STAT415
probability(2)

part4 —problems from SOA




29. The number of days that elapse between the beginning of a calendar year and the moment
a high-risk driver 1s involved 1n an accident is exponentially distributed. An insurance
company expects that 30% of high-risk drivers will be involved in an accident during the
first 50 days of a calendar year.

Calculate the portion of high-risk drivers are expected to be involved in an accident
during the first 80 days of a calendar year.

(A)  0.15
(B) 0.34
(C) 043
(D) 0.57

(E)  0.66




29. Solution: C

Let T denote the number of days that elapse before a high-risk driver is involved in an accident.
Then T 1s exponentially distributed with unknown parameter A. We are given that

50
03=PIT <50]= [ 4e™dr=—e™*
0

50 =304

=]-e

0

Therefore, e="* =0.7 and 2 =—(1/50)In(0.7).
Then,

80
PIT<80]=[Ae dr=—e"" =1-¢™" _
ﬂ i —
0

— 1_ E(Eﬂfﬁﬂ)ln[{]?] — 1 _0;78;"5 — 0435




33.  The loss due to a fire in a commercial building 1s modeled by a random variable X with
density function
0.005(20-x), 0<x<20

0, otherwise.

f(x)—{

Given that a fire loss exceeds 8, calculate the probability that it exceeds 16.

(A) 1725
(B) 1/9
(C) 1/8
(D) 173

E)  3/7




33. Solution: B

P[X > x] =J' 200.005(20—!)&’! = 0.005[20:—5:2]

20
X

= 0.005(400— 200—-20x + %x‘?) = 0.005(200 - 20x+%x2)

where 0 < x < 20. Therefore,
P[x >16] 200-20(16)+ !/ (16)" g

Pl X>16|X>8|=

1
P[X >8] 200-208)+ 158 72 9




34.  The lifetime of a machine part has a continuous distribution on the interval (0, 40) with
probability density function f{x), where f{x) is proportional to (10 + x)~% on the interval.

Calculate the probability that the lifetime of the machine part 1s less than 6.

(A) 004
B) 0.15
(C) 047
(
(

D) 053
E) 094




34. Solution: C

We know the density has the form C (10 +x)_2 for 0 <x <40 (equals zero otherwise). First,

determine the proportionality constant C.

40
1:EDC(10+x)_2dx=—C(10+x)“‘ L2 C
0

10 50 25
So C'=25/2 or 12.5. Then, calculate the probability over the interval (0, 6):

6 | |
_ 12.5[___}0.41
0 10 16

12.5["(10+x) 7 dx =—12.5(10+x)’




36. A group insurance policy covers the medical claims of the employees of a small
company. The value, V, of the claims made in one year is described by

V=100,000Y

where Y 1s a random variable with density function

k(1-y)*, 0<y<l
0, otherwise

f(y)={

where k 1s a constant.

Calculate the conditional probability that " exceeds 40,000, given that J exceeds 10,000.

(A)  0.08
(B) 0.13
(C) 0.17
(D) 020

b



36. Solution: B

Todeterminek

k
1=1=| k(1 d———l =—.S0k=5
I fy ( )| 5 SO

0

We next need to find P[V:“:»- 10,000] = P[100,000 ¥ > 10,000] = P[¥ > 0.1], which is
j y)'dy=—(1- ~0.9° =0.59 and P[V > 40.000] which is

js dy=—(1-

PV >40,000|V >10,000]=

=0.6>=0.078. Then,
4

PV >40,000n} >10,000] PV >40,000] 0.078 0.132

P[V >10,000] ~ P[V >10,000] 0.590




37.  The lifetime of a printer costing 200 1s exponentially distributed with mean 2 years. The
manufacturer agrees to pay a full refund to a buyer if the printer fails during the first year
following its purchase, a one-half refund 1f 1t fails during the second year, and no refund
for failure after the second year.

Calculate the expected total amount of refunds from the sale of 100 printers.

(A) 6321
(B) 7358
(C) 7869
(D) 10256

(E) 12,642




37. Solution: D

Let 7 denote printer lifetime. The distribution function is F(¢)=1-e™"*. The probability of
failure in the first year 1s (1) = 0.3935 and the probability of failure in the second year is F(2) —
F(1)=0.6321 -0.3935 =0.2386. Of 100 printers, the expected number of failures 1s 39.35 and
23.86 for the two periods. The total expected cost 1s 200(39.35) + 100(23.86) = 10,256.




