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Ph.D Qualifying Examination'
Analysis (General Paper)

2003

1. The first question.

(a) Does there exist a Lebesgue measurable set on (0,1) which is not
Borel?

(b) Let (fn)n be a sequence of measurable functions on (0, 1) such that

| frn(2)] < and  lim f,(z) = f(x) a.e.

1
ﬁ n—-+oo
Show that

1

1
lim e P fn(x)dr = / e T f(x)dx.

n—+oo Jg 0
(c) If f is integrable on [a, b], show that the function F(x) = / f)de
is absolutely continuous on [a, b]. ‘
2. The second question.

(a) On a measure space (X,.7,u), consider a sequence (F,), of mea-
surable sets. Show that

plmint B) < B ind (5.

(b) On a measurable space (X,.7), let u and v be two signed measures
such that for every F € .

v(E) = [E f(@)du(z)

and

VI(E) = /E g(@)dlu(z)].

Show that g = |f| (1 a.e.).

1This document is free. It is prepared by:
Professor Mongi BLEL, King Saud University, Department of Mathematics .
mblel@ksu.edu.sa , mongi blel@yahoo.fr



(¢) Let f:]0,1] x [0,1] — R be the function defined by:

y 2 ifo<zr<y<l
fle,y) =< —272 ifo<y<a<l
0 otherwise

Compute the iterated and the double integrals. Explain why the
Fubini’s theorem is not applicable in this example.



Ph.D Qualifying Examination
Answer Analysis (General Paper)

March 2003

1. The first question.

(a) The Borel o—algebra is not complete, then there is nulls subsets
which are not Borel subsets.

1
(b) For all z € (0,1), |e™* fn(x)] < NG and the function g(z) =
x

Sl

integrable on (0,1). Then by Dominate Convergence Theorem

1

lim e " ful(a)de = /1 e " f(z)dx.
0

n—-+oo 0
(c) Let (ag,bx), k = 1,...,m be a finite number of non overlapping
intervals with [ay, bx] C [a, ]
For n € N, define f,, = inf(|f],n) and A, = {z € [a,b]; |f(x)] > n}.
The sequence (f,,), increases to | f|, then by Monotone Convergence
Theorem, for all € > 0 there exists N € N such that Vn > N,

€

[, 1@ = gty <

Let 6 = 55 and A = UL, (ax, by) a measurable subset such that

[ 1@l = [ (7@ @+ [ pxtaaa

g

<
-2

+NZbk—ak§€.
k=1

Then F' is absolutely continuous on [a, b].

2. The second question.

+oo
(a) The sequence ( ﬂ Ek)n is increasing then from the Monotone Con-
k=n
+00 400 too +
vergence Theorem: “(U ﬂ Ek) = liIJIrl u(ﬂ Ek). But u(m Ek) <
n—r-+0o0
n=1k=n k=n k=n

gr>1f w(Eyg), then p(liminf, o FE,) < lim inanJ;ou(En).



(b) We recall the total variation |u| of p is defined by:

|/(A) = sup Z (A

where the supremum is taken over all measurable partitions (A,),
of A.
The total variation |u| is a finite measure.
We denote By ={z € X; f(z)>0}and E_ ={z € X; f(x) <O0}.
For any subsets ' C E; and G C E_, |[v|(F) = v(F) and |v|(G) =
—v(G), indeed:

“+ o0
For any measurable partition (F},), of F, Z [v( Z v(F,) <

n=1

v(F). Then |v|(F) < v(F). The converse is trivial. The other
inequality is obtained by the same reasons.
Forany Ae ./, A= (ANEL)U(ANE_),

V() = AN Ey) = (AN E-) = [ [f@)dlula

vIB) = [ @] = [ |f@ldp(a)].
Then g = |f| u a.e.
/01 </0 ?da: / 12d:c>dy

(c)
/ ( f(%y)dx) dy
0,11 \/[0,1]
1 1
/ - +1——-dy=1.
) Yy

/01( [ o [ L) a

! 1
0 X T

1 x 1
1 1

[ iy = [ ( | e [ Qdy) dx
[0,1]x[0,1] 0 o ¥ z Y

1
1 1

= / — —1+ —dz = +o0.
0 x

and

/ < f(z, y)dy> dx
[0,1] [0,1]

8

The function f is not integrable.



Ph.D Qualifying Examination
Analysis (General Paper)

October 2004

1. The first question.

(a)

i.State the definition of a measurable function?

ii. Let f: R — R be a function. Prove that f is measurable if and
only if arctan f (tan=!of) is measurable. (R is equipped with the
Borel o—algebra.)

ili. Let f be a differentiable function everywhere on [0,1]. Prove
that f’ is Lebesgue measurable on [0, 1].
i. State the definition of the LP space, p > 1, (including L*°).

ii. Let (fn)n be a sequence of functions in LP(X, u), p > 1 such
that:

1) (fn)n converges a.e. to f.
2) im_[|fullp = [1fllp
Prove that f, — f in L? as n — +oo. (Hint: introduce the

sequence @, = 2'7P(|f[P + | fulP) — |f — fn|P. Prove that ¢,, > 0 for
all n and then use Fatou lemma.)

2. The second question.

(a)

i. State and prove the continuity of property of measure.

ii. Let A be a measurable subset of R such that A(4) < oo, where
A(A) is the Lebesgue measure of A. Show that the function x —
A(A N (—o0,x]) is continuous.

Let p be a measure on an algebra U C 2. Assume that p(X) = 1.

Prove that if for Ay, ..., A, € U such that Z,u(Ak) > n — 1, then

k=1

IDE

p([ ] Ax) > 0. (Hint: Use the fact that p(Af) =1 — p(Ax).

k

1



Answer Ph.D Qualifying Examination
Analysis (General Paper)

October 2004

1. The first question.

(a)

i. Let (X, <) and (Y, %) be two measurable spaces. A mapping
f: X — Y is called measurable if f~1(%) C «.

ii. The function tan: ] — 7, Z[— R is an homeomorphism. (Con-
tinuous and its inverse is continuous).

If f: R — R is measurable, then tan~'of since tan™! is measur-
able. In the other hand if tan=! o f is measurable, then tanotan=!of
f is measurable.

Then f’ is

n—-4oo

) . A
ili. For x € (0,1), f'(z) = lim —_——
measurable as limit of measurable functions.n

i. Let (X,</,u) be a measure space and , 1 < p < +oco. The
space LP(u) is the set of measurable functions f: X — R such

that / |f(z)|Pd pu(x) < co. (The functions are defined a.e.)
X

For p = +o00, we say that a function f: X — R is essentially
bounded over X with respect to the measure p if f is measurable
and there exists M < 400 such that |f| < M a.e. on X.

The space L>(u) is the set of all measurable functions f: X — R
which are essentially bounded over X with respect to the measure
L.

ii. The function & — P is convex on the interval |0, +o0[, then for
all z,y €0, +oo, 2%\37 —yl|P < %a:p + %yp. Then ¢,, = 217P(|f|P +
|fn?) = |f = falP > 0. The sequence (p,), converges pointwise to
2P| f|P. Then by Fatou lemma

2| < lim,,_, s /X on (@) () = 2| fII2 — Ty o | o — FIE-

Then f, — f in LP as n — 4o0.

2. The second question.

(a)

i. State and prove the continuity of property of measure.
ii. For z <y, 0 < A(AN(—o00,z]) = A(AN(—00,y]) < |z —y|. Then
the function  — A(A N (—o0, z]) is continuous.



