We will
also discuss various applications of these ideas.

Inner Products

In this section we will use the most important properties of the dot product on R" as
axioms, which, if satisfied by the vectors in a vector space V, will enable us to extend the
notions of length, distance, angle, and perpendicularity to general vector spaces.

In Definition 4 of Section 3.2 we defined the dot product of two vectors in R”, and in
Theorem 3.2.2 we listed four fundamental properties of such products. Our first goal
in this section is to extend the notion of a dot product to general real vector spaces by
using those four properties as axioms. We make the following definition.

DEFINITION 1 An inner product on a real vector space V is a function that associates
a real number (u, v) with each pair of vectors in V in such a way that the following
axioms are satisfied for all vectors u, v, and win V and all scalars k.

@(u, v) = (v, u)

2. (u+v,w) = (u,w) + (v,w)
3. (ku,v) = k{u,v)
(

[Symmetry axiom]
| Additivity axiom ]
| Homogeneity axiom|

v,v) > 0and (v,v) = 0 if and only if v = 0 [Positivity axiom|

4.
A real vector space with an inner product is called a real inner product space.

Because the axioms for a real inner product space are based on properties of the dot
product, these inner product space axioms will be satisfied automatically if we define the
inner product of two vectors u and vin R" to be

(1
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346 Chapter 6 Inner Product Spaces

Note that the standard Eu-
clidean inner product in For-
mula (1) is the special case
of the weighted Euclidean in-
ner product in which all the
weights are 1.

This inner product is commonly called the Euclidean inner product (or the standard inner
product) on R" to distinguish it from other possible inner products that might be defined
on R". We call R" with the Euclidean inner product Euclidean n-space.

Inner products can be used to define notions of norm and distance in a general inner
product space just as we did with dot products in R". Recall from Formulas (11) and (19)
of Section 3.2 that if u and v are vectors in Euclidean n-space, then norm and distance
can be expressed in terms of the dot product as

v =+/v-v and d@u,v) =|lu—v||=+v@—v)-(u—yv)

Motivated by these formulas, we make the following definition.

DEFINITION 2 If V is a real inner product space, then the norm (or length) of a vector
vin V is denoted by ||v|| and is defined by 2

vi=vey = vl = <V, VD
and the distance between two vectors is denoted by d(u, v) and is defined by
d,v) = flu—v|=y{u—v,u—v)

A vector of norm 1 is called a unit vector.

The following theorem, whose proof is left for the exercises, shows that norms and
distances in real inner product spaces have many of the properties that you might expect.

THEOREM 6.1.1 If'u and v are vectors in a real inner product space V, and if k is a
scalar, then:

(a) |Ivll = O with equality if and only if v = 0.
(®) kvl = |&[]Iv]|.

() d(u,v)=d(v,u).

(d) d(u,v) > 0with equality if and only if u = v.

Although the Euclidean inner product is the most important inner product on R",
there are various applications in which it is desirable to modify it by weighting each term
differently. More precisely, if

wla w25 MR ] wl‘l
are positive real numbers, which we will call weights, and if u = (uy, u,, ..., u,) and
v = (v, va, ..., V) are vectors in R", then it can be shown that the formula
(U, v) = wiuivy + wattoVy + -+ + Wk, Uy, )

defines an inner product on R" that we call the weighted Euclidean inner product with
weights wy, wy, ..., Wy,.

RS -—

» EXAMPLE 1 Weighted Euclidean Inner Product

Let u = (u;, u») and v = (vy, v3) be vectors in R?. Verify that the weighted Euclidean
inner product
(u,v) = 3ujvy + 2usv; 3)

satisfies the four inner product axioms. Q L

N
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r\\‘ Solution

In Example 1, we are using
subscripted w’s to denote the
components of the vector w,
not the weights. The weights
are the numbers 3 and 2 in For-
mula (3).