38.  An insurance company insures a large number of homes. The insured value, X, of a
randomly selected home is assumed to follow a distribution with density function

3x7, x>1

o]

0, otherwise.

Given that a randomly selected home 1s insured for at least 1.5, calcuate the probability
that 1t 1s insured for less than 2.

(A) 0578
(B) 0.684
(C) 0.704
(D) 0.829
(E) 0.875



38. Solution: A

The distribution function is F(x)=P[.X <x]= 1""' 3"dt=—1"| =1-x. Then,
P|(X <2)and (X >21.5)] P[X <2]-Pr[X<1.5]
P[X >15] Pr[.X >1.5]

—_ —_— _3 —_— —_ _3 —_—
_F@-F(.5) _(1-27)-(1-15") _-1/8+8/27 37 _ ..

P[X <2| X >15]=

1— F(1.5) [-(1-1.57) 8/27 64




40. An insurance policy pays for a random loss X subject to a deductible of C, where

0 <C<1. The loss amount 1s modeled as a continuous random variable with density
function

2x, O<x<l

f(X)—{

0, otherwise.

Given a random loss X, the probability that the insurance payment is less than 0.5 is equal
to 0.64.

Calculate C.

(A) 0.1
(B) 03
(C) 04
(D) 0.6
(E) 08



40. Solution: B

Denote the insurance payment by the random variable Y. Then
{ 0 if 0<X<C

X-C 1t C<X«<lI
We are given that

0.64=P[Y <0.5]= P0< X <05+C]=[ " 2xdr=x’

0.5+C

=(0.5+C)".

0

The quadratic equation has roots at C = 0.3 and 1.3. Because C must be less than 1, the solution
1s C=0.3.



45.  Let X be a continuous random variable with density function

1
fw={10° ==
0,  otherwise.

Calculate the expected value of X

(A)  1/5
(B)  3/5
C) 1

(D)  28/15

(E)  12/5




45. Solution: D

3 4
E(X)= ﬂx—dx+j4xidx:_x_ X __8 64 56_28

° 10 30 30 30 30 30 15

-2 0




55.  Aninsurance company’s monthly claims are modeled by a continuous, positive random

variable X, whose probability density function is proportional to (1 + x)™, for 0 <x <o0.
Calculate the company’s expected monthly claims.

(A)  1/6
(B) 1/3
(C) 172
(D) 1

(E) 3




55. Solution: C

1= | k 4dx=-5 L K andsok=3.
- (1+x) 3(+x)|, 3

The expected value 1s (where the substitution # =1 + x 1s used.

[ S = [ 3= du=3u"/(-2)-3u"/(-3) =3/2-1=1/2

X
(1+x)
Integration by parts may also be used.




Book : chapter3 page 92

The (100p)th percentile is a number 7, such that the area under f(x) to the left
of mp 1s p. That 1s,

p= " fe)dv=Fe,)

The 50th percentile is called the median. We let m = m509. The 25th and 75th per-
centiles are called the first and third quartiles, respectively, and are denoted by
q1 = myos and g3 = mg75. Of course, the median m = mys59 = ¢, 1s also called
the second quartile.




59.  Annsurer's annual weather-related loss, X, 1s a random variable with density function

(2.5(200)%°
f(x)=+ x> 5

0, otherwise.

x> 200

.

Calculate the difference between the 30™ and 70" percentiles of X.

(A) 35
(B) 93
(C) 124
(D) 231

(E) 298




59. Solution: B

The distribution function of X 1s

25 B 25 | 25
o= [, 230007 4 GO0 Q0%
2 . 52
The pth percentile x, of X 1s given by
P (200)15
L = F =]1- -
TR >
25
~001p= 220
P
2
(1-0.01p)** = 200
X
p
v = 200
7 (1-0.01p)™*
It follows that x., —x,, = 200 200 =93.06 .

0.30)**  (0.70)"*




62. A random variable X has the cumulative distribution function

0, x<1
2_
F(x)=1% i”z, I<x<?2
1, x2>2.

Calculate the variance of X.

(A) 772
(B) 1/8
(C)  5/36
(D)  4/3
(E)  23/12



62. Solution: C

First note that the distribution function jumps 2 at x = 1, so there is discrete probability at that
point. From 1 to 2, the density function 1s the derivative of the distribution function, x — 1. Then,

i, 3 2
E{X}=l{1]+f_]‘[j—l]fir=l+ I—I— =1+E_i_l+l=4_
2 ! 23 2) 23232 3
4 1y|?
E{Xg}z1{1}24—[211[1—”;;"1:11- I__'T_ =1+E—E_l+l=2
2 - 2 (4 3) 2 4 3 43 |
13 4Y 23 16 5
Var(X)=E(X))-[E(X 2l ==2_20_2
ar(X) = EQX) - [ }] (3) 12 9 36




63. The warranty on a machine specifies that it will be replaced at failure or age 4, whichever
occurs first. The machine’s age at failure, X, has density function

1/5, O0<x<5
0, otherwise.

f(-x)—{

Let Y be the age of the machine at the time of replacement.

