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Syllabus of the Course

1- Review of free electron theory  (Chapter 6 + 7)

2- electron – electron interaction (Chapter 14)

3- electron –phonon interaction  (Chapter 14)

4- Magnetic materials : 

• diamagnetic (Chapter 11)

• paramagnetic (Chapter 11)

• ferromagnetic materials (Chapter 12)

5- magnetic resonance   (Chapter 13)

6- Introduction to Superconductivity and its magnetic properties 

(Chapter 10)

7-Dielectric and optical properties of solid
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A Review of Thermal Properties
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A Review of Thermal Properties
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A Review of Thermal Properties
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A Review of Thermal Properties

•Dulong–Petit (1800s): Early calorimetry → nearly constant CV for solids.

•Crisis at low T: High-precision cryogenic data showed CV drops sharply → 

classical equipartition fails.

•Stat mech limits: Boltzmann gave the framework but still predicted T-

independent CV for solids.

•Quantum turn (1900): Planck’s energy quanta opened the door to discrete 

vibrational modes.

•Einstein model (1907): Identical oscillators explain the drop in CV(T) but miss the 

T3 law.

•Debye model (1912): Continuum of acoustic phonons with linear dispersion ⇒ 

CV∝T3 at low T.

•Experimental push: Kamerlingh Onnes’s liquefaction of He; Nernst & 

Grüneisen’s measurements validated quantum models.

•Metals clarified: Sommerfeld’s electron theory adds a linear-in-T term; lattice + 

electrons unify the picture.

•In short: Quantized phonons (and electrons) finally explain how matter stores 

and transports heat.
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 We shall discuss only Volume Heat Capacity CV

  CV is defined as: Amount of Heat Energy per unit volume that is required to 
raise the temperature of one cubic meter of the substance 1 K.

  We have 3 famous models for CV:
  Debye Model
  Einstein Model
  Fermi Free Electron Model 

Depend on Phonons

Depends on Electrons

 At High T, Debye & Einstein ➔ 3NKB  (Classical Limit)

 At Low T, Debye ➔ T3  (In agreement with Experiment)

 At low T, only long-wavelength (low-frequency) acoustic phonons are 
thermally excited, and their number grows as T3 in three dimensions.
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A Review of Thermal Properties

𝐶𝑉 ≈
12π4

5
𝑁𝑘𝐵

𝑇

Θ𝐷

3

, 𝑇 ≪ Θ𝐷.
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Modeling in Physics
• Modeling in physics is crucial because it provides a bridge 

between abstract physical laws and real-world phenomena. 

• By constructing mathematical or computational models, 

scientists can simplify complex systems into manageable 

forms, reveal underlying principles, and make quantitative 

predictions.

• Models not only guide experimental design and interpretation 

but also expose limitations of existing theories—driving the 

development of new physics. 

• In essence, modeling is the language through which theory, 

experiment, and application communicate.
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Major Models in this Course
1. Einstein Model: Atoms modeled as independent quantum oscillators of a single 

frequency.
2. Debye Model: Continuum of acoustic phonon modes with linear dispersion
3. Fermi Gas Model : Conduction electrons treated as a classical or quantum gas.
4. Nearly Free Electron Model: Weak periodic potential modifies free electrons → 

energy gaps at Brillouin zone boundaries.
5. Tight-Binding Model: Electrons strongly bound to atoms with overlap of atomic 

orbitals forming bands.
6. Bloch’s Theorem: Wavefunctions in a periodic potential modeled as plane waves 

times periodic functions.
7. Density of States Models: Model for distribution of electronic states in free, 

nearly free, or tight-binding cases.
8. Band Model of Solids: Classification into metals, semiconductors, and insulators 

based on band filling.
9. Effective Mass Model: Approximation where electrons in bands behave as free 

particles with renormalized mass.
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Debye Model for Density of States
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Debye T3 Law
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Debye T3 La

3.vC consT
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Einstein Model of the Density of States

𝐷 𝜔 = 𝑁𝛿 𝜔 − 𝜔𝑜
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Einstein VS. Debye Model
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Experimental data
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 3C T AT= +

Total Heat Capacity
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1. Energy Levels in 1-D
2. Effect of Temperature on the Fermi-Dirac

Distribution
3. Free Electron Gas in 3-D
4. Heat Capacity of the Electron Gas
5. Electrical Conductivity and Ohm’s Law
6. Motion in Magnetic Fields
7. Thermal Conductivity of Metals
8. Nanostructures
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 Free Electron Model has a good agreement with experiment 
for the full range of temp.

Free Electron Fermi Gas
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• Classically: Cv,e ≈
3

2
NKB

• Problem: Experiment shows the electronic 
contribution is tiny compared to lattice heat 
capacity.

• Need a quantum model: Sommerfeld’s Fermi 
Gas Model (1928).