Axiom 1: Interchanging u and v in Formula (3) does not change the sum on the right
side, so (u, v) = (v, u).
Axiom 2: Ifw = (wi, wy), then S
L_ [.-1 S’" utv,w W) =3 +v)wr + 2(ux + vo)wy
= 3wy +viwy) + 2(mows + vowy)
~— — ——
= Guiwy + 2urw,) + Buiwy + 2v,w,)
e—————
= (u,w) +(v,w) — E'\‘/LS
Axiom 3: (ku, v) = 3(ku1)v; + 2(kua)vs
=//|<(3M1U1 + 2us0,)
= k{u,v)

Axiom_4: (v, v) = 3(vivy) + 2(va1n) = 3v% + 2v§ > 0 with equality if and only if
v; = vy = 0, that is, if and only if v=0.""4 °> -~

An Application\of{Weighted
Euclidean Innek Products

<A r\)q> USYS

9> Y @"‘W“*

LN

—

To illustrate one way in which a weighted Euclidean inner product can arise, suppose
that some physical experiment has n possible numerical outcomes

-xla-XZs"'vxn

and that a series of m repetitions of the experiment yields these values with various
frequencies. Specifically, suppose that x; occurs f; times, x, occurs f> times, and so
forth. Since there is a total of m repetitions of the experiment, it follows that

it httfu=m
Thus, the arithmetic average of the observed numerical values (denoted by x) is
- fixit fxa o+ faxn

1
' Hh+H+-+ 1 :E(f1x1+f2x2+"'+fnx,,)

(4)

If we let
f=fi. foroios f)
X:(XI,XZ,...,Xn)
w1=w2="'=wn=1/m

then (4) can be expressed as the weighted Euclidean inner product

x = x) =w fix;i +wrfoxa+ -+ wy fux,

P> EXAMPLE 2 Calculating with aWeighted Euclidean Inner Product

Itisimportant to keep in mind that norm and distance depend on the inner product being
used. If the inner product is changed, then the norms and distances between vectors also
change. For example, for the vectors u = (1, 0) and v = (0, 1) in R? with the Euclidean
inner product we have

-N = \/'_\
> <\Lr\)~> ;IIUI|=VE+Q_2:@ w-N C__.>
and
du,v) = |lu—v|| = ||(1 Dl =12+ (- 1)2—\/_

but if we change to the weighted Euchdean inner product

(u,v) = 3ujv; + 2usrvy

we have
lall = (u,w)"? = 3OO + 200001 % V3

—_ o

{3



348 Chapter 6 Inner Product Spaces

Unit Circles and Spheres in
Inner Product Spaces

f flufl =1 ‘
\

(a) The unit circle using
the standard Euclidean
inner product.

ey
=

(b) The unit circle using
a weighted Euclidean
inner product.

Figure 6.1.1

Inner Products Generated
by Matrices

L/unweighted Euclidean eyes.” <

and
d(u,v) = lu—v|| = (1, =1, 1, =1)2

=BOM) +2(=D(=D]"* =5 <«

DEFINITION 3 If V is an inner product space, then the set of points in V that satisfy
llulf =1

is called the unit sphere or sometimes the unit circle in V.

EXAMPLE 3 Unusual Unit Circles in R?
a) Sketch the unit circle in an xy-coordinate system in R? using the Euclidean inner
product (u, v) = uv; + upv,.

ketch the unit circle in an xy-coordinate system in £/ using the weighted Euclidean

r product (u, v) = éulvl + }‘uzvz.

(Figure 6.1.1a).