Calculate the variance of Y.

(A) 13
(B) 14
(C) 17
(D) 2.1
(E) 75



63. Solution: C

4 5 2 4
E[Y]= jﬂ x(0.2)dx + L 402)dx=0.1x*| +0.8=24
2 ) > 12 3[4
E[Y ]=j X (0.2)dx+j 4(0.2)dx =(0.2/3)x°| +3.2=7.46667
Var[Y]= E[Y?]-(E[Y])" =7.46667-2.4> =1.707

E(min(X, k)) — /0 " min(z, k) f(z) da

/[;ka:f(a:)da:Jrk/km f(z)da




68.  An insurance policy reimburses dental expense, X, up to a maximum benefit of 250. The
probability density function for X 1s:

-0.004
ce * x>0

el

0, otherwise
where ¢ 1s a constant.

Calculate the median benefit for this policy.

(A) 161
(B) 165
C) 173
(D) 182

(E) 250




68. Solution: C

X has an exponential distribution. Therefore, ¢ = 0.004 and the distribution function 1s
F(x)=1-e""*" . For the moment, ignore the maximum benefit. The median is the solution to

0.5=F(m)=1-e""" whichis m=-250In(0.5)=173.29. Because this is below the

maximum benefit, it 1s the median regardless of the existence of the maximum. Note that had the
question asked for a percentile such that the solution without the maximum exceeds 250, then the
answer 18 250.




69.  The time to failure of a component in an electronic device has an exponential distribution
with a median of four hours.

Calculate the probability that the component will work without failing for at least five

hours.

(A) 0.07
(B) 0.29
(C) 0.38
(D) 042

(By 057




69. Solution: D

The distribution function of an exponential random variable, 7, is F(f)=1-¢"?, t>0. Witha
median of four hours, 0.5=F(4)=1-¢"’ and so 8 =—-4/1In(0.5). The probability the
component works for at least five hours is P[T'>5]=1-F(5)=1-1+¢""""* =0.5"* =0.42.




157. Let X be a continuous random variable with density function

f(x)=1 x"

0, otherwise

Calculate the value of p such that £(X) = 2.

(A) 1
(B) 25
©€) 3
(D) 5

(E)  There 1s no such p.




157. Solution: C

E(X)= fxpx—;ldx =(p-1| x"dx

oD

-
IF

(p-1) _r-l,

z_p] p_‘?‘
p-l=2p-2)=2p-4
p=3




178. The proportion X of yearly dental claims that exceed 200 1s a random variable with
probability density function

60x’(1-x)*, 0<x<l1
0, otherwise.

f(X)={

Calculate Var[X/(1 — X)]

(A)  149/900

(B)  10/7
(C) 6
(D) 8

(E) 10




178. Solution: C

(X 2 L 4 5 6 1
EL\1 X] 6OI (l—x) dx=60J.ﬂx (I-x)dx=60(x"/5—x /6)‘U=60(1/5—1/6)=2

2 2
E[LJ =60j’ T2 (1-x)dv =60 x’dv=60(x*/6) =60(1/6)=10
1-x 0 (1-x) 0 0

Var( X J=10—2‘?’=6
1-X




193. The lifespan, in years, of a certain computer 1s exponentially distributed. The probability
that its lifespan exceeds four years 1s 0.30.

Let flx) represent the density function of the computer’s lifespan, in years, for x > 0.

Determine which of the following i1s an expression for f{x).

(A)  1-(0.3)7/4
(B) 1-(0.7)"
(C)  1-(0.3)"

D) 07 g7y

In

0.3 x/4
0.3
; (03

(E) -



193. Solution: E

The cumulative distribution function for the exponential distribution of the lifespan 1s
F(x)=1-¢e*, for positive x.
The probability that the lifespan exceeds 4 years is0.3=1-F(4)=¢"*. ThusA=—(In0.3)/4.

For positive x, the probability density function 1s
B In0.3 (In03)x/4 _ In0.3

f(x)=Ae™ = ¢ y (0.3,




194. The lifetime of a light bulb has density function, f, where f{x) 1s proportional to

2
X

1+ x

-, 0<x<5,and 0, otherwise.