• Key idea: electrons obey Pauli exclusion and 
Fermi–Dirac statistics
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Free Electron Fermi Gas

P
ro

f. 
N

as
se

r 
S

. A
lz

ay
ed



• Fermi–Dirac Distribution:

• Occupation probability: 

f(E) =
1

e(E−𝜇)/kBT + 1
• At T= 0: all states filled up to Fermi energy EF

• At low T: only electrons within ∼kBT of EF 
can be thermally excited.
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Free Electron Fermi Gas
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Free Electron Fermi Gas

According to this model; the valence 
electrons become conduction electrons 
and move freely through the metal.
Example: Na11: 1s, 2s,2p ➔ 10 e (bound)
                                       3s ➔ 1 free electron
Hence, we have 3s conduction band.
For N atoms: we have N free electrons

Introduction:
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Free Electron Fermi Gas

 Free Electron Fermi Gas: A collection of 
large no. of electrons that are free to move 
and subject to Pauli Ex. Principle (Fermi See)

 Free to move: Because of the periodicity of 
the lattice.

 Pauli Ex. Principle: Means that few 
scattering could happen to electrons from 
other electrons (not from ions).

Introduction (Continued):
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Free Electron Fermi Gas

Schrödinger Eq. of 1 electron:                                      (1)
n is the energy of the e in orbital.
We then apply the bound. Cond.:

Energy Levels in 1-D:

2 2

22
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d
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m dx


  = − =



( ) ( )0 0n n L = =

Solution is of the form:

Where:                        and: 

We feed this wave function back in eq. (1)
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Free Electron Fermi Gas

Hence, 2nd derivative:

Energy Levels are thus given by:

But this is for (1 e). We need  to work out the energy levels for 
N e’s. Pauli Ex. Principle does not allow any two e’s to have 
same set of quantum numbers.
In our case (linear solid) these quantum numbers are n & ms

Hence, if n is the same, ms must be different.
Ex. n = 2 ➔ ms = ±½  (2 electrons)
Energy, however, could be the same for more than one orbital 
(this is called degeneracy)

Energy Levels in 1-D (continued):
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Free Electron Fermi Gas

Fermi  Energy F is the energy of the Last FULL level at 0 K.
Last FULL energy level is nF.
For N electrons; nF = N/2
Thus, for N electron system:

Energy Levels in 1-D (continued):
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The free fermions that 
occupy the lowest 
energy states form a 
sphere in k space. The 
surface of this sphere 
is the Fermi surface
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Free Electron Fermi Gas

 System of N e’s is at Ground State if T = 0 K
 As T increase ➔ Kinetic Energy of e’s increase
 ➔ Higher Levels are occupied
  Since No. of e’s is fixed ➔ other levels get vacant.

Effect of T on Fermi-Dirac Distribution

Fermi-Dirac Distribution Function f() gives the probability that an 
orbital (level) of energy  is occupied at temp. T:

1
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

 is the chemical potential. At T = 0 :  = F 
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Free Electron Fermi Gas

  Wave Eq. in 3-D takes the form

                                                                                                 
 Hence, wave function inside a box of L x L x L:

 Periodicity of the wave leads to:
With same results for y and z. In other words, value of the 
function at the left side of the cube is the same at the right 
side.

Free Electron Gas in 3-D (continued): 
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Free Electron Fermi Gas

  Eq. (9) in (6) we have the energy levels:

 Wavevector k and wavelength  are related as:
  Momentum p in Q.M. is given by:
  When this momentum (operator) applied to the 

wavefunction in Eq. (9), we get the eigenfunction  with 
eigenvalue:

 For a system of N e’s in G.S. the occupied orbitals are 
represented by as points inside a sphere in k space.    

Free Electron Gas in 3-D (continued):
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Free Electron Fermi Gas
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Free Electron Fermi Gas

  Sphere surface represents Fermi Energy F expressed  as:

  Since Volume element in k space is                  (volume of 1 

state) while the total volume of the sphere is:                   we can 

find total no. of states (orbitals) for this system as:

The x 2 in L.H.S. is because of 2 e’s for every Q.N. ms 

Free Electron Gas in 3-D (continued):
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1. Introduction
2. Energy Levels in 1-D
3. Effect of Temperature on the Fermi-Dirac

Distribution
4. Free Electron Gas in 3-D
5. Heat Capacity of the Electron Gas
6. Electrical Conductivity and Ohm’s Law
7. Motion in Magnetic Fields
8. Thermal Conductivity of Metals
9. Nanostructures
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 Free Electron Model has a good agreement with experiment 
for the full range of temp.

Free Electron Fermi Gas
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• Classically: Cv,e ≈
3

2
NKB

• Problem: Experiment shows the electronic 
contribution is tiny compared to lattice heat 
capacity.

• Need a quantum model: Sommerfeld’s Fermi 
Gas Model (1928).

• Key idea: electrons obey Pauli exclusion and 
Fermi–Dirac statistics
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• Fermi–Dirac Distribution:

• Occupation probability: 

f(E) =
1

e(E−𝜇)/kBT + 1
• At T= 0: all states filled up to Fermi energy EF

• At low T: only electrons within ∼kBT of EF 
can be thermally excited.
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1-Introduction
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According to this model; the valence 
electrons become conduction electrons 
and move freely through the metal.
Example: Na11: 1s, 2s,2p ➔ 10 e (bound)
                                       3s ➔ 1 free electron
Hence, we have 3s conduction band.
For N atoms: we have N free electrons
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1-Introduction
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 Free Electron Fermi Gas: A collection of 
large no. of electrons that are free to move 
and subject to Pauli Ex. Principle (Fermi See)

 Free to move: Because of the periodicity of 
the lattice.