(b) Since p is finite, p(Af) =1 — p(Ag). Moreover

n n

p(lJ A0 <D nAp) =n—> uAr) <1

k=1 k=1 k=1

“:
B
&D:

3

Then u(ﬂ Ag) > 0.



Ph.D Qualifying Examination
Analysis-Measure (General Paper)
December 2014

Section A
Problem I:

1. State the Fubini Theorem.
Let Q = (0, +00) x (0, +00).

/ d\(z,y)
o (1+y) (A +a2%y)’

where ) is the Lebesgue measure on R2.

2. Compute

3. Deduce the values of the following integrals
+oo 1 1 1
/ 11(:5)2 dr and / n(z) dz.
0 1—=x 0 1-— .TQ

1 ln(x) too 1 )
= nl
/0 .0 dx ng_o/o " In(x)dx

5. Deduce the sum of the following series

4. Prove that

—+oo

X1 1

DSV S N S

n=1 " n=1 (2n + 1)
Problem II: [Note that parts 1) and 2) are independent]

+oo
1. (a) Provethat u = Z 01 is a measure on the measurable space (R, %g),

n=1
where Ag is the Borel o—algebra on R.

(b) Consider the functions f(z) =z and g(z) = xIn(1 + |z|) on R.

Give the values of p,q € [0,400) for which f € LP(R, Bg, u) and
g € LY(R, Br, 1).



1
(a) Prove that the function f(z) = (17 is integrable on the in-
z(l—=z
dA
terval (0,1) and compute the following integral / i,
(0.1 Va(l =)

with A is the Lebesgue measure on R.
(b) Let f: (a,b) — R be a bounded Lebesgue integrable function and

li t)=c.
A fH=c

Prove that for any t € (a,b), the function x — fo)

vV (x—a)(t—z) 18

integrable on (a,t) and compute lim ﬂd)\(x).
et Jan) V(@ —a)(t - )
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Solution of Ph.D Qualifying Examination

Analysis-measure (General Paper)
December 2014

Section A
Problem I:

1. (The Fubini’s Theorem): Let (X1, 94, 1) and (Xs, 9%, u2) be two o—
finite measure spaces, and let (X, o7, u) be the product measure space. If

f € L'(X,dp), then / F(&,y)d pa(y) € L'(Xy, ) and / Fay)dp(z) €
X2 Xl
LY (X3, po) and

N /X </X f(%y)duz(y)> dpa(x)

2. The function (x,y) —— 1(1+y)(1+ 2%y) is non negative continuous
function, then by Fubini Tonelli Theorem

/% - /om (/om m) W

/Om (/om MM) -

/H’O dx Tond /+°O dy y=t? T2
= n 7 V=
0 (14+22%y) 2y o 2yy(1+y) 2
1 _ A x2A
1+y)(Q+22y) 1+y 1422y

oo dy 1+y 2lnx
— = Aln( ) =— .
0 (I+y)(1+ 22y) 1+22y7], 1— 22

3. By Fubini Tonelli Theorem

/ f(wvy)//fl ®u2(33,y)
X1 xXo

Let €2 = (0, +00) x (0, +00).

For « # 1,

1— 22

! In(2) o0 In(x) w2
/0 1_x2da:—/1 71_x2d1;——§.

o0 1 2
/ n(z) dr = —%. Moreover by the change of variable z = %,
0




1 — 22

1

0)

11

400

= Z 2?" and by Monotone Convergence Theorem (22" In(z) <
n=0

1 +oo
2n
In(
[ a5 [ e

—+o0

1
1 1
5. By integration by parts/ 2" ln(x)dm—(i. Then Z 27 =
0

1.

2n+1)2 (2n +1)2

+oo +oo

=1 1
8 2= *;ﬁﬁ;@ i Thenz

Problem II:

(a) We know that if (i), is an increasing sequence of measures on a
measurable space (X, o), the mapping p: & — [0, +00] defined
by p(A4) = 1i111 tn(A) = sup p,(A) for any A € o7 is a measure

n—-—+0o0 n
on X.
Indeed it is clear that (@) = 0= lim w,(0), and if A, B are two

n—+

disjoints measurable subsets, we have

WAUB) = lim p,(A)+ lim p,(B) = p(A) + u(B).

n—-+4+oo n—-+oo

—+o0

Let now (A,,), be an increasing sequence of & and A = U A,. We

n=1

have p1;(An) < p(A,) < p(A). Then

pi(A) = lim pi(An) < lim p(An) < p(A)

n——+o0o
and then
A= 1 A)< I A) < p(A).
pA) = lim p;(4) < lim p(An) < p(A)
Then p(A) = lim u(An).
Then p; = B El}rlookz(s 1 is a measure on the measurable space
=1
(R, Br).
1 . .
/fp Y (z) = Z = Then f € LP(R, &g, 1) if and only if
n=1

p>1.
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+oo 1 1
In?(1+ =) In?(1+ =) 1
1(z)d = E ——n2=. Si — 1 & —, th
/Rg (z)dpa (z) 2 oy ince a 24’ en

g€ Lq(R7=@R7lJf1) — q> %

In a neighborhood of 0, f(z) =~ which is integrable and in a

1 T
neighborhood of 1, f(z) = \/ﬁ’ which is integrable.

/ d\(@)  e=e [P 24t

0,1 Vol —x) 0o V1—1¢2

1 1

In a neighborhood of a in (a, t), ~ ,
Vo=~ Vet

which is integrable and in a neighborhood of ¢ in (a, t),

N
(t—a)(t—x)

then for any ¢ € (a,b), the function z —
on (a,t).

, which is integrable. Moreover since f is bounded

f(z)

———— is integrable
(z—a)(t—2z)

1 z=st+(1—s)a S
R — DN = —_— =T
Y er e =

Since f is bounded, then by Dominated Convergence Theorem

lim S Al —
t=at S \/(z —a)(t — )

f(.’E) d)\(ac) r= St+(1 s)a / f a—’_slli_ a’))

~

(z—a)t—z)

ds = mc.
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Ph.D Qualifying Examination
Analysis (General Paper)

1424-1425

Question 5

1. Let © be a non-countable set. If D is the class of all singleton sets {z}.
Find the o-algebra generated by D.

2. Let (wj) be a sequence in 2 and (p;) be a sequence of positive real num-

bers. Suppose p is the measure defined by p(E) = Z p; on the class
Jw; EE
of all subsets of Q. Show that a function f:  — R is integrable with

respect to p if and only if Z p; f(w;) is absolutely convergent and that
j=1

if f is integrable, then /Qf(:r)d,u(x) = ipjf(wj).
j=1

Question 6

1. Let B be the Borel o-algebra on [0,1]. Show that D = {(z,z);z € [0,1]}
is measurable with respect to the o-algebra B & B.

If 11 is the counting measure on B (so that u(B) is the number of elements
of B), X is the Lebesgue measure and h = x p, show that

[ [ i@ £ [ [ i)

why doesn’t this contradict Fubini’s theorem?

2. Let (2, F, u) be a probability space and suppose that G is a sub-o-algebra
of F. If f € LY(Q, F, ), use the Radon-Nykodym theorem to show the
existence of a function g € L1 (2, F, 1) such that

/ f (@) du(x) = / o(@)du(z), VE € G,
E FE
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Ph.D Qualifying Examination
Answer Analysis (General Paper)

1424-1425

Question 5

1. The o-algebra generated by D is the set of countable subsets of €2 or their

complement is countable.

