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Riemann Integrability

Partition

We assume f : [a,b] — R is bounded.

A finite order set of points P = {z(, zy, %y, ..., 2, } is called a
partition of [a, b] if

a=2) <2 <xy<..<z,=0b

For0<i<n-—1, let
M; = sup{f(z) : x € [z, 7;,,]}

m; = inf{f(z) : & € [z}, ;,4]}
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Riemann Integrability

Partition

M; =sup{f(z):x € [x;,7;,4]}
m; = inf{ f(z) : v € [z;,2,,4]}
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Riemann Integrability

Upper and Lower sums

Definition
The upper sum U(f, P) and the lower sum L(f, P) of f with
respect to P are defined as

U(f,pP)= ZMi(%H — ;)

n—1
L(f,P) = Zmi(xi+1 — ;)
i=0
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Riemann Integrability

Upper and Lower sums
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Riemann Integrability

Upper and Lower sums

Note

o
L(f,P) <U(f, P)

Q If f >0 then

L(f,P) < areaunder f <U(f,P)
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Riemann Integrability

Partition

Definition
We say a partition @ is finer than P if P C @)

P = {1‘0,581,332, ,l‘n}

Q = {zg, %1, U, Tgy - , Ty }

@ P UQ is finer than both P and Q.
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Riemann Integrability

Upper and Lower sums

If Q is finer than P then

Uif,Q)...U(f,P)
L(f,Q)...L(f, P)
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Upper and Lower sums

If Q is finer than P then

Uif,Q)...U(f,P)
L(f,Q)...L(f, P)
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Riemann Integrability

Upper and Lower sums

For any partitions P and @ of [a, b], we have

U(f,P)...L(f,Q)
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Riemann Integrability

Upper and Lower sums

For any partitions P and @ of [a, b], we have

U(f,P)...L(f,Q)

U(f,P) = L(f,Q)

Proof
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Riemann Integrability

Upper and Lower sums

Denote the class of all partioins of [a, b] by P(a,b)

If
A={U(f,P): P € P(a,b)}
B={L(f,P): P € Pa,h)}

Then A is bounded below by L(f, P,) for any P, € P(a,b)

therefore, inf A exists.
Similarly sup B exists.
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Riemann Integrability

Upper and Lower integral

The upper integral U(f) and the lower integral L(f) of f over
[a,b] are defined

U(f) =infA =inf{U(f,P): P € P(a,b)}

L(f) =sup B =sup{L(f,P): P € P(a,b)}

Note that

L(f) <U(f)
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Riemann Integrability

Riemann integrable

Definition

Let f: [a,b] — R be bounded. We say that f is Riemann
integrable over [a,b] if L(f) = U(f).

In this case, the Riemann integral of f over [a,b] is

b
/ f=1I(f) =U(f) = L(f)

The class of functions that are Riemann Integrable over [a, b] are

denoted by X (a,b)
b b
[ 1= s
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Riemann Integrability

Riemann integrable

fila,b] — R
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Riemann Integrability

Dirichlet fucntion

fila,b] — R
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Riemann Integrability

Riemann’s Criterion

The following statements are equivalent
Q fe R(a,b)
@ For all € > 0, there is a partition P € P(a,b) such that

U(f,P)—L(f,P)<e
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Riemann Integrability

Riemann integrable

f € R(a,b) iff there exists a sequence (P,) in P(a,b) such that

In this case,

/ /= lim U(f,P,) = lim L(f,P,)
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Riemann Integrability

Riemann integrable

fila,b] — R
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Riemann Integrability

Norm of Partition

Definition
The norm of the partition P = {z,, x;,Z9, ... ,x,,} is

||P|| = max{z;,,; —z;,: 1 =0,1,...,n—1}

That is || P|| is the length of the longest subinterval of P.
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Riemann Integrability

Riemann integrable

@ If f is monotonic on [a, b], then f € R(a,b)
@ If f is continous on [a,b], then f € R(a,b)
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Darboux’s Theorem and Riemann Sums

Darboux’s Theorem

Darboux's Theorem

Let f: [a,b] — R be bounded. Given ¢ > 0, there is a 6 > 0 such
that
If P is any partition of [a, b] satisfies ||P|| < ¢ then

U(f,P)-U(f) <e

and
L(f)—L(f,P)<e
ie.,
H}Di‘r‘goU(f,P) =U(f)
Jm L(f,P) = L(/)

T = = =
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Darboux’s Theorem and Riemann Sums

Riemann Sum

Let P = {zy, 2z, 2y,...,x,} be a partition of [a,b]. We say that «
= (ag, 0, ...,a, 1) is a mark on P if o; € [x;,2;,,] for all

i€{0,1,...,n — 1}, then the sum

=

n—

S<f7P7 a) = f(ai)('ri+1 - xz)

i

Il
o

is the Riemann sum of f on P with mark a.