 Pauli Ex. Principle: Means that few 
scattering could happen to electrons from 
other electrons (not from ions).
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1-Introduction
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1-Introduction
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Schrödinger Eq. of 1 electron: 
  
                                 
n is the energy of the e in orbital.
We then apply the bound. Cond.:

2 2
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Solution is of the form:

Where:                        and: 

We feed this wave function back in eq. (1)
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2-Energy Levels in 1-D:
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Hence, 2nd derivative:

Energy Levels are thus given by:

But this is for (1 e). We need  to work out the energy levels for N e’s. Pauli Ex. 

Principle does not allow any two e’s to have same set of quantum numbers.

In our case (linear solid) these quantum numbers are n & ms

Hence, if n is the same, ms must be different.

Example: n = 2 ➔ ms = ±½  (2 electrons)

Energy, however, could be the same for more than one orbital (this is called 

degeneracy)
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2-Energy Levels in 1-D:
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Fermi  Energy F is the energy of the Last FULL level at 0 K.
Last FULL energy level is nF.
For N electrons; nF = N/2
Thus, for N electron system:

2 22 2

(4)
2 2 2

F
F

n N

m L m L

 


   
= =   

  



The free fermions that 
occupy the lowest 
energy states form a 
sphere in k space. The 
surface of this sphere is 
the Fermi surface
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Energy Levels in 1-D (continued):
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 System of N e’s is at Ground State if T = 0 K
 As T increase ➔ Kinetic Energy of e’s increase
 ➔ Higher Levels are occupied
  Since No. of e’s is fixed ➔ other levels get vacant.

Fermi-Dirac Distribution Function f() gives the probability that an 
orbital (level) of energy   is occupied at temp. T:

 is the chemical potential. At T = 0 :  = F 

1
( ) (5)

1BK T

f

e

 


 −
 
 

=

+
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EFFECT OF TEMPERATURE ON THE FERMI-DIRAC DISTRIBUTION

•  The ground state is the state of the N electron system at 
absolute zero. What happens as the temperature is 
increased? The solution is given by the Fermi-Dirac 
distribution function.

•  The kinetic energy of the electron gas increases as the 
temperature is increased: some energy levels are occupied 
which were vacant at absolute zero, and some levels are 
vacant which were occupied at absolute zero .The Fermi-
Dirac distribution gives the probability that an orbital at 
energy ε will be occupied in an ideal electron gas in 
thermal equilibrium.

( )/

1
( )  (5)

1Bk T
f

e
 


−

=
+

μ is a function of temperature; it is to be chosen in such a way that 
the total number of particles = N. At absolute zero μ = εF
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EFFECT OF TEMPERATURE ON THE FERMI-DIRAC 
DISTRIBUTION

because in the limit T → 0 the 
function f(ε) changes 
discontinuously from the value 
1 (filled) to the value 0 
(empty) at ε = εF = μ. At all 
temperatures f(ε) is equal to ½  
when ε = μ, for then the 
denominator of (5) has the 
value 2.

f(ε) = 1  (means full)
f(ε) = 0  (means vacant)
At very low temp. f(ε) becomes similar to Boltzmann or Maxwell 
Distribution.
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f(ε) at the 
various 
temperatures, 
for
Tε = εF/KBT = 
50,000 K. The 
total number 
of  particles is 
constant, 
independent 
of 
temperature. 
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This is what the f(ε) looks like at 
different Temperatures
• As T → 0 K, it becomes a step
function
• Note that the lower energy 
levels are usually filled first, and 
as temperature increases;
no of electrons at higher energy 
levels increases.

Fermi energy changes as the temperature changes because it is 
defined as: µ =Fn+1-Fn   (n= no. of particles, electrons)
Where F is the Helmholtz Free Energy: F=U-TS
U: System energy, S: Entropy (Increases as T increase)

EFFECT OF TEMPERATURE ON THE FERMI-DIRAC 
DISTRIBUTION
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Distribution 
System

Notes

Maxwell-
Boltzmann 
distribution 

•identical particles 
•distinguishable
•wave function : not overlap

Bose-
Einstein 
distribution 

•Identical particles 
•indistinguishable
•wave function : overlap
•spin quantum number = 0,1,2, …

Fermi-Dirac 
distribution 

•Identical particles 
•indistinguishable
•wave function: overlap
•spin quantum number = 1/2,3/2,5/2 
….

/
( ) Bk Tf Ae

 −
=

/

1
( )

1Bk T
f

e e


 =
−

/

1
( )

1Bk T
f

e e


 =
+

Different DISTRIBUTION Systems
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We just need to extend our results for 1-D.