E) = ijXE(wj). If f is a non negative simple function, f =

ZAjXEja
=1
m —+o00 —+o0
[RCIZEED 92 > pice, () = e (o)
j=1 — k=1

If f is non negative measurable, there exists an increasing sequence of
simple functions which converges to f, then by Monotone Convergence
Theorem,

| @it Zpkfwk

Then f is integrable with respect to p if and only if ijf(wj) is abso-
j=1

lutely convergent and if f is integrable, then / f(@)du(x Z p;flw;).

Question 6

1. D ={(z,z);x € [0,1]} is a closed set, then D is measurable with respect

to the o-algebra B & B.

/01 h(z,y)d\(x) = 0, then /01 </01 h(x7y)d)\(x)> dyu(y) = 0.

/01 h(z,y)du(y) = 1, then /01 (/01 h(x,y)du(y)> d\(z) = /01 d\(z) =

This not contradict Fubini’s theorem since p is not a o—finite measure.
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2. The measure p is finite (u(2) = 1) and the measure fu is absolutely
continuous with respect to the measure p on the measure space (2, F, ).

(If A € G is anull set, then it is a null set in F and / f(z)dp(z) =0). In
A

use of the Radon-Nykodym theorem there is a function g € L'(Q, F, i)
such that

/ F(@)du(z) = / o()du(x), VE < G.
E E
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Ph.D Comprehensive Examination
Analysis

1425-1426

Question 5
1. Given a measure pg on a ring R, describe without proofs, how pg can be
extended to a measure on the o-ring o(R) generated by R.

Let @ =QnNJ0,1), R be the ring of all finite disjoint unions of subsets of
Q of the form QN [a,b) and po be the counting measure on R.

i) Show that o(R) is the class P () of all subsets of €.

ii) If py is the counting measure on P(2) and ps = 2pu1, show that u
and po are distinct o-finite extensions of po to o(R). Why doesn’t this
contradict the uniqueness of the extension?

2. Given a measure space (€2, F, ) and a measurable function f: Q — R,
describe without proofs how / fdu is defined, when it exits.
Q
Let, for i = 1,2, (€4, F) be a measurable space, and suppose that
T: Q1 — Qs is measurable with respect to F; and F». If p is a measure

on F; and g: Qy — R is F, measurable, show that 7! is a measure
on JF5 and

o x xr) = x _1x
/ng T(a)du(x) /g< )duT~ (z)

Q
in the sense that either side exist, so does the other and the two are equal.
Question 6

1. (an,m) be a double sequence of non-negative numbers. Employing the
counting measure on N, use the Fubini-Tonelli theorem to prove that

SR S e

n,m=1 n=1 m=1 m=1 n=1
what can you say if we relax the requirement that a, ,, > 0, Vn,m € N?

2. Let p,v and A the signed measures on (Q,F). If p << v and v << A,
prove that

du_du@

d\  dv d\
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Answer Ph.D Comprehensive Examination
Analysis

1425-1426

Question 5

1. Given a measure po on a ring R, for all A € o(R), we define

=inf{>  pmo(An); A €R, Vn €N, ACUINA,}.

Let Q =QnN[0,1), R the ring of all finite disjoint unions of subsets of
of the form Q N [a,b) and po the counting measure on R.

i) For all a € Q, {a} = N}>QN [a,a+ L[. Then o(R) = P(Q).

n=1
ii) Since uq # 0, then po # p1. Moreover since Q is countable, uq and po
are o-finite.

For every A € R, A # 0, 09(A) = 01(A) = 02(A) = +o00. Then pu; and
1o are extension of pp on o(R). We don’t have the uniqueness since py
is not o—finite on R

m

2. We define the integral of non negative simple function f = ZCjXAj»
j=1
where ¢; # ¢ for j # k and (A;); measurable subsets. We define

/f )dp(x chu

If f is a non-negative measurable function, there exists a sequence of
non-negative simple functions (f;); which increases to f. We define

; f@)dp(z) = lim [ fo(x)du(z).

n—+o0o Q

If f is a measurable function, we define f* = max(f,0) and f~ =

max(—f,0). If/ fH(z)du(z) < +oo or/f*( Ydp(z) < 400, we define

/f Japu(x /f+ Jaju(x /f 2)du(z
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We denote v = pT~ 1.
Since T71(0) = 0 and p(0) = 0, then v(0) = 0.

If (A,), is a sequence of Fy measurable sets,
V(Ui A,) = p(T~HUS An)) = w(Ur T H(A,)) = lim v(An).
n o0

If g is a simple function,

/gzlgoT(x)du(m) :/ g(@)duT ().

Q1

If g is a non negative measurable function, the result is obtained by
Monotone Convergence Theorem.

Question 6

1. If p is the counting measure on N and g a non negative measurable
function,

“+o0
/N g(@)du(z) = Y g(n).

Define the function f on N x N by f(n,m) = an . By Fubini-Tonelli

theorem

oo o oo o o

§ An,m = E ( E an,m) = § ( amm)

n,m=1 n=1 m=1 m=1 n=1
o0
If a,, ., are not non negative, we use the Fubini theorem if E lan,m| <
n,m=1

+00.

2. Since p << v, there is f € L'(v) such that p = fr and since v << A,
there is g € L'()\) such that v = g\.

If A is a null set with respect to the measure A, then since v << A, A is
a null set with respect to the measure v and since p << v, A is a null set
with respect to the measure p. Then p << XA and p = fv = fgA. Then

dp _ dp dv

d\ — dv d\
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Ph.D Comprehensive Examination
Analysis

1425-1426- Second semester

Question 3
a) Let (X, M, 11) be a measure space. Let N = {N € .# : u(N) =0}
and /—{EUR Ee.# and F C N for some N € N'}.
i) Show that .# is a c—algebra.

ii) Verify that the extension fi of p on M is a complete measure.
b) i) State the definition of an outer measure.

ii) Let X be a space. We consider M T (X) an algebra of sets and f

a non negative function defined on ..#, such that f(@) =0. For any A C X,
define

mf{Zf EG/andACU S1E; )

Show that p is an outer measure.
c) If p1, ...,y are measure on (X, /) and ay, ... ,a, positive numbers.
n

Prove that p = Zajuj is a measure on (X, %)
j=1

Question 4

a) Let (X, /4 ) and (Y, .4, v) be o—finite measure spaces. Prove that

if E€ ./ ® .4 then the functions x € X —» v(E;) and y € Y — p(EY)
are measurable on X and Y respectively, and

peu®) = [ vE)du) = [ uEivy)

(*recall that E, = {y € Y; (z,y) € E} and EY = {zx € X; (z,y) € E}.)

b) Let X = [0,1], % the Borel o—algebra on [0,1], y is the Lebesgue
measure and v the counting measure on % (it B e Zz v(B) is the number
of elements of B). Let D = {(z,y) € X x X : x = y}.

i) Show that D is measurable with respect to the o—algebra Y o XD .

i) Show that /1 /01 o (@ y)du(@)dv(y ;é/ / w20, 9)du () dp(x). B

plain why these integrals are not equal?
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Answer Ph.D Comprehensive Examination
Analysis

1425-1426- Second semester

Question 3

a) 1) M is closed under countable union. It remains to prove that it is

closed under complementarity. Let A’ = AU N be an element of 7 As N is
a null set there exists a subset B of .# NN and N C B. We have

A=(AUN) = (AUB)°U(B\ (AUN)).

