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Introduction

❑ ln Drude’s time, and for many years thereafter, it seemed 
reasonable to assume that the electronic velocity distribution. 
like that of an ordinary classical gas of density n = N/V, was given 
in equilibrium at temperature T by the Maxwell-Boltzmann 
distribution: 

2
3/2

2
( ) (2.1)

2
B

mv
k T

B

B

m
f v n e

k T

− 
=  

 

❑ This distribution predicts a contribution 
to the specific heat of a metal of 3

2
𝑘𝐵 per 

electron that contradicts with 
experimental data. We have seen in 
chapters 5&6 of Kittel that specific heat 
is temperature dependent.
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❑ Contradiction between values of specific heat based on Drud’s 

model and experiment continued for about 25 years. It was only 
resolved after recognizing that electrons do participate and that 
Pauli Ex. Principle play its role. 

❑ This forced scientists to replace the Maxwell-Boltzmann 
distributing with Fermi-Dirac distribution
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❑ At temperatures of interest (that is less than 103 K) the Maxwell-
Boltzmann and Fermi-Dirac distributions are completely different 
at metallic electronic densities.

❑ ln this chapter we shall relay on the Fermi-Dirac distribution 
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❑ Shortly after the discovery that the Pauli exclusion principle was 
needed to account for the bound electronic states of atoms, 
Sommerfeld applied the same principle to the free electron gas 
of metals, and thereby resolved the most big thermal anomalies 
of the early Drude model. 

❑ In most applications Sommerfeld's model is nothing more than 
Drude's classical electron gas with the single modification that 
the electronic velocity distribution is taken to be the quantum 
Fermi-Dirac distribution rather than the classical Maxwell-
Boltzmann distribution

❑ For simplicity we shall examine the ground state (i.e., T = 0) of 
the electron gas before studying it at nonzero temperatures. 

❑ Then we proceed with Sommerfeld theory.



King Saud University, College of Science, Physics & Astronomy Dept. PHYS 674 (Band Theory of Solids)  © 2025



King Saud University, College of Science, Physics & Astronomy Dept. PHYS 674 (Band Theory of Solids)  © 2025



King Saud University, College of Science, Physics & Astronomy Dept. PHYS 674 (Band Theory of Solids)  © 2025



King Saud University, College of Science, Physics & Astronomy Dept. PHYS 674 (Band Theory of Solids)  © 2025



King Saud University, College of Science, Physics & Astronomy Dept. PHYS 674 (Band Theory of Solids)  © 2025



King Saud University, College of Science, Physics & Astronomy Dept. PHYS 674 (Band Theory of Solids)  © 2025

The Sommerfeld Theory of Metals

GROUND-STATE PROPERTIES OF THE ELECTRON GAS 

❑ We must calculate the ground-state properties of N electrons 
confined to a volume V using independent electron approx.
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❑Equation (2.4) is known as the Born-von Karman (or periodic) 
boundary condition.
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❑ Solution to (2.3) is of the form:
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❑Wave (2.5) fulfills the conditions:
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❑ Hence, 𝑘 =
2𝜋𝑛

𝐿
 fulfills the b.c. over L

❑ As an example of testing:
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❑ Points in a two-dimensional k-

space of the form 𝑘𝑥 =
2𝜋𝑛

𝐿
 

and 𝑘𝑦 =
2𝜋𝑛

𝐿
. Note that the 

area per point is just 
2𝜋

𝐿

2
.

❑ Hence, the allowed k-values 
per unit volume of k-space 
(also known as the k-space 
density of levels) is just:

2𝜋

𝐿

−3
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𝐿3

8𝜋3 =
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8𝜋3          (2.10)

We consider a Fermi Sphere that 
has a radius of kF.
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❑ Hence, the number of allowed values of k within the Fermi sphere 
is = (Volume of the Fermi Sphere) ÷(volume of one state)

       = 
4

3
𝜋𝑘𝐹

3

2𝜋
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3 =
𝑘𝐹

3
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Thus total no. of states we have (applying Pauli Ex. Princ.):

      𝑁 = 2 ×
𝑘𝐹

3

6𝜋2 𝑉                                                                  (2.12)