2 2 2 2

2 2 2
( ) ( )                             (6)

2

for a cube of length L we have:

( ) sin sin sin                     (7)

, ,  are all positiv

k k k

yx z
n

x y z

r r
m dx dy dz

n yn x n z
r A

L L L

n n n

  

 


 −   
+ + = 

 

    
=     

    



e intigers.

 is periodic in x, y, z  with period L. Thus:

( , , ) ( , , )                                                    (8)

( , , ) ( , , ), ( , , ) ( , , )

x L y z x y z

x y L z x y z x y z L x y z



 

   

+ =

+ = + =

FREE ELECTRON GAS IN THREE DIMENSIONS
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Wave functions satisfying the free particle Schrodinger equation 
and the periodicity condition are of the form of a traveling planave:

.( )                                                                            (9)

2 4
with: , , 0; ; ; ......                                  (10)

ik r

k

x y z

r e

k k k
L L



 

=

=  

Any component of k of the form 2nπlL will satisfy the periodicity
condition over a length L, where n is a positive or negative integer.
these values of kx satisfy (8), for:

2 2 2
( )

( ) 2= . =                 (11)x x

n n n
i x L i x i x

ik x L ik xi nL L Le e e e e e
  


+

+ =
=

Differentiate (9) twice then put it back in Eq. (6):
2 2

2 2 2 2= ( )  (12)
2 2

k x x xk k k k
m m

 = + +


FREE ELECTRON GAS IN THREE DIMENSIONS
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The energy at the surface of the sphere is the Fermi energy:
2

2=                                     (14)
2

F Fk
m




We can calculate the total No. of states inside Fermi Sphere from 
dividing the total Fermi sphere volume on the volume of one state

3

3

3

3 3

2

1/3
2

2
Volume of one state: 

4
Total volume of Fermi Sphere: 

3

4 2
2. /    (Total No. of states)         (15)

3 3

3
                                          (16)

He

F

F F

F

L

k

V
N k k

L

N
k

V












 
 
 

 
 = = 

 

 
 =  

 

ncem  depends only on particle concentrationFk

FREE ELECTRON GAS IN THREE DIMENSIONS
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The occupied states are inside the Fermi sphere in k-space as 
shown below; the radius is Fermi wave number kF

kz

ky

kx

Fermi surface
ε= εF

kF

2
2

2/3
2 2

=
2

3

2

F Fk
m

N

m V



 
=  

 





The surface of the Fermi sphere 
represents the boundary between 
occupied & unoccupied  k states 
at absolute zero for the free 
electron gas.

FREE ELECTRON GAS IN THREE DIMENSIONS – Fermi Sphere
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FREE ELECTRON GAS IN THREE DIMENSIONS
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The number of orbitals per unit energy range: D(є) = density of 
states.

)19(
2

3

2/3

22 







=







mV
N

This leads to:

)20(.
2

.
2

)( 2/1

2/3

22



 








==



mV

d

dN
D

Equation (19):

.ln
2

3
ln constN += 

)21(
2

3
)(.

2

3






 N

d

dN
D

d

N

dN
===

Hence:

Within a factor of the order of unity, 
the number of orbitals per unit energy 
range at the Fermi energy is the
total number of conduction electrons 
divided by the Fermi energy.

FREE ELECTRON GAS IN THREE DIMENSIONS – Fermi Sphere
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FREE ELECTRON GAS IN THREE DIMENSIONS
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The question that caused the greatest difficulty in the early 
development of the electron theory of metals concerns the heat 
capacity of the conduction electrons. Classical statistical mechanics 
predicts that a free particle should have a heat capacity of ⅔kB 
where kB is the Boltzmann constant. 
If N atoms each give one valence electron to the electron gas, and 
the electrons are freely mobile, then the electronic contribution to 
the heat capacity should be ⅔NkB , just as for the atoms of a 
monatomic gas. But the observed electronic contribution at room 
temperature is usually less than 0.01 of this value.
When we heat the specimen from absolute zero, not every electron 
gains an energy ~kBT as expected classically, but only those  
electrons in orbitals within an energy range kBT of the Fermi level 
are excited thermally
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If N is the total number of electrons, only a fraction of the order of 
T/TF can be excited thermally at temperature T.
Each of these NT/TF electrons has a thermal energy of the order of 
kBT. The total electronic thermal kinetic energy U is of the order of:

el

                                                                                                  (22)

The electronic heat capacity is given by:

C =                                

el B

F

B

F

T
U N k T

T

U T
Nk

T T







                                                              (23)

Cel is directly proportional to T, in agreement with the experiment.  
At room temperature Cel is smaller than the classical value ⅔NkB by 
a factor of the order of 0.01 or less, for TF ~ 5 X 104 K.
Hence: Classical value does not agree with experiment
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• Classical Statistical Physics heat capacity of one electron: C=  ⅔kB 
• Classical Statistical Physics heat capacity of N electrons: C = ⅔NkB 
• Experimental result of C = 1% of this value only
• Error in Classical theory was due to considering all electrons that 
participate in conductivity as Free electrons.
•Fermi solved this puzzle: Only electrons that have energies of ~ kBT 
below Fermi Surface or higher participate in Heat Capacity.
• Hence:  only NT/TF  of electrons is important.
• All other electrons are not useful. 

Electrons in this region don’t participate

Electrons in this region participate k

 TkB
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• All Free electrons participate in Electrical Conductivity
•      But only T/TF  fraction participate in Heat Capacity 
•  This conclusion is a major indication of the success of the Fermi 
Free Electron Gas. 
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• We want to derive an expression for the electronic heat capacity:

0 0

The increase ( ) (0) in the total cnergy of a system of N electrons 

when heated from 0 to T is: 

( ) ( ) ( )                                                               (24)

Tota

F

U U T U

U D f d D d



      


  −

  − 

0 0

l No of electrons inside Fermi sphere (or including outside where no electros):

( ) ( ) ( )                                                                (25)

we can write (then multply b

F

N D f d D d



    


= = 

F

0 0

0 0

oth sides by :)

( ) ( ) ( )                                                    (26)

F

F

F F

F

F F

d d d

D f d D d





 





  

      

 



= +

 
+ = 

 
 

  

  
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The first integral on the right-hand side of (27) gives the energy 
needed to take electrons from εF to the orbitals of energy ε>εF, and 
the second integral gives the energy needed to bring the electrons 
to εF from orbitals below εF .