It follows that A’ is an element of 7 and ] is a o—algebra.

ii) To show that [ is a mapping on %, we must show that if A; U N =
Ao U Ny with Ay, Ay € M and Ny, Ny € N, then p(Ay) = p(Asz). So we have
A1\ As C Ny, then it is a null set. If B = A; N Ay, then A1 = BU(A4;\ 42) and
p#(B) = u(Aq). In the same way we have p(B) = p(Az), then u(Aq) = p(Asz).

Let prove now that 7 defines a measure on the o-algebra .77 If (Al)n is

a sequence of disjoint elements of /4 , with A}, = A, UN,, 4, € M and
N, € N; Vn € N. We have

+oo +o0 +o0 +oo +oo +oo
AU A =a((J 40 v (U M) = (U An) = 3 nlA4n) = D (A,

Finally the measure space (X, /4 , 1) is complete because the v-null sets are
elements of AV/. It is evident that 7 is the smallest complete extension of the
measure /.

b) i) Let X be a non empty set. An outer measure or an exterior mea-
sure p* on X is a function p*: Z(X) — [0, co] which satisfies the following
conditions:

o 1 (0) =0.

o If (A,,), is a sequence of subsets of X, then

(U 4 < 3wt (An).
n=1 n=1
e u* is increasing (i.e. p*(A) < pu*(B) if A C B).
i) (@) < f(@) = 0, then and u* is increasing.
Let (A,)n be a sequence of subsets of X. We claim that
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U+ooA Z‘u

If there exists a subset A,, such that u(A,) = +o0o, then the inequality is trivial.
Assume now that Vn € N, u(A,) < +o0.

For every n € N, and for every € > 0, there exists a sequence (A, ;); € /

such that (A, ) 2 f(Anj) — 5= The sequence (An,j)jnen is a covering
+oo “+o0

ofthesetA—UA andZZf n.j) Z,u ) +e. Then p(A4) <
n=1j=1

S w(A,) + ¢, for all & > 0 and thus pu(A) < Z w(Ay), which proves that

[ is an outer measure.

i) p(0) = Zajﬂj(@) -

=1

i) If ANB =0 and A,B € A, f(AUB) = 3" a;nj(AU B) =
> i1 aj (1 (A) + i (B)) = p(A) + p(B).

iii) If (A,,), is an increasing sequence of the o-algebra .7,

+oo
M(UAIC Za’]/’[’] UAk Zaj hm MJ(Ak) IITOON(AI@)
k=1

Then p is a measure on (X, %)
Question 4

a) Suppose in the first case that v is finite and define
S ={Ce M@ N x—s v(C,) is measurable }.

.o/ contains the measurable rectangles C' = A x B, with A € .# and B e .V,
since v(Cy) = xa(x)v(B). Moreover %/ is a monotone class: if C C C,
v(C'\ )y = v(C,) — v(Cy) since v is finite, and if (C,), is an increasing
sequence

V(U0 = lim v(Cy),.

n—-+oo
Then .o = W @ N,
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If v is o—finite, we take a sequence (B,), such that v(B,) < +oo for all
n €N, v(B,) < +o0o and X = U2 B,,. We define vy ,,(B) = v(BN B,,). Then
v(Cy) = ll}r_ir_l p2.n(Cy) which is measurable.

n oo

Define for all E € A © N,

1@ v(E) = /XV(EJ;)du(x).
To prove that 1 ® v is a measure on N @ N let (Cn)n be a sequence of
disjoint measurable subsets in ./ ® ./ the sequence ((Cp)z)n is disjoint for
all x € X and

peUUEC) = [ UG dula)
“+oo
_ /X;lm(cn)gc)du@)
+o0 foo
_ Z/Xu((cnmdu(x):Zu®v(0n>-

Moreover u ® v(A x B) = u(A)v(B).
In the same way, if we define

p &0 = [ w(Cavty).
Y
1 & v is a measure on .4 ® .4 and fulfills 4 & v(A x B) = u(A)v(B). We
deduce that p® v = 4 @ v and

M®I/(E):/

X

V(B dp(z) = / H(EY)dv(y).

Y

b) i) D = {(z,z);x € [0,1]} is a closed set, then D is measurable with
respect to the o-algebra X o X

ii) /01 h(z,y)dA\(z) = 0, then /01 (/01 h(:z:,y)d)\(;p)> duly) = 0.
/01 h(z,y)dp(y) = 1, then /1 (/01 h(m,y)du(y)) d\(z) = /01 d\(z) = 1. This

0
not contradict Fubini’s theorem since p is not o—finite.
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Ph.D Comprehensive Examination
Analysis (General Paper)

First semester 1426-1427

Section A
I) a) Let f be the function defined on ]0,+oo[ by: f(z) = lxei_bz? with a
—e
and b in ]0, +oo.
+oo +oo 1
Show that f is integrable on [0, + d/ de=S" —~
ow that f is integrable on [0, 00| an ; f(z)dz ngo (@t )2

b) State the definition of the Borel o-algebra on the real line R.

II) a) Let (X, B, ) be a measure space and let f be a function defined on X.
If f is p-integrable, show that the set {x € X; f(x) # 0} is of o-finite measure.

b) State the Fubini theorem with respect the measure spaces (X,.A, ) and
(Y,B,v), where X =Y = Ny = N U {0} the set of non negative integers,
A =B ="P(Ny) and p = v the counting measure.
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Answer Ph.D Comprehensive Examination
Analysis (General Paper)

First semester 1426-1427

Section A

—ax +oo
I) a) For x > 0, f(z) = 13667_% = er—(a-s-nb)x_
—e
n=0

1
f is continuous on [0, +oo[ and non negative. (f(0) = lir% flx) = 5) Moreover
r—

f(x) <2ze™ " for x large, which is integrable. Then f is integrable.
By the Monotone Convergence Theorem or the Dominate Convergence Theo-
+o00 400 too +o00
1
rem, fz)dx = / ze~ (@) gy — —_—.
/ 2, 2 ey

n

b) The Borel g-algebra on the real line R is the o-algebra generated by the
open subsets of R.

IT) a) For all n € N define the set E,, = {z € X; [f(z)| > 1}.

w(E,) = /E du(x) < n/X |f(z)|du(x) = n||f|l1 < 4+oo. Then the set {z €

X; f(z) # 0} is o-finite.
b) (The Fubini’s Theorem): Let (X, </, u) and (Y, %,v) be two o— fi-
nite measure spaces, and let (X x Y, o ® &, u ® v) be the product measure

space. If f € LY X x Y,d(u ® v)), then / f(z,y)dv(y) € LY(X,u) and
Y

/ f(z,y)dp(z) € L'(Y,v) and
X

/ [z, y)dp @ v(z,y)
XxY

/y (/X f(x’y)du(x)) du(y)
/X (/Y f(x,y)du(y)> d u(z)

Consider the special case where X =Y = Ny = NU{0} the set of non negative
integers, A = B = P(Ny) and p = v the counting measure.

Let (@m,n)m.n be a sequence of real numbers. Then the Fubini-Tonelli theorem
says that if a,,,, > 0 for all m,n € N, then



—+o0 +oo
§ E Qm,n

m=0 \n=0

The Fubini theorem says that if

m=0 \n=0

)
)

-5

n=0

+oo
m=0

>

n=0

+oo
n=0

<2m>

|G, n\) < 00, then

(zm)

25
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Ph.D Comprehensive Examination
Analysis (General Paper)

Second semester 1429-1430 H

3 hours
Section B
IIT)
1. Let (X, %, 1) be a measure space and let (A4,,), be a decreasing sequence

IV)

. a) Prove that for n > 2 and « > 0, we have (1 + E)” >
n

of A. Assume that p is a finite.
Prove that "EI_POO w(A,) = u(ngrfoo Ap).