Solution (b) Ifu = (x, y), the

. . . l 2 l 2
unit circle is /5 x° + 7y° =

The graph of this equation is the ellipse shown in Figure 6.1.15. Though this may seem
odd when viewed geometrically, it makes sense algebraically since all points on the ellipse
are 1 unit away from the origin relative to the given weighted Euclidean inner product. In
short, weighting has the effect of distorting the space that we are used to seeing through

13

The Euclidean inner product and the weighted Euclidean inner products are special cases
of a general class of inner products on R”" called matrix inner products. To define this
class of inner products, let u and v be vectors in R” that are expressed in column form,
and let A be an invertible n x n matrix. It can be shown (Exercise 47) that if u - v is the
Euclidean inner product on R”, then the formula

also defines an inner product; it is called the inner product on R" generated by A.
Recall from Table 1 of Section 3.2 that if w and v are in column form, then u - v can
be written as v'u from which it follows that (5) can_be expressed as

(u, v) A

—

- \/TATA w (/




Every diagonal matrix with
positive diagonal entries gen-
erates a weighted inner prod-
uct. Why?

Other Examples of Inner
Products

\

N
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or equivalently as
(u,v) = v/ATAu (6)

—

P> EXAMPLE 4 Matrices Generating Weighted Euclidean Inner Products

The standard Euclidean and weighted Euclidean inner products are special cases of
matrix inner products. The standard Euclidean inner product on R" is generated by the
n x n identity matrix, since setting A = [ in Formula (5) yields

(u,v) =Iu-Iv=u-v
and the weighted Euclidean inner product
(u, v) =@1v1 + warovy + -+ Wyl Uy ()

is generated by the matrix

This can be seen by observing that A’A is the n x n diagonal matrix whose diagonal
entries are the weights wy, ws, ..., w,.

we=? Wit

» EXAMPLE 5 Example 1 Revisited

The weighted Euclidean inner product {u, v) = 3u;v; 4 2u,v,|discussed in Example 1
is the inner product on R? generated by

=[E-

So far, we have only considered examples of inner products on R". We will now consider
examples of inner products on some of the other kinds of vector spaces that we discussed
earlier.

P EXAMPLE 6 The Standard Inner Product on M,

Ifu = U and v = V are matrices in the vector space M,,,, then the formula
(u,v) = tr(U'V) (8)

defines an inner product on M,,, called the standard inner product on that space (see
Definition 8 of Section 1.3 for a definition of trace). This can be proved by confirming
that the four inner product space axioms are satisfied, but we can see why this is so by

\ \ L \computing (8) for the 2 x 2 matrices

U=|:u1 u2i| and V=|:v1 v2:|
- usz Uy U3 U4

This yields
=

4y



350 Chapter 6 Inner Product Spaces

which is just the dot product of the corresponding entries in the two matrices. And it
follows from this that

For example, if U

P LR R e
U=V =5 4 YTV EL 3

lull = V/{u, u) = Vr(UTU) = \/”%Jru% +ui+uj

then —— L/LT”\J = K/QZ é
(u,v) = tr(UTV) = 1(=1) +200) + 33) + 4@ {16 ) Q@ &
and — @

-
ul = VEW = VRO = T = v (W)
IVl = V¥ = Vur(VIV) = /(-1)2 + 02 + 32 + 22 = /14 1/ =\

» EXAMPLE 7 The Standard Inner Product on P,

If
p=ay+ax+---+a,x" and q=by+bx+- -+ b,x"

are polynomials in P,, then the following formula defines an inner product on P, (verify)
that we will call the standard inner product on this space:

(p,q) = aoby +aiby + --- + ayb, 9)

The norm of a polynomial p relative to this inner product is

Ipll = v/pop) = Jad +ai + - + a2

» EXAMPLE 8 The Evaluation Inner Product on P,
If

=px)=ap+ax+---+a,x" and q=qx)=by+bix + -+ byx"

are polynomials in P,, and if xo, xq, ..
points), then the formula

., X, are disgnct real numbers (called sample

+ -4 plxn)g(xy) (10

aluation inner product at xg, x|, ..., X,.
duct in R" of the n-tuples

(p. q) = p(x0)q (xo) +RM™*1G (%

defines an inner product on P, called the
Algebraically, this can be viewed as the dot

(p(x0), p(x1), ..., p(xn)) (xX0), q(x1), ..., q(x))

and hence the first three inner product axioms followXrom properties of the dot product.
The fourth inner product axiom follows from the fact\that

(p. ) = [po)l’ + [P + - +Tpx)* = 0
with equality holding if and only if
pfxo) = p(x1) =---=plx) =0

But a nonzero polynomial of degree n or less can have at most n distinct roots, so it must
be that p = 0, which proves that the fourth inner product axiom holds.