 
0

(26) & (24): 6 terms:

( ) ( ) ( ) ( ) 1 ( ) ( )                           (27)
F

F

F FU D f d f D d





         


 = − + − − 

The product f(ε)D(ε)dε in the first integral of (27) is the number of
electrons elevated to orbitals in the energy range dε at an energy ε. 
The factor [1 - f(ε)] in the second integral is the probability that an 
electron has been removed from an orbital ε. 

The heat capacity is found on differentiating ∆U with respect to T. 
The only temperature-dependent term in (27) is f(ε)
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0

[ ] ( )                                                       (28)

1
Fermi Dirac: ( )                                                        ( 1)

1

Let ( ) ( ) in (2

B

el F

K T

F

dU df
c d D

dT dT

f x

e

D D

 

   



 



 −
 
 

= = −

=

+

→



0

8) and  in Fermi Dirac Function:

( ) [ ]                                                             (29)

equation (x1) becomes:

1
( )                                

1

F

B

F

el F F

K T

df
c D d

dT

f

e

 

 

   





 −
 
 

→

  −

=

+



                                              ( 2)x

The heat capacity of the electron gas is found on differentiating 8U 
with respect to T.
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( )2

2 2

let k :

1
( )                                                              ( 3)

1

we then differentiate w.r.t :

1
( )

1

F

F

F

B

F

F

T

f x

e

e
df

d
e

 



 



 









 

  

 

− 
 
 

− 
 
 

− 
 
 

→

=

+

 − 
− −  
   − = =

 
+ 

  

2
( 4)

1

1 1

F

F

B B

B

e
x

e

k T d k dT

k
dT d

 



 



 



− 
 
 

− 
 
 


 

  
+ 

  

=  =

=


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22

0

2

2

0

Rewriting Eq. (29):

( ) [ ]

1

( )             (30)

1

:

F

F

F

F

F
el B F F

F
el B F

F

B

e
c k D d

e

e
c k D d

e

d d
let x dx d

k T

 



 



 



 



 
   



 
 



   

 

− 
   

− 
 
 

− 
   

− 
 
 

− 
 −  

   
+ 

  

− 
 =  

   
+ 

  

− 
=  = =  
 





2we have k   and k  in (30) :

B

B B B

k Tdx

T k T

 =

→ 
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:نستخدم التالي

2 2

2

Hence, we have:

( )                                (31)
1

for the lower limit of integral:

0
   [lower limit in (30) = =0]

as T 0, x -

Using table of I

F

x

el B F
x

F F F

e
c k TD dx x

e

x x







   


  



−

=
 + 

− − − 
=  = = 
 

→ → 



2
2

2

2
2

ntegrals:

                                                   (32)
31

(32) in (31): ( )                                     (33)
3

x

x

el B F

e
dx x

e

c k TD








−

=
 + 

=


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(31)الآن نستخدم الجداول ونحصل على قيمة التكامل في  :كما يلي 

2 2

From eq. (21) above, we have: 

3
( )

2

3
( )

2

with: , (33) :

1
(36)

2

.

F

F

F

B F

F
F

B

el B

F

F

N
D

N
D

k T

T
k

T
C k

T

T Const










=

 =

= →

=

=

Recall that although TF is called the Fermi temperature, it is not the 
electron temperature, but only a convenient reference notation>
We shall compare this result with experimental data.
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At temperatures much below both the Debye temperature and the Fermi 
temperature, the heat capacity of metals may be written as the sum of electron 
and phonon contributions: 

C = T + AT3

where  and A are constants characteristic of the material.
Electronic part is Linear to T   (Agree with Fermi Free Electron Model)

    While Phononic part is  T3  (Agree with Debye model)
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❑The free electron model of metals gives us good insight into the 
heat capacity, thermal conductivity, electrical conductivity, 
magnetic susceptibility, and electrodynamics of metals.

❑But the model fails to help us with other large questions:
➢ the distinction between metals, semimetals, semiconductors, 

and Insulators
➢ the occurrence of positive values of the Hall coefficient
➢ the relation of conduction electrons in the metal to the 

valence electrons of free Atoms
➢ many transport properties, particularly magneto transport

❑Hence, we need to modify Fermi Electron Model to be able to 
answer these puzzles. We will see that little modification is just 
adequate.
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❑The difference between a good conductor and a good insulator is 
striking. The electrical resistivity of a pure metal may be as low as 
10-10 Ω.cm at 1 K, apart from the possibility of superconductivity. 

❑The resistivity of a good insulator may be as high as 1022 Ω.cm.
❑ This range of 1032 may be the widest of any common physical 

property of solids.

❑ Every solid contains electrons. The important question for 
electrical conductivity is how the electrons respond to an applied 
electric field.

❑ electrons in crystals are arranged in energy bands.
❑ Bands are separated by band gaps (Forbidden Regions)
❑ Source of bands come from the interaction of the conduction 

electron waves with the ion cores of the crystal
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❑ Insulator: if the allowed energy bands are either filled or empty, 
for then no electrons can move in an electric field. 