. Give an example of a measure space (X, Z . 1) and a decreasing se-

quence (A,), such that ngg}oo w(Ay) # u(ngl}rloo Ay).

22
i and find the
+oo 1
following limit lim _
n—+o0o Jg (1 + %)nzg
b) Find the Lebesgue integral on [0,1] of the function f defined by:
1
flz) = 7 + xo(z), for z # 0 and f(0) = 0.

1
c¢) Consider the function g(z) =

(14 22)4/|sinx|
g(nm) =0, for all n € N.

Show that the following function g is Lebesgue integrable on (0, +00).

, for x ¢ 7N and

7;8(10;%)2 if x€(0,e7!),

. Let f: R — [0, 00) be defined as follows: f(x) =

0 if & (0,e71).

a) Check that f®)dt =

for x € (0,e!). Deduce that f €
(0,z) logx

LY(R).
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b) Counsider the maximal function M defined by M f(z) := sup — W / |f(t)|dt,
xel

(I is an open interval and |I] is the length of T).
Conclude that M f(z)dx = oo, for every r > 0.
(0,r)

. Let (X, %, 1) be a measure space such that u(X) = 1. Let L? denote
LP(X, B, ) for 1 < p < 0.

a) Show that LI C LP if 1 <p <gq.

b) Use a) to show that LPNLI C L*if 1 <p<s<q<oo.

c) Show that if f € L, then || f||, = pli_)rr;o £,

d) Now, suppose that 1(X) is not necessarily finite. Put s = tp+(1—t)q for

t € [0,1] and apply Holder’s inequality to / | f|*dp, to show that || f]|, <
X

||f||§\|f||;7(b, where ® = %p € [0, 1]. Deduce again that LP N L? C L*.
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111

Answer Ph.D Comprehensive Examination
Analysis (General Paper)

Second semester 1429-1430 H

Section B

. The sequence (AS), is increasing, then nll}rfoo w(AL) = M(X\HEI_POO Ap).

As p is finite p(AS) = u(X) — p(A,) and (X \ lim Ay) = u(X) -
n—-+oo
w( lim A,). Then ngrfoou(An) = u(ngl}rloo Ay).

n—-+4o0o

. We can take A, = [n,+o0o[C R and p the Lebesgue measure on R.
0

M(An) = +00, ngr—ir-loo A, =

n 2k 2 2
x n (n— 1z x
1+)" = —>1 — > — i >2and x > 0.
a)(+n) Z() >1+x+ 2 - forn>2an x>0
k=0
1
The function ————— is dominated by the function — on the in-
(1 + %)nxg T +
terval [1, +o0[ which is integrable on [1,400[, and it is dominated by the

integrable function — on the interval |0, 1]. Furthermore lim
+oo 1
. Then by the dominated convergence theorem lim

—+o0
/ e dr =1.
0

1
b) Q is a Lebesgue null set, — is continuous on |0,+oo|, then the
x

n—+o0 J (]_ + %)nx%

Lebesgue integral on [0 1] of the function f is the Riemann integral of

the function g(x) , and / — =2

¢) By the Monotone Convergence Theorem
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/+°° da B *2"” /("+1> da
o (14 22)y/|sinx| =t Jnn (1+ 22)4/|sinz|

+oo s
(1+ x+n7r)2)\/|sinx|

IN

+<x>
(1 —|—n27r2 / \/|smx

and on the interval [0, 2], sinz > 22, Then

/‘mmm‘Q/\@m

the function ——— is Lebesgue integrable on the interval (0, ), then

/| sinz|

the function g is Lebesgue integrable on the interval (0, 400).

dt s=logt ds
a) For z € (0,e71), / f®)dt = / = / - =
) (0,z) (0,z) t(lOgt)Q (—o0,log x) 52

logx’

Since f(z) = 0forz ¢ (0,e7 1), f > 0forz € (0,e7 1) and/ f(t)dt =
(0,e71)
1, then f € LY(R).

b) To prove the result, we can consider 0 < r < e~ . For z > 0,

-1
2xlogx’

Mi) = s [1swlaz 5 [ s

zel

Then

Mf(x)dz > /(0 —du =400

0,1 ) 2xlogx

a)Weconsiderp<q<+oo,r:%>1and%+%:1. If f e L9 by
Holder’s inequality

[ir@pauta) < ([ 176 Wu) (4(X)? < +oo.



Then L1 C LPif1<p<yq.

1
If g = +oo, [fllp < [ flloc(u(X))?.
b)If1<p<s<g<oo,then LPNL?IC LP C L*since If 1 <p<s.

I f e L |Ifllp < [flloo(u(X)7 for all p > 1, then Tim,o| ]|, <
1 £lloo-

Consider for ¢ € [0, ]| f||co) the measurable set A; = {x € X; |f(z)| > t}.
p 1
151> ([ 15@Pau) = daan?,

Then lim,, , [[fllp = [flloc and || flloc = limp—so0 [|.f]]p-
d) By Holder’s inequality

/ @) du(z) = / (@) £(2)| 0D dp(r)
X

([is@rau )(/|f Yodp( ) B

1—t

([ 1r@rauts ) < ([1r@ria ) ([1r@ran)

and

IN

Then

111, < AN

where ® = 2 € [0,1].
It results that if f € LP N L9 then f € L®.
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Ph.D Comprehensive Examination
Analysis (General Paper)

Second semester 1996 Time 3 hours

Section I

1. (a) Let (E,)n be a sequence of Borel sets in R and p the Lebesgue
measure. Show that u(lim}_nf E,) < liminfu(En).
n—-—+0oQ n—+00

(b) Coustruct a sequence (fp)n, fn > 0 of Lebesgue measurable func-
tions on R, for which lim infy, oo [p fn(2)dp(x) > [p liminf, o fr(z)dp(z).

o1 .
2sin — is a function of

(¢) Check whether the continuous function z 5
x

bounded variation in [—1, 1].
2. (a) Let f be a function on (a,b) such that |f(z) — f(y)| < 2|z — y| for

all z and y in the interval. Show that f is absolutely continuous on
(a,b).

b
(b) Give an example of a function f(x) on [a,b] for which / f(x)dz
b a
exists, but / f'(z)dz # f(b) — f(a).

1 1
(c¢) Let g(z) = 7 0 < x < 1. Show that A(f) = /0 f(z)g(x)dx

defines a bounded linear functional on L?; find the value of || A]|.

3. Let X and Y be the unit interval [0,1] and B be the class of Borel sets
in [0,1]. For E € B, let u(E) be the Lebesgue measure of E and p(FE) be
the number of points in E. Let D = {(z,y) : = = y} be the diagonal of
X xY.

(a) Show that D is a measurable subset of X x Y.

(b) If D, ={y: (x,y) € D}, show that /X v(Dg)dp(z) = 1.