R
b
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The norm of a p&l{nomial p relative to the evaluation imyer product is

P = VIpGo) R+ [p) P + - f + [px) (11)

Ipll =

P> EXAMPLE 9 Working with the Evaluation Inner Product
Let P, have the evaluation inper product at the points
X0 —2, X = O, and 2 = 2

Compute (p, q) and ||p|| for the\polynomials p = p(¥) = x> and q = g(x) = 1 + x.

Sowtion It follows from (10) and (11) that
(P, q) = p(—=2)q(=2) + p(0)§(0) + pg(P) = @ (=) + O)(1) + ) (3) =8
Ipl = VIpGo) 2+ [P VIP(=DP +[pO)F + [pQ)P

VT T8 =/ =42

CALCULUS REQUIRED » EXAMPLE 10 An Integral Inner/Product on C[a, b]
Letf = f(x) and g = g(x) be two fungdtions in C[a, b] and define

(12)

b
Axiom 3: (kf, g) = / kf(x)g(x)dx = k/ fx)g(x)dx = k{f, g)

Axiom 4: If f = f(¥) is any function in C[a, b], then

b
(£.1) = f £ dx =0 (13)

since f2(x) > ( for all x in the interval [a, b]. Moreover, because f is continuous on
[a, b], the equality in Formula (13) holds if and only if the function f is identically zero
on [a, b], that is, if and only if f = 0; and this proves that Axiom 4 holds.

CALCULUS REQUIRED P EXAMPLE 11 Norm of aVector in Cla, b]

If Cla, b] has the inner product that was defined in Example 10, then the norm of a
ction f = f(x) relative to this inner product is

b
Il = (.02 = / F20x) dx (14)

a
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and the unit sphere in this space consists of all fu
equation

ons fin Cla, b] that satisfy the

1+ [f'(x)]>dx (15)

Do not confuse this concept of arc length wit
viewed as a vector in C|a, b]. Formulas (14) an

[If]|, which is the length (norm) of f when f is

15) have different meanings.

Algebraic Properties of ~ The following theorem lists some of the algebraic properties of inner products that follow
Inner Products  from the inner product axioms. This result is a generalization of Theorem 3.2.3, which
applied only to the dot product on R".

THEOREM 6.1.2 [f'u, v, and w are vectors in a real inner product space V, and if k is a
scalar, then: V\\k""b e,

Proof We will prove part (b) and leave the proofs of the remaining parts as exercises.
(u, v+ w) = (v+w,u) [ By symmetry|

= (v, u) + (w, u) [By additivity]
= (u, V) + (u, w) [Bysymmetry]

The following example illustrates how Theorem 6.1.2 and the defining properties of
inner products can be used to perform algebraic computations with inner products. As
you read through the example, you will find it instructive to justify the steps.

» EXAMPLE 12 Calculating with Inner Products

(u — 2v, 3u+ 4v) = (u, 3u + 4v) — (2v, 3u + 4v)
= (u, 3u) + (u, 4v) — (2v, 3u) — (2v, 4v)
= 3(u, u) + 4(u, v) — 6(v,u) — &(v, v)
= 3|lull* + 4(u, v) — 6(u, v) — 8|
= 3lull* = 2(u,v) — 8||v|* <