❑ Thus if we have N electrons in a volume (density n = N/V),
then the ground state of the N-electron system is formed by 
occupying all single particle levels with k less than kF, and leaving all 
those with k greater than kF unoccupied, where kF is given by the 
condition: 

      𝑛 =
𝑘𝐹

3

3𝜋2                                                                               (2.13)



King Saud University, College of Science, Physics & Astronomy Dept. PHYS 674 (Band Theory of Solids)  © 2025

The Sommerfeld Theory of Metals

GROUND-STATE PROPERTIES OF THE ELECTRON GAS 

❑ The sphere of radius kF containing the occupied one electron levels 
is called the Fermi sphere.

❑ The surface of the Fermi sphere, which separates the occupied 
from the unoccupied levels is called the Fermi surface. 

❑ The Fermi surface is one of the fundamental constructions in the 
modern theory of metals. (in general it is not spherical)

❑ The momentum ħkF = pF of the occupied one-electron levels of 
highest energy is known as the Fermi momentum. 

❑ Their energy, 𝜀𝐹 = ℏ2𝑘𝐹
2/2𝑚 is the Fermi energy.

❑ And their velocity, vF = pF/m, is the Fermi velocity. 
❑ The Fermi velocity plays a role in the theory of metals comparable 

to the thermal velocity, 𝑣 = 3𝑘𝐵𝑇/𝑚 1/2 in a classical gas.
❑ 
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❑ Fermi surfaces of some Alkali metals.
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❑ Fermi surfaces of some Alkali metals.
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❑ To calculate the ground-state energy of N electrons in a volume V 
we must add up the energies of all the one-electron levels inside 
the Fermi sphere:

2
22 (2.14)

2
Fk k

E k
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❑ From Eq. (2.16) in Eq. (2.14): We find the energy density of the 
electron gas: 
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❑ To find the energy per electron, E/N, in the ground state, we must 
divide this by N/V:
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❑ One can calculate the pressure exerted by the electron gas from the 
relation: P=-(𝜕𝐸/𝜕𝑉)N
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❑ Compressibility, K, can be derived as well:

1

5 2

3 3
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P
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K V

N
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V
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❑ Please prove the 
above relation.

❑ B is called Bulk 
modulus
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❑ Fermi Temperature: TF:
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❑ Here: We want to derive the Fermi-Dirac Distribution function
❑ When we have N-paricle system of electrons at T 0, it will be in a 

steady state where we can average all properties as:

N

/

/

N

P ( ) (2.22)

Where P is t weight functioe nh

B

B

E K T

N E K T

e
E

e 

−

−
=



❑ In the newminator we do have the Boltzman factor. 
❑ PN(E): the probabliltiy of the system to be in the state E.
❑ This formula arises from the postulate that the probability of 

finding a system in a particular state is proportional to the 
Boltzmann factor for that state. The partition function in the 
denominator serves as a normalization factor to ensure that the 
sum of the probabilities of all possible states is equal to one.
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❑ We have selected the system to be at T 0, so that thermal 
fluctuations allow the system to explore different energy states.

❑ The distribution must be modified to account for the Pauli 
exclusion principle for Fermions.

❑ Here 𝐸𝛼
𝑁 is the energy of the  th stationary state of the N-electron 

system (the sum being over all such states). 
❑ The denominator of (2.22) is called the partition function, and is 

related to the Helmholtz free energy. F = U - TS (where U is the 
internal energy and S, the entropy) by:

N / /
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❑ Let 𝑓𝑖
𝑁represents the probability of finding an electron in the 

particular one-electron level i, when the N-electron system is in 
thermal equilibrium.

P ( ) (2.25)
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= −
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❑ Where the last summation is the summation over all N-electron
states   in which there is no electron in the one-electron level i.