(¢) DY ={x: (z,y) € D}, show that / w(DY)dv(y) = 0.
v
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(d) Using the above results, show that it may happen for some function

(z,y) and some measures A; and Ay that / / flx,y)dAri(z)dXa(y) #

//fa:yd)\g YdA1(x).
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Answer Ph.D Comprehensive Examination
Analysis (General Paper)

Second semester 1996 Time
3 hours
Section I
+oo
1. (a) The sequence ( ﬂ Ek)n is increasing then from the Monotone Con-
k=n
+o0 +o0 +o0 +oo
: = i . <
vergence Theorem u( L_Jl ko Ek) nETOOu(kﬂ Ek> But ,u(kﬂ Ek) <

. . . . < . . .
inf u(By), then p(liminf Ey) < lim inf u(E)

n—-+oo

(b) Take fi, = X[n,+oc[, liminf, o f, = 0 but lim inf/ frn(2)dp(z) =
R

n—+00
+00.
1 1
1 2 1
’ o .
(c) [1 |f (z)|dz = /71 \stmﬁ - cos ﬁ|dx

1 1 1
1 2 1 2 1

/ |22 sin — |dz < 4, but/ \fcosﬁ\dx:?/ —|cos —|dr =
1 X -1 X X 0 X X

“+oo
cost 1
2/ |t7|dt = +o00. Then the function f(z) = z?sin — is not
] z

of bounded variation in [—1,1].
2. (a) Let € >0 and let Jag,bx[, k=1, ... ,n be a finite number of mutu-

ally disjoint subintervals of ]a,b[ such that Z(bk —ag) < %, then

k=1
n

Z |f(br) — flak)] < ZQ(bk —ag) < e. Then f is absolutely con-

k=1 k=1
tinuous on |a, b].

(b) The function f defined on [—1,1] by f(z) =1ifx > 0and f(z) =0
ifx<0. f/=0ae and f(1)— f(-1) = 1.

2
)2 (15
lglls =

o] oo

1
(c) Let f € L%, JA(f)] < /O [f(@)llg(@)ldz < [[fllsllgllz = (

Then A defines a bounded linear functional on L3 and || A||
2

of
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3. (a) D = {(z,z);z € [0,1]} is a closed set, then D is measurable with
respect to the o-algebra B & B.

(b) Dy ={y: (z,y) € D} = {«}, thenv(D,) =1 and/ v(D,)du(x) =

X
1.
(© DY = (o () € D) = {y. then u(D) = Oand | (D)t =
0.

(@ Let @) = xole) | [ i@ =17 [ [ i -
0.
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(a)
(b)
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Ph.D Comprehensive Examination
Analysis (General Paper)

Autumn 1997 Time 3 hours

Section I

Let f,g: R — R be two functions such that f is measurable and g
is continuous. Is f o g measurable?

Describe a non measurable set A on R. Suppose A is a non measur-
able set. Define

e ifxe A
) = {e’” ifr ¢ A

Show that for any ¢, {z; f(z) = ¢} is measurable, but f is not a
measurable function.

Let f be a monotonic function on [a, b]. Show that f can be written
as f = h + g, where h is absolutely continuous and g is monotonic
for which ¢'(z) =0 a.e.

Construct two measures p and o on R such that 1 << o, but there

: : . dp _
exist no function f such that ;£ = f.

State Tonelli theorem.

% if (z,y) # (0,0) and
Let f: Q) — R defined by: ,Y) = Tty ! ’ ’
et f efined by: f(z,y) 0 if (.9) = (0,0)

with Q = {(z,y); —-1<z<1, —-1<z<1}.

L [ 11 ( / llf@c,y)dx) ay= [ 11 ( | 11 f(x,y>dy) dx?

What can you say about the double integral / / fx,y)dzdy?.
Q
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1. (a)

Answer Ph.D Comprehensive Examination
Analysis (General Paper)

Autumn 1997 Time 3 hours

Section I

If % is the Borel o—algebra, f and g are measurable, then
(Fon) (A =g U F)Ncf(F)c H.

Then f o g is measurable.

We consider on E = [0, 1] the equivalence relationship R, defined
by xRy <= x —y € Q. We choose a representative of each class,
and we denote A the set of these representatives. The set A is not
countable and non measurable set.

If ¢ >0, {z; f(z) =c} ={lnc} N A is measurable.

If ¢ <0, {z; f(x) =c} ={ln—c} N A° is measurable.

If ¢ =0, {z; f(z) =0} =0 is measurable.

f is not a measurable function since {z; f(z) > 0} = A which is
not measurable.

Since f is monotonic, then it is of bounded variation, f is a.e dif-
ferentiable. The function h defined h(z) = / F/(t)dt is absolutely

a
continuous. The function g = f — f, is singular i.e ¢’ = 0 a.e and
monotonic.

Consider A the Lebesgue measure and § the Dirac measure.

Construct two measures i and o on R such that 4 << o, but there
d
exist no function f such that d—u = f.
o
The Fubini Tonelli theorem: Let (X1,.9%,p1) and (Xo, o, us) be
two o— finite measure spaces. Let f be a non negative measurable

function on (X3 x Xo, & ® o, 1 & po). Then the functions

r——g(x)= [ f(z,y)dp2(y) and yr— h(y)= [ f(z,y)dui(z)

X2 X1

are respectively measurable on X; and X5. Moreover
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/Xlxxf(zy)m@uzxy = / (/ flz,y)dp(x >dM2
/(/ f(@,y)d pa(y )dul

(b) /llf(x,y)da? 2— Qytan*( )fo y#()and/ (/ fxyd:z:)dy

1
4/0 1—ytan™ ()dy 2. Since f(z,y) = —f(y, ), then/ (/ fxydy)

—2.
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Ph.D Qualifying Examination
Analysis (General Paper)

Dhu Al-Hijjah 1425, October 2014

Section A
Problem 1I:

1. State the Fubini Theorem.
Let Q = (0, +00) x (0, +00).

/ d\(z,y)
o (1+y)(A+a22y)’

where ) is the Lebesgue measure on R2.

2. Compute

3. Deduce the values of the following integrals

Foo In(z 1ln
/ 1—x2x d/
0

1 +oo

2n1
[ $255ae =3 [t

5. Deduce the sum of each of the following series

4. Prove that

+oo 1 +oo 1
— and —_—.
2z @ 2 gy

Problem II: |Note that parts 1) and 2) are independent]

+oo
1. (a) Prove that pu; = Zé 1 is a measure on the measurable space

(R, Br), where Ay is the Borel o—algebra on R.

(b) Consider the functions f(z) =z and g(z) = zIn(1 + |z|) on R.

Give the values of p,q € [0,400) for which f € LP(R,%gr) and
g e Lq(R, '%R)
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1
(a) Prove that the function f(z) = (17 is integrable on the in-
z(l—=z
dA
terval (0,1) and compute the following integral / i,
(0.1 Va(l =)

with A is the Lebesgue measure on R.
(b) Let f: (a,b) — R be a bounded Lebesgue integrable function and

li t)=c.
A fH=c

Prove that for any t € (a,b), the function x — fo)

vV (x—a)(t—z) 18

integrable on (a,t) and compute lim ﬂd)\(x).
et Jan) V(@ —a)(t - )
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Answer Ph.D Qualifying Examination
Analysis (General Paper)

Dhu Al-Hijjah 1425, October 2014

Section A
Problem 1I:

1. (The Fubini’s Theorem): Let (Xi,44, 1) and (Xa, o, u2) be two o—
finite measure spaces, and let (X, o7, u) be the product measure space. If

J € LY(X, dp), then / f(&,y)d pa(y) € LN(Xy, ) and / f(,y)dm () €
Xo X1
L' (X3, o) and

[ temmenen = [ ([ fenin)ano)

/.
-/ (/ (@) ) dpn o)

Let 2 = (0, 4+00) x (0, 4+00).