» EXAMPLE 12 Calculating with Inner Products

_ ®

(U—ZV, 3u_|_4V> = <\/(~'Z\f/3u> _\, <U\,.2f\/7b{.\[>
@

= <UH53UD —<%\'/%\N> A LU MV D ”<&\{,/:\i>

2N, YN D
> WA WP SN PRV 5>

= 3<U,U> — £ <N Uy 4 HLMNT - RN,V

LUND =N A
AN

s 3 <UU> — 9 LUN) — R <N,V

= 3wl —g 2> g VLT




Exercise Set 6.1
1. Let R? have the weighted Euclidean inner product
(u, v) = 2u vy + 3u,v;
andletu=(1,1),v=(3,2),w= (0, —1), and k = 3. Com-
pute the stated quantities.
(@) (u,v) (b) (kv, w)
(d) vl (e) d(u,v)

2. Follow the directions of Exercise 1 using the weighted Eu-
clidean inner product

(©) (utv.w
() llu—kv|

(u,v) = %”Ivl + Su,v,

In Exercises 3-4, compute the quantities in parts (a)—(f) of
Exercise 1 using the inner product on R? generated by A.

2 1 1 0
3.A= 4. A =
o N

In Exercises 5-6, find a matrix that generates the stated
weighted inner product on R

5. (u,v) = 2u vy + 3u,v, 6. (u,v) = %uw. + Su,v,

In Exercises 7-8, use the inner product on R? generated by the
matrix A to find (u, v) for the vectorsu = (0, —3) and v = (6, 2).

4 1 2 1
7. A= 8. A=
. BN

In Exercises 9-10, compute the standard inner product on M,
of the given matrices.

9U_3—2 V_—13
T4 8] 1
1OU_le_46
T =3 051 " T o o8

In Exercises 11-12, find the standard inner product on P, of
the given polynomials.

1l.p=—-2+4+x+3x% q=4—7x?
12. p=—5+2x +x%, q =3+ 2x — 4x

In Exercises 13-14, a weighted Euclidean inner product on
R? is given for the vectors u = (u;, u») and v = (v;, v,). Find a
matrix that generates it.

13. (u, v) = 3u vy + Su,rv, 14. (u, v) = 4u v, + 6u,v,

In Exercises 15-16, a sequence of sample points is given. Use
the evaluation inner product on P; at those sample points to find
(p, q) for the polynomials

p=x+x> and q=1+x>

6.1 Inner Products 353

15.)(02—2, )C1=—1, )CZZO, )C3=1
16.)60:—1, X1=0, .X2=1, X3=2

In Exercises 17-18, find ||u|| and d (u, v) relative to the weighted
Euclidean inner product (u, v) = 2u;v; + 3u,v, on R

17.u=(-3,2)andv=(1,7)
18. u=(—1,2)andv=(2,5)

In Exercises 19-20, find || p|| and d (p, q) relative to the standard
inner product on P,.

19. p=—2+x +3x% q=4—"7x?
20. p= —5+2x +x%, q=3+2x —4x?

In Exercises 21-22, find ||U || and d (U, V) relative to the stan-
dard inner product on M>;.

3 =2 -1 3
21. U = L V=
MR
0 U= 1 2 v—4 6
T =3 517 T lo 8

In Exercises 23-24, let
p=x+x’ and q=1+x?

Find ||p|| and d(p, q) relative to the evaluation inner product on
P; at the stated sample points.

23.)60:—2, )C1=—1, X2=0, )C3=1
24.X0=—1, X1=0, X2=1, X3=2

In Exercises 25-26, find ||u|| and d (u, v) for the vectors
u=(—1,2) and v = (2, 5) relative to the inner product on R>

generated by the matrix A.
1 2
26. A =
-1 3

4 0
25. A =
305

In Exercises 27-28, suppose that u, v, and w are vectors in an
inner product space such that

(,v) =2, (v,w) =—-6, (u,w)=-3
lull =1, vl =2, lwll =7
Evaluate the given expression.
27. (a) (2v—w, 3u + 2w) (b) [Ju+v|
28. (a) (u—v—2w,4u+v) (b) 12w — vl

In Exercises 29-30, sketch the unit circle in R? using the given
inner product.