❑  We then do the summation over all (N + 1)-electron states in 
which there is an electron in the one-electron level i:
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❑ where µ, known as the chemical potential, is given at temperature 
T by:

1 (2.29)N NF F += −

❑ Comparing (2.28) with (2.25):

( )/ 11 (2.29)i BK TN N

i if e f − += −

❑Equation (2.29) gives an exact relation between the probability of 
the one electron level i being occupied at temperature T in an N-
electron system, and in an (N + 1)-electron system

❑ For large N, 𝑓𝑖
𝑁+1 ≈ 𝑓𝑖

𝑁
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❑ In reality, no need for the superscript N, Hence: Fermi-Dirac 
Function can be written as:

( )/

1
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1i B
i K T

f
e
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❑ Total No. of states N is then:
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❑Hence, N depends on T and µ
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❑ We are going to derive an equation of the heat capacity based on 
this statistics.

❑ Classical statistical mechanics predicts that a free particle should

have a heat capacity of
2

3
𝑘𝐵. 

❑ If N atoms each give one valence electron to the electron gas, and 
the electrons are freely mobile, then the electronic contribution to 

the heat capacity should be
2

3
𝑁𝑘𝐵

❑ But the observed electronic contribution at room temperature is 
usually less than 0.01% of this value

❑ This important discrepancy distracted the early workers, such as 
Lorentz: How can the electrons participate in electrical conduction 
processes as if they were mobile, while not contributing to the heat 
capacity?
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❑ The question was answered only upon the discovery of the Pauli 
exclusion principle and the Fermi distribution function

❑ Fermi found the correct result and he wrote, "One recognizes that 
the specific heat vanishes at absolute zero and that at low
temperatures it is proportional to the absolute temperature." 

❑ When we heat the specimen from 0 K, not every electron gains an 
energy ~kBT as expected classically, but only those electrons in 
orbitals within an energy range kBT of the Fermi surface are excited 
thermally.

❑ This gives an immediate qualitative solution to the problem of the 
heat capacity of the conduction electron gas.

❑ If N is the No. of electrons, only a fraction of the order of T/TF can 
be excited thermally at T, because only these lie within an energy 
range of the order of kBT of the top of the energy distribution. 
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❑ Each of the N.T/TF electrons has a thermal energy of the order kBT
❑ The total electronic thermal kinetic energy U is of the order of:

𝑈𝑒𝑙 ≈
𝑁𝑇

𝑇𝐹
𝑘𝐵𝑇                                                                                           (2.32)

→ 𝐶𝑒𝑙=
𝜕𝑈𝑒𝑙

𝜕𝑇
≈ 𝑁𝑘𝐵

𝑇

𝑇𝐹
                                                                       (2.33)

❑ So, it is directly proportional to T, in agreement with the 
experimental results.

❑ We now derive a quantitative expression for the electronic heat 
capacity valid at low temperatures: 𝑘𝐵𝑇 ≪ 𝜀𝐹

❑ The increase ∆𝑈 = 𝑈 𝑇 − 𝑈 0  in the total energy of a system of 
N electrons when heated from 0 to T is: 

0 0

( ) ( ) ( ) (2.34)
F

U d D f d D



      


 = − 



King Saud University, College of Science, Physics & Astronomy Dept. PHYS 674 (Band Theory of Solids)  © 2025

The Sommerfeld Theory of Metals

THERMAL PROPERTIES OF THE FREE ELECTRON GAS:
Applications of THE FERMI-DIRAC DISTRIBUTION 

❑ f() is the Fermi-Dirac distribution function showed before. And 
D() is the number of orbitals per unit energy range.

( )/

0 0

0 0

0 0

1
( , , ) (2.30)

1

( ) ( ) ( ) (2.35)

Nis the total no.of electrons.

(2.31) :

( ) ( ) ( )

( ) ( ) ( ) (2.36)

B

F

F

F F

F

K T

F

F F

F F

f T
e

N d D f d D

d D f d D

d D f d D

 





 



 

    



      

      

−







=
+

= =



=

→ =

 

 

  
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❑ Using (2.36) in (2.34):

 
0

( ) ( ) ( ) ( ) 1 ( ) ( ) (2.37)

F

F FU d D f d f D


         
 

 = − + − − 

❑ The first integral on the right-hand side of (2.37) gives the energy 
needed to take electrons from F to the orbitals of energy >F, and 
the second integral gives the energy needed to bring the electrons 
to F from orbitals below F .Both contributions to the energy are 
positive. 