2. The function (z,y) > 1(1 +y)(1 +2?y) is non negative continuous
function, then by Fubini Tonelli Theorem

/md;ﬁli)y) - /om ([OO <1+y>?f+x2y>> dy

/0+oo (/om o x2y>) e

/ T _de o and T dy e
o (L+2%) 2y o 2yy(1+y) 2"
1 A 2A
For x # 1, = _t ,WithA:ﬁ. Then
+ +x + +z
(I+y)(A+a2?y) 1+y 1+2% v

oo dy 1+y 2lnx
— = Aln( ) =— .
0 (I+y)(1+ 22y) 1+ 22y 1— 22
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3. By Fubini Tonelli Theorem

o0 1 2
/ 1n(z)2 de = f%. Moreover by the change of variable x = %,
0 — T
1 +oo 2
1 1
/ H(Z)Q dx = / n(x)Q de = -
0 1—=x 1 1—=x 8
1 =
4. For |z < 1, T2 Z:CQ" and by Monotone Convergence Theorem
—x
n=0

(z?™In(z) < 0)

1 +00
2n
1
| z/ n(a

1 +oo
1 1
5. By integration by parts /O .TQn ln(‘r)dx = _W Then ngzo m =

OO

2 X R T
T lmTiimt Z are e m g
Problem II:

1. (a) We know that if (u,)n is an increasing sequence of measures on a
measurable space (X, ), the mapping p: &/ — [0, +00] defined
by p(A4) = lirf tn(A) = sup p,(A) for any A € o7 is a measure

n—+o0 n
on X.
Indeed it is clear that p(@) =0 = lirJIrl pn(0), and if A, B are two
n—r+0o0

disjoints measurable subsets, we have

WAUB) = lim pn(A)+ lm g (B) = p(A) + u(B).

n—-+oo n—-+oo
—+oo
Let now (A,), be an increasing sequence of &/ and A = U A,. We
n=1

have p;(An) < p(A,) < p(A). Then

pi(4) = lm p;(An) < lm p(An) < p(A).

Moreover

n(A) = lim p;(A) < lim p(A,) < p(A).

j—+oo n—+o0o

Then p(A) = lim u(Ay).

n——+oo
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n

Then p; = lim E d1 is a measure on the measurable space
n—)Jrook 1 k

(R, ).

+oo
1
/pr(x)dul(x) Z = Then f € LP(R, %g, 1) if and only if

n=1
p>1.
+oo 1 1
In?(1+ ) In%(1+ ) 1
q — n 3 n ~
/}Rg (x)dp () = E — Since T R then

n=1

g€ Lq(RN@va’Ll) <~ q> l

In a neighborhood of 0, f(z) =~ which is integrable and in a

1 T
which is integrable.
Vi—z’
/ (@) e (' 24t
0,1) Va(l —z) 0o V1—t2

neighborhood of 1, f(z) =

1 1
In a neighborhood of a in (a, t), ~ )
Ve—at-a ~ Je-at-a
which is integrable and in a neighborhood of ¢ in (a, t), ———— =~

(x—a)(t —2x)

1
, which is integrable. Moreover since f is bounded

(t—a)(t—x)

then for any ¢ € (a,b), the function z —
on (a,t).

f(z)

———— is integrable
(z—a)(t—2z)

= .

/ d)\((E) :rfstJrLl s)a / S
(@t) V(z—a)(t—x) 0 s(1—s)
Since f is bounded, then by Dominated Convergence Theorem

lim T@ gy =rleoe fa“—t—a))

=t Jay V(2 —a)(t —x) o Vs(l—s)

ds = mc.



43

Ph.D Comprehensive Examination
Analysis (Special Paper)

Second semester 28-29
Section B

Problem IIT
1. State the Dominate Convergence Theorem. Prove that if f is integrable

on [0,1], then lim 2" f(x)dz = 0.

n—-+oo 0

efwt

e

+oo
2. We consider the function F defined on [0, +oo] by F'(z) = /
0

a) Find lim F(z) and lim F(z)
z—0

Tr—+00

b) Prove that F is of class C2 for > 0 and find F" (z).

. OW t a‘ S1n nxrda - T N~ -

n=1

Problem IV

1. Let (N,P(N), ) be the measure space, with p the counting measure. Let
f:+ N — [0, +00] be a function.

+o00
a) Show that /Nf(x)du(x) = Z f(n).

b) Let 0: N — N be a bijection. Show that

“+o0 “+o0
Y )= flan).

c) Let (u; ), x be a sequence of non negative numbers. Deduce

400 400 400 400
DD wik =D D
Jj=1k=1 k=1j=1

+o00 400
d) Find > > " a/b¥, with 0 < a,b < 1.

=0 k=0
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e) Give an example of sequence (u; x); x for which the result of ¢) is false.

. a) Let (X, M ) and (Y, .4 v) be o—finite measure spaces. Prove

that if B € A © A" then the functions z € X — v(E,) and y €
Y —— u(EY) are measurable on X and Y respectively with E, = {y €
Y; (z,y) € E} and EY = {z € X; (x,y) € E}.

b) Let X = [0,1], % the Borel c—algebra on [0, 1].

Show that D = {(z,y) € X x X; x —y = 0} is measurable with respect
to the o—algebra X o X
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Ph.D Comprehensive Examination
Analysis (Special Paper)

Second semester 28-29
Section B

Problem II1

1. The Dominate Convergence Theorem:

Let (fn)n be a sequence of measurable functions on a measure space
(X, o, ). We assume that:

i) the sequence (f,), converges almost everywhere on X to a measurable
function f definite almost everywhere.

ii) There exist a non-negative integrable function g such that: |[f,| <g¢
almost everywhere for all n. Then the sequence (f,,),, and the function f
are integrable and we have:

[ i@ au@ = tm [ p@d)

If f is integrable on [0, 1], the sequence (fy,), defined by f,(x) = 2" f(z) is
dominated by | f| and EIJI: fn = 0 a.e, the by the Dominate Convergence

1
Th li " dx = 0.
eorem n;rfw/o 2" f(x)dz =0

efzt

1
2. a) We have f(:c,t) = m S 1+ t2
0. Then by the Dominate Convergence Theorem hIJ{l F(x ) 0
r—r 400

which is integrable and hm flx,t) =

We have also hm flz,t) = 5- Then by the Dominate Convergence

- 1+1
Theorem, hm F( )= 3
) - af _te—mt 82f t2€—ibt
b)fo(x’t)lsc aatix(xvt)jl_'_t? aiaixf( ,t)zl tz.FOI‘
0 te=® t?e¢
a >0, ai(x t)‘ < 1e+ 2 and axf(x t)‘ e 5 for all 2 € [a, +-o0[.
—at t2 —at
Since the functions t — —— and t — ——— are integrable, the
1+ ¢2 1+¢2 Y
function F is of class C? on [0, +oo[ and F (x) = f0+°° Lemdt = + —
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+oo (_1)nx2n+1

3. We have sinz = Z Vr € R. By Dominate Convergence

— (2n+1)!
Theorem
1 +oo n 2n+1 Inz
- _ (=" Inx
/0 sin x In xdx Z/ 2n+1 dx
+oo 1
_1)n
= 27( ) '/ 22" n zdz
— (2n+ 1) Jo
_ oy e
“— (2n)(2n)!
Problem IV
M.C.T . =
o [ s MET [ s —ngffwz:f =316