29. (u,v) = fugvi + jzuovy 30 (u,v) = 2u1v; + upv;
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In Exercises 31-32, find a weighted Euclidean inner product
on R? for which the “unit circle” is the ellipse shown in the accom-
panying figure.

31. 32. y

3

T

Figure Ex-31

lw

Figure Ex-31

In Exercises 33-34, let u = (uy, u», u3) and v = (vy, vs, v3).
Show that the expression does not define an inner product on R?,
and list all inner product axioms that fail to hold.

2,2 2,2 2,2
33. (u,v) = ujv; + uzv; + uzv;
34, (u, V) = u1v; — UVr + U3

In Exercises 35-36, suppose that u and v are vectors in an in-
ner product space. Rewrite the given expression in terms of (u, v),
2, 2
lull, and [Iv]I*.

35. 2v —4u, u — 3v) 36. (5u+ 6v, 4v — 3u)

37. (Calculus required) Let the vector space P, have the inner
product

p.q) = /11 p(x)q(x)dx
Find the following for p = 1 and q = x7.
(@) (p.q) (b) d(p. @)
© lpll (d) llql

38. (Calculus required) Let the vector space P; have the inner
product

P q) = fll p(x)q(x)dx
Find the following for p = 2x3 and q = 1 — x>,
(b) d(p, q)
(d) llqll

(@) (p. @)
© Ipll

(Calculus required) In Exericses 39-40, use the inner product
1
(f.g) = / F)g)dx
0
on C[0, 1] to compute (f, g).

39. f=cos2nx, g=sin2rx 40.f=x, g=¢"

Working with Proofs
41. Prove parts (a) and (b) of Theorem 6.1.1.

42. Prove parts (c¢) and (d) of Theorem 6.1.1.

43. (a) Letu = (11, up) and v = (v, v,). Prove that
(u, v) = 3u; v, + Su,v, defines an inner product on R? by
showing that the inner product axioms hold.

(b) What conditions must k; and k, satisfy for
(u, v) = kjuv; + kyupv, to define an inner product on
R?? Justify your answer.

44. Prove that the following identity holds for vectors in any inner
product space.

1 1
(wv) = gllu+ v = gllu—v|?

45. Prove that the following identity holds for vectors in any inner
product space.

w17+ lu = vII> = 2]Jull* + 2||v||?

46. The definition of a complex vector space was given in the first
margin note in Section 4.1. The definition of a complex inner
product on a complex vector space V is identical to that in
Definition 1 except that scalars are allowed to be complex
numbers, and Axiom 1 is replaced by (u,v) = (v,u). The
remaining axioms are unchanged. A complex vector space
with a complex inner product is called a complex inner product
space. Prove that if V is a complex inner product space, then
(u, kv) = k{u, v).

47. Prove that Formula (5) defines an inner product on R".

48. (a) Prove thatif'vis a fixed vector in a real inner product space
V, then the mapping 7: V — R defined by T'(x) = (x, V)
is a linear transformation.

(b) Let V = R® have the Euclidean inner product, and let
v=(1,0,2). Compute T(1, 1, 1).

(c) Let V = P, have the standard inner product, and let
v =1+ x. Compute T (x + x?).

(d) Let V = P, have the evaluation inner product at the points
xo=1,x, =0, x=—1, and let v=1+ x. Compute
T(x + x?).

True-False Exercises

TF. In parts (a)-(g) determine whether the statement is true or
false, and justify your answer.

(a) The dot product on R? is an example of a weighted inner
product.

(b) The inner product of two vectors cannot be a negative real
number.

(©) (u,v+w) = (v,u) + (w,u).

(d) (ku, kv) = k*(u, v).

(e) If (u,v) = 0, thenu = 0 or v = 0.
(f) If [v]> = 0, then v = 0.

(g) If Aisann x n matrix, then (u, v) = Au - Avdefines an inner
product on R”.