L(f,P) < S(f,P,a) <U(f, P)
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Darboux’s Theorem and Riemann Sums

Riemann Sum

The following statements are equivalent
Q f € R(a,b) with integral equals A

@ For any € > 0, there is a 6 > 0 such that, it P is any partition
satisfies || P|| < ¢ and « is any mark on P then

|S(f,P,a) — Al <e

lim S(f,P,a)=A
||P[[—0
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Darboux’s Theorem and Riemann Sums

Riemann Sum

If fe R(a,b) and (P,) is a sequence of partitions such that

n

[|P,|| — 0, then for any choice of marks «,, on P,, we have
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Darboux’s Theorem and Riemann Sums

Riemann Sum

Evaluate

(x — 22)dz

S—
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Properties of Integral

Properties of Integral

If f,g € R(a,b) and ¢,d € R then

° b
/Cf—i—dng/

b
f+d g
@ If f(z) >0 for all = € [a,b] then

/bf>0

Q If f(z) < g(x) for all z € [a, b] then then

[re]s
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Properties of Integral

Properties of Integral

If f € R(a,b) and ¢ € (a,b) then

(1]
b c b
[o=f+]
@ If f(x) >0 for all = € [a,b] and f is continuous, then
[0 F =0 iff f(z) =0 for all 2 € [a, ]

[1-[
=
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Properties of Integral

The Mean Value Theorem

If f is continuous on [a, b] then there exists ¢ € (a,b) such that

b
/ f(@)dz = f(e)(b—a)
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Properties of Integral

Properties of Integral

@ If f:[a,b] — [c,d] is Riemann integrable, and g : [¢,d] — R is
continuous then g o f is Riemann integrable on [a, b].

Q If f € R(a,b) then |f| € R(a,b) and
b

/abf = [

Q If f € R(a,b) then f* € R(a,b) for all n € N
Q If f,g € R(a,b) then fg € R(a,b).
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The Fundamental Theorem of Calculus

The Fundamental Theorem of Calculus

If f € R(a,b) and let F : [a,b] — R be defined by

F(z) = / f(t)dt

then
@ F is continuous on [a, b]
@ If f is continuous, then F' is differentiable and

F=f
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The Fundamental Theorem of Calculus

The Fundamental Theorem of Calculus

If F'is differentiable on [a,b] and F’ € R(a,b) then

b
/ F'(z)dz = F(b) — F(a)
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The Fundamental Theorem of Calculus

Substitution Rule

Suppose ¢ is differentiable on [a, b] and ¢’ is continuous.
If f is continuous on the range of ¢, then

b ()
/ Flo()g (Hydt = / f(x)dz

v(a)
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The Fundamental Theorem of Calculus

Substitution Rule

2
/ tvVit2+1dt
1
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The Fundamental Theorem of Calculus

Substitution Rule

Suppose ¢ is differentiable on [a, b] and ¢’ is continuous and
p(x) # 0 for all x € (a,b).
If f is continuous on the range of ¢, and 1) is the inverse of ¢ then

b »(b)
/ F(o(t))dt = / FaW (2)de
a »(a)
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The Fundamental Theorem of Calculus

Substitution Rule

S|
/1 (1+x/i)2dt
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The Fundamental Theorem of Calculus

Integration by parts

Let f,g;[a,b] — R be differentiable. If ', ¢’ € R(a,b) then

b b
/ Fe)g (@)dz = F(B)g®) — fla)gla) — / F (@)g(z)de
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Improper Integral

Improper Integral

If f is defined on [a,b] and lim,_,,+ f(x) = co or —oo and
f € R(e,b) for all ¢ € (a,b), then the improper integral

b
I
b
lim/ f

c—at I

If the limit exists, then it represents the value of the proper

integral. , ,
S E

Ibraheem Alolyan Real Analysis

is defined by




Improper Integral

Improper Integral
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Improper Integral

Improper Integral

f 3 (0, 1] — R, f(m) =

8
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Improper Integral

Improper Integral

If lim,_,, f(x) =00 or —o0 and f € R(a,c) for all ¢ € (a,b) then

[ -7

If the limit exists
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Improper Integral

Improper Integral

If ¢ € (a,b) and f is unbounded in the neighborhood of ¢ then

/abfz/achr/:f

If both integrals exist.
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Improper Integral

Improper Integral

If f:]a,00) — R is Riemann integrable on [a, ¢] for all ¢ > a and

lim f

c—00
a

exists then the improper integral

[ o=t

Ibraheem Alolyan Real Analysis



Improper Integral

Improper Integral

Similarly
/ f=lm [ f
cC——00

if the limit exists

Lo=fo ]

if both integrals exist if the limit exists

\,
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Improper Integral

Improper Integral
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Improper Integral

Improper Integral

/ zdx
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