❑ Metal: if one or more bands are partly filled.
❑ Semiconductor or a semimetal: if one or two bands are slightly 

filled or slightly empty.
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❑ To modify the Free Electron Model; we will assume that electron 
is not totally free. It must respect the periodicity of the crystal.

❑ This will directly lead to the important result: band gap.
❑ Also; we introduce the concept of effective mass of electron m* 

which may be larger or smaller than the free electron mass, or 
may even be negative. 

❑ Negative and Positive effective mass can directly explain for +tive 
Hall coefficient.
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❑This model answers almost all the qualitative questions about the 
behavior of electrons in metals.
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❑ On the free electron model the allowed energy values are 
distributed essentially continuously from zero to infinity

( )
2

2 2 2=                                                                                (1)
2

From boundary conditions over a cube of side L :

2 4
, , 0; ; ;......                          

k x y z

x y z

k k k
m

k k k
L L



 

+ +

=  



k.r

                                         (2)

wavefunctions are of the form : (r)                                            (3)i

k e =

❑ The band structure of a crystal can often be explained by the 
nearly free electron model for which the band electrons are 
treated as perturbed only weakly by the periodic potential of the 
ion cores. This model answers almost all the qualitative questions 
about the behavior of electrons in metals.
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❑ Bragg reflection of electron waves in crystals is the cause of 
energy gaps. At Bragg reflection wavelike solutions of the 
Schrodinger equation do not exist, as in Fig. 2 (Forbidden Region)
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❑ Fig. 2, in (a) for entirely free electrons and in (b) for electrons 
that are nearly free, but with an energy gap at k = ±π/a. The 
Bragg condition (k + G)2 = k2 for diffraction of a wave of 
wavevector k becomes in one dimension:

❑ where G = 2πn/a is a reciprocal lattice vector and n is an integer. 
The first reflections and the first energy gap occur at k = ±π/a. The 
region in k space between -π/a and π/a is the first Brillouin zone 
of this lattice. Other energy gaps occur for other values of the 
integer n.

❑ 2nd Brillouin zone is located between: ±2π/a  and so on.

1
=     (in 1-D)                                                                       (4)

2

n
k G

a


 = 
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❑ Electron waves will move only inside the B.Z.
❑ All waves stop and Reflect at the borders of  the B.Z. (From 

forbidden regions).

King Saud University, College of Science, Physics & Astronomy Dept. PHYS 672 (Solid State Physics)  © 2025

Chapter 7: Energy Bands
Bragg Reflections lead to Band Gap

P
ro

f. 
N

as
se

r 
S

. A
lz

ay
ed



❑we will have 3 different types of Waves:
o  Moving to the Right → (will be reflected to the left from π/a)
o  Moving to the Left  (will be reflected to the right from -π/a)
o  Standing waves (time independent. Do not move).

❑ Consequently: Standing waves can be used to describe the case.
❑ We can form two different standing waves from the two traveling 

waves:

𝑒+𝑖𝜋𝑥/𝑎 = cos( 𝜋𝑥/𝑎) + 𝑖 sin( 𝜋𝑥/𝑎) →

𝑒−𝑖𝜋𝑥/𝑎 = cos( 𝜋𝑥/𝑎) − 𝑖 sin( 𝜋𝑥/𝑎) ←

or:

𝑒±𝑖𝜋𝑥/𝑎 = cos( 𝜋𝑥/𝑎) ± 𝑖 sin( 𝜋𝑥/𝑎)
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❑ Hence; we have 2 standing waves: Even (+) and odd (-):

/ /

/ /

( ) 2cos( / )
                                  (5)

( ) 2 sin( / )

i x a i x a

i x a i x a

e e x a

e e i x a

 

 

 

 

+ −

+ −

+ = + = 


− = − = 

❑ The two standing waves Ψ(+) and Ψ(-) pile up electrons at 
different regions, and therefore the two waves have different 
values of the potential energy in the field of the ions of the 
lattice. This is the origin of the energy gap.

❑ Waves traveling in different directions have different energies, 
leading  to energy gap.

Origin of the Energy Gap

❑ In one dimension; solution to the Schrödinger equation at the 
boundaries of Brillouin Zone are standing waves.
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❑ Let us consider the probability density  for both + and – (even 
and odd) functions.

❑  is expressed as: =*=||2

❑
 For pure travelling wave:  = eikx 

➔ =*=||2 = e-ikx eikx =1
❑ This mean that probability of finding electron = 100% ( = const.)
❑ But in our case (Nearly Free Electron),  is not Const.

2 2

2 2

( ) ( ) cos ( )

( ) ( ) sin ( )

x

a

x

a


  


  

+ = +

− = −

❑ Accordingly; for even functions (+):  = 1 only at specific values of 
x; namely at: x =0, a, 2a, ….

❑ For odd functions (-):  = 1 only at: x = 1/2 a, 3/2 a, 5/2 a …. 
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❑ Hence; even function probability has its values max (=1) when 
the Pot. Energy is at lowest values (just at the Ions).

❑ On the other hand; odd function probability has its values max 
(=1) in the middle locations between the Ions.

❑ In other words: (+) function piles up electrons near the Ions while 
the (-) function piles up electrons in places mid-distance from two 
ions.

