Show that the rate of convergence of Newton's method at the root a = 1 of the equation
(z —1)%sinz = 0 is linear. Use quadratic convergence method to find x5 using zo = 1.5. Com-
pute the relative error.

Question 3: Find the values of a,b and ¢ such that the iterative scheme

BN N2
Tn4l =aTn + —5 + —, n =0,
Tn T

converges at least cubically to @ = N'%. Use this scheme to find second approximation of {8]%

when gy = 1.8. [6 Marks|

Find the first approximation for the nonlinear system
y'(l—z) = o°
24y? =1

using Newton’s method, starting with initial approximation (xy, yn)T = (1,1)T.

Show that the rate of convergence of Newton's method at the root @ = 1 of the equation
(z —1)%sinz = 0 is linear. Use quadratic convergence method to find x, using zy = 1.5. Com-
pute the relative error.

Question 3: Find the values of a,b and ¢ such that the iterative scheme

bN  cN?
Tn+l = ATp + —5 +
Iﬂ.

n =0,

2007
T

converges at least cubically to o = N3. Use this scheme to find second approximation of (8)%

when ry = 1.8. [6 Marks|

Find the first approximation for the nonlinear system
Y (l—z) = 2°
224+y? =1

using Newton's method, starting with initial approximation (xy, yn)T = (1,17,




fiz)=(z—1)?sinz and f'(z)=2(z—1)sinz+ (z— 1) coszx,
and f'(1) = 0, gives that & = 1 is the multiple root. Using Newton's iterative formula, we get

flxa) ((zn — 1)*sinz,) ((xn — 1)sinz,)

e In_f*{:r:!} T (Z[In - 1:' sin I'n + fI,; - ]-:]2 CDSIn) " (2 sin In + (Iu - l}ﬁﬂﬁ.}l’.‘,;}‘.

for n = 0. The fixed point form of the developed Newton's formula is

((xn — 1) sinz,)

Zott = 9(Zn) = Ta — (2sinzy + (xn — 1) coszy )

Then
({x—1)sinx)
(2sinz + (x — 1)cosx)’

glz) =z —
and

J(z) = l_{?&in;::+ (z — l)cosx)isinz + (z — 1)cosz) — ((x — 1)sinz)(Jcosxz — (x — 1) sinz)
o (2sinz + (x — 1) cos z)* ’

Thus
2sinl)® 1

9’(1}=1—m=§#ﬂ.

and so the Newton's method converges linearly. The gquadratic convergent method for multiple
root is modified Newton's method

JF(:EH)

Tnt+l = En — mf:(.:l'.'n}l"

n =0

where m is the order of multiplicity of the zero of the function. To find m, we check that
f"z) =2sinz +4(z — V) cosz — (x— 1)*sinz, and f(1)=2sinl #0,
so m = 2. Thus

flaa) ((za — 1) sinzy,) .
flza) " 2(2sinz,;+(zn—l}mr,=]‘ =0

Tpt+l = En — 2

Now using initial approximation y = 1.5, we have the following two approximations

T = zo— Uzo—Vsinzo)  _ygog7 gy — o ZZDSHT) 4 gop
(2sinzg + (xp — 1) cos zg) (2sinxy + (z1 — 1) cosxy) '
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Soluti?n. Given the iterative scheme converges at least cubically means ¢' = ¢’ = 0 at
a = N3, Let

bN  eN?
g(I}:ﬂI—’_F_'—;T’ g(N?li}: =a+b+e,

2
Ja)=a- 20 2 f(NH=0=a-2 5,

" 6bN  30eN2 1
g (@) =0+—+ ; . ¢'(N%)=0=3b+15¢,

: 1
Solving these three equations for unknowns a, b and ¢, we obtain a = b = g and ¢ = ~9 Thus
5r, BN N?
=2%n 2 > ().
Tt =gt g 20
Using = = 1.8, N = &, we obtain
5$[] 5N J'Vz
Il = T Q —_ 9_1‘3 = 1.9954,
and N2
2y =22 SN N 6000,

9 " 927 9a}
the required second approximation.
The absolute error can be obtained as

(8)/* — 2.0000| = |2.0000 — 2.0000| = 0.0000 up to 4 dp.



Question 5: Find the first approximation for the nonlinear system

vi(l—z) = a?
2+y? =1

using Newton’s method, starting with initial approximation (z¢,70)" = (1,1)7.

Solution. Given

filzy) = yz(l —x)— x?, fi. = —y? — 322, fly =2y(1l — x),
Al = 4?1 fa=2n  fy=2

At the given initial approximation x5 = 1 and 3, = 1, we have

df afi
1,-1) = -1, — = = —4 —= = (0,
fl( ) ) | 33.' fl_r i ay fly (.
_ afi B fs B
f(L,1) =1, P2 fan = 2 oy fay = 2
The Jacobian matrix .J at the given initial approximation can be calculated as
on on
dr Oy -4 0
J = = and J_lzi(_g _2),
of, o 2 2 °
dr 0y

is the inverse of the Jacobian matrix.Now to find the first approximation we have to solve
the following equation

()= () -=(2 7)) (%),

the required first approximation. .