+oo

b) If 4,, = o([1,n]), then U A,, = N. The sequence (A,), is increasing.
n=1

It follows from the Monotone Convergence Theorem that

ngglm;f(cr(k))ngrfm/ f@duta) = | f@inta Zf

4o n

c)a)If fr,(m Zuk m, then / fn(z)dp(z Z Zuk m. Since the

m=1 k=1
sequence (fp,), is 1ncreasmg then

|t fu@dn@) = im [ @)

+00 +oo n —+oo
= E E Up.m = lim E E Uk, m
’ n——+oo
m=1 k=1 =1m=1
+oo +oo

3

k=1m=1
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+o0 +o0 ab
_ k
ZC‘]—* then 3 ) a'b* = =
j=1k=1
e) Let a; S for j >2and a1 = 5+
J,k—k.(.+1)7 J = Lk = 2k
400 1 400 400
Z G 1andZa]k—0 Sogga]k—OandZajk——&—oo
+oo
for 7 > 2 and Zal,k:—oo
k=1

a) Suppose that v is finite and define

o = {F € MW@ AN x—s v(E,) is measurable }.

%7 contains the measurable rectangles E = A x B since v(E,) =

xa(z)v(B). Moreover -2/ is a monotone class: if E C E', v(E'\ E), =
v(E!) — v(E;) since v is finite, and if (E,, ), is an increasing sequence

V(U EL): = lim v(E,),.

n——+oo
Then .o/ = W & N

In the general case where v is o—finite, we take an increasing sequence

+o0

(Bn)n such that v(B,) < 400 and X = | J B,. Define v,,(B) = v(B N
n=1

B,). Then v(E,) = lim v,(F,) which is measurable.

n—-+4oo
By the same arguments, y € Y — p(EY) is measurable on Y.
b) D = {(z,y) € X x X; © —y = 0} is closed then it is measurable with
respect to the o—algebra % @ .
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Ph.D Comprehensive Examination
Analysis (Special Paper)

Second semester 30-31
Solve five (5) problems.
Section B

Problem II1

1. a) Give the definitions of a measure and an outer measure.

b) Let (X, =z ) be a measurable space and (p,,), be a sequence of mea-

sures on X such that p,(X) = 1 for all n € Ny. For any A € X
define

pu(A) = 3 /;Z(ﬁ)-

n=0

Prove that p defines a probability measure on (X, @;J)

2. a) Let (X, % ) be a measurable space. Give the definition of a measur-
able function on X.
Let f,: X — R be a sequence of measurable functions. Prove that
{z € X; (fn(x)), converges } is measurable.

3. a) Let (X, % ,1t) be a measure space and f an integrable function on
X. Suppose that / f(z)dp(x) = 0 for any measurable set E. Show that

E

f =0 almost every where.

Problem IV

1. Let A be the Lebesgue measure on R. Evaluate the following integrals:
_ [sinz zeQn]0,7],
a) f(x)dX\(x), where f(x) = {cosx z €07\ Q.

[0,7]

b) / xr\@(2)dA(z). (Recall xp\g(z) = 1if z € R\ Q and 0 otherwise.)
[0,1]
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2. a) State the Monotone Convergence Theorem.

—X

b) Let f(z) = 1z_ee_w' Prove that f is integrable on [0, +00) and
+00 too 1
f(z)dz = —_—.
/ 2y

3. a) Let f be an integrable function on a measure space (X, Zz w). Prove
that {z € X; f(x) = £oo} is a null set.

b) Let f be an integrable function on R and a > 0. Prove that M —
na
Z*“’ |f (ne)
0 as n — +oo almost every where. (Hint: prove that —— Is
n

n=1

integrable.)
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Answer Ph.D Comprehensive Examination
Analysis (Special Paper)

Second semester 30-31

Problem III

1. a) e Let (X, &) be a measurable space. A measure on X is a set function
w: o — [0, 00] such that:
i) p(®) = 0;
ii) For any disjoint sequence (A,), € &,

(UF=A,) Z (A (0.2)

n=1

e Let X be a non empty set. An outer measure p* on X is a set function
u*: P(X) — [0, 00] which satisfies the following conditions:

i) e (0) = 0.
ii) If (A,)n is a sequence of subsets of X, then

CEAE

C8

iii) p* is increasing (i.e. p*(A) < p*(B) if A C B).

b) Let A € | the series Z on +1) is convergent. Then p is well

n>0
defined.

fin(0) = 0, then p(0) = 0.
If A and B are measurable and disjoint, then u, (AUB) = p,(A) + pn(B)
and (AU B) = u(A) + u(B).
+oo
Let (A,)n € X be a disjoint sequence and A = U A,.
n=0
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. - Mn(A)
mEHLCEE% 2n+1
m +oo
n(A
= lim n(Ar)

m—+oo 2"+1
n=0 k=0

+oo m

Z pin(Ag)
2n+1

k=0n=0

= lim
m——+o0

IA

+o0
E:PKAk% VPEIN
k=0

+o0
Then u(4) < 3 j(A,).

n=0
m —+oo
Moreover for all m € N, u(A) > Zu(An). Then p(A) > Zu(An).
n=0

n=0

+o0
Which proves that p(A) = Z w(Ay).
n=0

It is obvious that p defines a probability measure on (X, % ).

. a) A function f: X — R is called measurable if the o-algebra f~1( @R) C
Let C = {z € X; (fu(x)), converges } and Let D = C¢, D = {x €

X lim, o fn(®) < limy,yoofu(z)}. If we set g = lim, ., fn and
h =1lim,_, {0 fn. For each rational r, let

D,={zeX; glx)<r<h(x)}={zreX;gx)<rin{z e X; h(z) >r}
which is measurable. D = J, .o D, which proves the measurability of D.
.a)Let Bt ={z € X; f(z) >0} and E~ = {z € X; f(z) < 0}. Since

e f >0, xp-f <0, / J{@)du(@) = 0 and / J(@)du(x) = 0, then

E B
xe-f =0 and xg+f = 0 almost every where, which proves that f =0
almost every where.

Problem IV



52

1. a) f(z)d\(x) = /07T cos(x)dx = 0.

[0,7]

1
b) /[0’1] xr\o(2)dA(z) = /0 dx =1.

2. a) The Monotone Convergence Theorem:

Let (f)n be an increasing sequence of non-negative measurable functions
on a measure space (X, B, u), then

Joim st = i [ @it

b) f is a continuous non negative function on ]0, +oo[. Moreover lir% fz) =
T—r

1. Then f is integrable on [0, +oo] if and only if the improper integral
+oo

/ f(z)dz is convergent. For z large enough, f(z) < 2xze™® which is
0

integrable on [0, +oo)

For z > 0, f(x Z ze”("*D?  Then by Monotone Convergence The-

n=0
orem

+oo “+o0 “+o00 (nt1)e 1
/0 dac—Z/ dx—zi( 50

n=0

3.8) {o € X; f(2) = 200} = {2 € X; [f@)] = oo} = N5 {x €
X; [f(@)| > n}. T B, = {o € X; |f(@)] > n},

/ (@)l du(z) > / (@) ldpu(z) > npu(Ey).
X E,

Then {z € X; f(z) = +oo} is a null set.

b) By Monotone Convergence Theorem

+oo +oo
[ 3 g - 57 [ M 5= U
n=1 n=1

f(nz)

Then lim

I — =0 as n — +00 almost every where.
n—-+00 n