❑  This leads to an energy gap between the two pools of electrons.
❑ If we calculate the expectation values (average energy) in these 

three cases: + , -, and Free electron (travelling wave): we have:
❑ that of (+) is lower than that of Free Electron
❑ that of (-) is above that of Free Electron.
❑ Result is: Eg difference in energy between the (+) and (-) 
❑ This is the origin of the Band Gap.
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(+) piles up electronic 
charge on the cores of the 
positive ions, thereby 
lowering the potential 
energy in comparison with 
the average potential 
energy seen by a traveling 
wave. 

(-) piles up charge in the region between the 
ions, thereby raising the potential energy in 
comparison with that seen by a traveling wave. 
This figure is the key to understanding the 
origin of the energy gap
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❑ Let us suppose that the potential energy of an electron in the 
crystal at point x is:

1
2 2

0

2 2

2
( ) cos (6)

The first-order energy difference between the two standing wave states is :

( ) ( ) ( )

2
cos cos sin

                                    

g

U x U x
a

E U x dx

x x
U x dx

a a a

U



 

  

 
=  

 

 = + − −
 

   
= −   

   

=





                                                                (7)

❑ We see that the gap is equal to the Fourier component of the 
crystal potential.
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❑ F. Bloch proved the important theorem that the solutions of the
Schrodinger equation for a periodic potential must be of a special 
form:

.( ) ( )                                                            (8)ik r

k kr u r e =

❑ uk(r) has same periodicity of the crystal with uk(r) = uk(r +T)
❑ T is the translation vector of the lattice in normal space.
❑ Eq. (8) means that:
The eigenfunctions of the wave equation for a periodic potential are the 
product of a plane wave exp(ik.r) times a function uk(r) with the 
periodicity of the crystal lattice.

❑ Bloch functions can he assembled into wave packets to represent 
electrons that propagate freely through the potential field of the ion 
cores.
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❑ We consider N identical lattice points on a ring of length Na. The 
potential energy is periodic in a, with U(x) = U(x + sa), where s is 
an integer. 

❑ symmetry of the ring leads to:

where C is a constant. Then, on going once around the ring:

bccause (x) must be single-valued. 

It follows that

( ) ( )                                                         (8)

( ) ( ) ( )N

x a C x

x Na x C x



 

  

+ =

+ = =

2 /

 C is one of the N roots of unity, or:

satisfies (8), provided that ( ) has the periodicity a, so that ( ) ( ).

T

0,1,2,..., 1                                                       (9)i s N

U x U x U x a
k k k

C e s N

= +

= = −

his is the Bloch result (7).
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Chapter 7: Energy Bands
Kronig-Penney Model

❑ This model solves for periodic potential in a form of a square-well 
array:

❑ Schrodinger wave equation for this potential can take the form:

2 2

2
( )                                                  (11)

2

d
U x

m dx


 − + =



where U(x) is the potential energy and ε is the energy eigenvalue.
 We have 2 regions:  0 < x < a (U = 0) and -b < x < 0  (U ≠ 0)
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❑ This model solves for periodic potential in a form of a square-well 
array:

❑ Schrodinger wave equation for this potential can take the form:

2 2

2
( )                                                  (11)

2

d
U x

m dx


 − + =



where U(x) is the potential energy and ε is the energy eigenvalue.
 We have 2 regions:  0 < x < a (U = 0) and -b < x < 0  (U ≠ 0)

King Saud University, College of Science, Physics & Astronomy Dept. PHYS 672 (Solid State Physics)  © 2025

Chapter 7: Energy Bands
Kronig-Penney Model

P
ro

f. 
N

as
se

r 
S

. A
lz

ay
ed



❑ For the first region (0 < x < a (U = 0) ) we have the wave function:

❑ In the 2nd region, [-b < x < 0(U ≠ 0)] wave function takes the form:

2 2

                                                        (12)

This is a combination of plane waves traveling to the right and 

to the left, with energy:

=                              
2

iKx iKxAe Be

K

m





−= +


                                                       (13)

2 2

                                                          (14)

with energy:

=                                                                             (15)
2

Qx Qx

o

Ce De

Q
U

m





−= +

−

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❑ Solution of this equation shall be on the Bloch form (7) because it 
is a periodic potential.

❑ Thus the solution in the region a<x<a+b must be related to the 
solution (14) in the region -b<x<0 by the Bloch theorem:

❑ The constants A, B, C, D are chosen so that Ψ and Ψ’ are 
continuous at x=0 and x=a. same as in square potential wells. 

❑ At x = 0  we have (for both conditions): (12) + (14):

.