❑ The product f()D()d in the first integral of (2.37) is the No. of 
electrons elevated to orbitals in the energy range d at an energy 

❑ The factor [1 - f()] in the second integral is the probability that an 
electron has been removed from an orbital . 
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❑ The heat capacity is found on differentiating  U with respect to T. 
The only temperature-dependent term in (2.37) is f()

 

0

0

0

0

0

0

( ) ( ) ( ) ( ) 1 ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( )

F

F

F

el F F

F F

F F

F

FD d D

dU d
C f D d f D d

dT dT

d
f D d f D d

dT

d
f D d f D d

dT

dT

d

d







       

  

 

         

         

 

  

 

 

 

 

 
= = − − − − 

  

 
= − − + + − 

  

 
= − + − 

  

= −





 

 





0

( ) ( )

( )
( ) ( ) (2.38)el F

f D d

f
C D d

T

  


   





 
 
 

 
= − 

 




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❑ By approximating D()  D(F):

( )

( )

0

( )/

( )/

2 2
( )/

2 2

2

( )
( ) ( ) (2.39)

( ) 1

1

( )
(2.40)

1

let : (2.41)

( ) (2.42)
1

F B

F B

F B

F

B

el F F

B F F

K T

K T

F

K T
B

F

B

x

el B F
x

K T

f
C D d

T

k T

f

T T e

e

k T e

x
k T

e
C k TD x dx

e

 

 

 




   

  



 

 





−

−

−



−


 −



 → 

 
 =

  +

−
=

 + 

−
=

 =
+


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❑We may replace the lower limit by −∞ because the factor eX in the 
integrand is already negligible at x = - F/kBT

( )

( )

3/2

2

3

2
2

2

2 2

2/3
2 2

2

2

/2 3/2 1/2
1/2

2 3

2

2 /22

(2.43)
31

1
( ) k (2.44)

3

3 2
(2.19)

2

3 2 3 2
( ) . . . .

2 2

3

3 3

1

2

3 3
( )

2 2

el

x

x

el B

F

F

F

B

e
x dx

e

C D T

N m
N

m V

dN m m
D

d

N N
D

K T

C

V

V V

T
N

T



 

 
















 





−

=
+

 =

   
=  =   

  

   
= = =   

  

 



 = =

 =  
 



(2.44)Bk
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❑Hence, Cel or Cv is linear in T.
❑ The prediction of a linear specific heat is one of the most important 

consequences of Fermi-Dirac statistics. The general form of heat 
capacity is:

3

2

(2.45)

(2.46)

v

v

C T AT

C
AT

T





= +

 = +

One can thus find  by 
extrapolating the C/T 
curve linearly down to T2 
= 0, and noting where it 
intercepts the C/T -axis 
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❑To find the velocity distribution for electrons in metals, consider a 
small volume element of k-space about a point k, of volume dk 

❑ The number of one-electron levels in this volume element is (from 
2.10) with the twofold spin degeneracy in consideration:

3
(2.47)

4

V
d



 
 
 

k

❑The probability of each level 
being occupied is just f()

❑ therefore the total number 
of electrons in the k-space 
volume element is:

3
( ) (2.48)

4

V
f d



 
 
 

k
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❑The velocity of a free electron with wave vector k is 𝒗 = ℏ𝒌/𝑚
❑ the number of electrons in an element of volume dV about 𝒗 is the 

same as the number in an element of volume: 𝑑𝒌 = (𝑚/ℏ)3𝑑𝒗
❑ Consequently the total number of electrons per unit volume of real 

space in a velocity space element of volume dV about 𝒗 is: 𝑓 𝒗 𝑑𝒗 
with:

( )
3

3
2

/ 1
( ) (2.49)

4 1
exp / 1

2
B

m
f v

mv k T




=
  

− +  
  

❑Sommerfeld reexamined the Drude model, replacing the classical 
Maxwell-Boltzmann velocity distribution (2.1) by the Fermi-Dirac 
distribution (2.49). 
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❑Fermi velocity can be derived as:

1/3
2

1/3
2

(2.50)

(2.

3

5
3

0)

F
F

F

k

m

k N
v

m m V

v

N

m V

v





 

=

 
 = =  

 

 
  

 

=

=

❑ This is the mean free path of electrons
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