Calculate the mode of this distribution.

(A) 0.0
(B)  0.79
(C) 126
(D)  4.42

(E) 5.00




194. Solution: C

It 1s not necessary to determine the constant of proportionality. Let it be ¢. To determine the
mode, set the derivative of the density function equal to zero and solve.

0= f'(x)= % cx’(1+x°) " =2ex(1+x°) " +ex’[-(1+x°) " 3x°

=2ex(l+x°)=3cx*  (multiplying by (1+x7)?)

=2ex+2ex’ = 3ex* =2ex — ox*
=2-x=>x=2" =126




195. An insurer’s medical reimbursements have density function f, where f{x) 1s proportional
to

— 2 .
xe ,for 0 <x <1, and 0, otherwise.

Calculate the mode of the medical reimbursements.

(A)  0.00
(B)  0.50
(C) 0.7
(D)  0.84

(E)  1.00




195. Solution: C

It 1s not necessary to determine the constant of proportionality. Let it be ¢. To determine the
mode, set the derivative of the density function equal to zero and solve.

0= f(x)= icxe—f =ce™ — {:Jc(ZJc)w:-:*_J‘1 =ce™ (1-2x%)

=1 —23:2 (mlﬂtlplymg by Cexl )
> X =(1!2)1;’2 =071




215.  The distribution of the size of claims paid under an insurance policy has probability
density function

f(x)z{cx“, 0<x<5

0, otherwise,

Where a >0 and ¢ > 0.

For a randomly selected claim, the probability that the size of the claim is less than 3.75
1s 0.4871.

Calculate the probability that the size of a randomly selected claim is greater than 4.

(A)  0.404
(B)  0.428
(C)  0.500
(D) 0.572
(E)  0.596



215. Solution: B

et gy

= Cc= [
a+1 §a+

. . : 3
Because the density function must integrate to 1,1= .[0 cxdx=c

From the given probability,

375 a+l a+1 | a+l
04371:_[ Cxﬂdx=£_3,75 =a+13+75 _ 3.75
0 a+1 59t1 g41 5

In(0.4871)=-0.71929 = (a+1)In(3.75/5) =-0.28768(a+1)
a=(-0.71929)/(-0.28768)-1=1.5.
The probability of a claim exceeding 4 1s,

a+l  qa+l a+l  ja+l 1.5+1
S S =1-[§J = 042757

Iscxadx=c

4 a+1 501 g4l




190. A certain brand of refrigerator has a useful life that is normally distributed with mean 10
years and standard deviation 3 years. The useful lives of these refrigerators are
independent.

Calculate the probability that the total useful life of two randomly selected refrigerators
will exceed 1.9 times the useful life of a third randomly selected refrigerator.

(A)  0.407
(B)  0.444
(C)  0.556
(D)  0.593

(E) 0.604




190. Solution: C

Let X, Y, and Z be the three lifetimes. We want

P(X+Y>192Z)=PW=X+Y-192>0).

A linear combination of independent normal variables 1s also normal. In this case # has a mean
of 10+ 10-1.9(10) =1 and a variance of 9+ 9 + 1.9(1.9)(9) = 50.49 for a standard deviation of
7.106.

Then the desired probability is that a standard normal variable exceeds (0 — 1)/7.106 =—0.141.
Interpolating in the normal tables gives 0.5557 + (0.5596 — 0.5557)(0.1) = 0.5561, which rounds

to 0.556.




175. An insurance company’s annual profit is normally distributed with mean 100 and
variance 400.

Let Z be normally distributed with mean 0 and variance 1 and let F be the cumulative
distribution function of Z.

Determine the probability that the company’s profit in a year 1s at most 60, given that the
profit in the year 1s positive.

(A) 1-F(2)
(B)  FQ2)F{(5)

(C)  [1-F2)JF5)

(D) [F(0.25) - F(0.1)]/F(0.25)

(E)  [F5) - F2)VF5)



175. Solution: E

The profit variable X 1s normal with mean 100 and standard deviation 20. Then,

[0-100 60—100)

P </ <

P(X <60|X >0)= P(0<X <60) _ 20 20 ) _F(=2)-F(-5)
B P(X > 0) P[Z}O—IOO) - F(=5)

For the normal distribution, /{—x) = 1 — F{(x) and so the answer can be rewritten as
[1-F(2)=-1+FOS)/[1 =1+ F05)]=[F(5)-F (2)|/F(5).
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