( )

( ) ( )                                                           (7)

( )  (- 0)                                            (16)

ik r

k k

ik a b

r u r e

a x a b b x e



  +

=

  + =  

                                                               (17)

Derivatives of (12) and (14) at x = 0 provides:

( - ) ( - )                                                                 

A B C D

iK A B Q C D

+ = +

=          (18)
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❑ for the case of x = a; and applying continuity of Ψ and Ψ’ we will 
get:

❑ Solving equations from (17) to (20) can be done by putting all 
coefficients of A, B, C, D in a determinant.  However, such solution 
is very difficult. We will only write down the final equation:

( )

( )

( )                                     (19)

( ) ( )                                    (20)

iKa iKa Qb Qb ik a b

iKa iKa Qb Qb ik a b

Ae Be Ce De e

iK Ae Be Q Ce De e

− − +

− − +

+ = +

− = −

2 2

sinh sin cosh cos cos ( )             (21 )
2

Q K
Qb Ka Qb Ka k a b a

QK

 −
+ = + 

 

❑  to simplify the solution; we represent the periodic potential by a 
periodic Delta Function. Let: b → 0  and Uo→ ∞
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❑ We do some approximation:

2 2

2

2

    Qb 1

sinh

cosh 1

cos ( ) cos

notice that: ,  hence: (21a) 

sin cos cos
2

sin cos cos (21 )

2

Q K

Qb Qb

Qb

k a b ka

Q K

Q
Qb Ka Ka ka

QK

P
Ka Ka ka b

Ka

Q ba
with P

→

→

+ →



+ =

 
+ = 

 

=




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❑ The ranges of K for which this equation has solutions are plotted 
in Fig. 5, for the case P = 3π/2. The corresponding values of the 
energy are plotted in Fig. 6. Note the energy gaps at the zone 
boundaries.
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❑  Plot of energy vs. wavenumber for 
the Kronig-Penney potential, with P 
= 3π/2. Notice the energy gaps at ka 
= π, 2π, 3π . . .. 
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Chapter 7: Energy Bands
WAVE EQUATION OF ELECTRON IN A PERIODIC POTENTIAL

❑ We considered in Fig. 3 the approximate form we expect for the 
solution of the Schrödinger equation if the wave vector is at a 
zone boundary, as at k = ±π/a. 

❑Here, we treat in detail the wave equation for a general potential, 
at general values of k.

❑ Let U(x) denote the potential energy of an electron in a linear 
lattice of lattice constant a. Potential energy is invariant under  
the lattice translation. Hence: U(x ) = U(x + a).

❑ A function invariant under a crystal lattice translation may be 
expanded as a Fourier series in the reciprocal lattice vectors G.

❑ As a rule: There is periodicity : There is Fourier Transform
❑ We write the Fourier series for the potential energy as:

( )                                                       (22)iGx

GG
U x U e= 
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❑ Please review Fourier Analysis.
❑ For actual crystal potentials;  the values of the coefficients UG 

tend to decrease rapidly with increasing magnitude of G. For a 
coulomb potential: UG decreases as 1/G2

❑
 In equation (22), we did not specify the x-values. We want to use 
only real values. Accordingly: (22) can be rewritten as:

0 0
( ) ( ) 2 cos           (23)iGx iGx

G GG G
U x U e e U Gx−

 
= + = 

❑ The wave equation of an electron in the crystal is H =  where 
H is the Hamiltonian and  is the energy eigenvalue.

❑ The full equation is then:

2 2

( ) ( ) ( ) ( ) ( )                    (24)
2 2

iGx

G

p p
U x x U x e x x

m m
  

   
+ = + =   

   

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❑ Equation (24) is written in the one-electron approximation in 
which the orbital (x) describes the motion of one electron in the 
potential of the ion cores and in the average potential of the 
other conduction electrons.

❑ The wavefunction (x) may be expressed as a Fourier series 
summed over all values of the wavevector permitted by the 
boundary conditions, so that:

( )                                                                      (25)ikx

k

C k e = 

❑ The set of values of k has the form 2πn/L.
❑ To solve the wave equation, substitute (25) in (24) to obtain a set 

of linear algebraic equations for the Fourier coefficients.
❑ We will take the solution as term by term:
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22 2 2 2
2

2

T

t

he kineti

p

c energy t

t

1
( ) ( ) ( )         ( )

2 2 2 2

and he oten ial en

(

e

ergy term is:

( ) ( ) ) ( )                        

rm is

)

:

(

ikx

k

iGx iGx ikx

G G

G k

p d d
x i x k C k e i

m m dx m dx m

U x x U e x U e C k e ii


 

 

− 
= − = = 

 

 
= = 

 



 




2
2 ( )

2 2

The full Schrodinger Eq. becomes:

( ) ( ) ( )                    (26)
2

For 1 K value, this equation becomes:

( ) ( ) ( ) (27)
2

G

ikx i k G x ikx

G

k G k k

ikx ikx ikx

G

G

k C k e U C k e C k e
m

k
C k e U C k G e C k e

m





++ =

+ − =



  







King Saud University, College of Science, Physics & Astronomy Dept. PHYS 672 (Solid State Physics)  © 2025

Chapter 7: Energy Bands
WAVE EQUATION OF ELECTRON IN A PERIODIC POTENTIAL

P
ro

f. 
N

as
se

r 
S

. A
lz

ay
ed



Chapter 7: Energy Bands
Solution of the Central Equation

❑ Each Fourier component must have the same coefficient on both 
sides of the equation. Thus we have the central equation:

2 2

( ) ( ) ( ) 0                                              (27)

( ) 0                                              (27)

: / 2                                              

k G

G

k k G k G

G

k

C k U C k G

C U C

with k m

 

 



−

− + − =

− + =

=





                         (28)

❑ Eq. (27) is the Algebraic form of the well know Schrodinger 
equation  in a periodic potential (24).

❑ It is not easy to solve it, but usually one can use only few terms.
❑ No. of solutions of this equation = no. of equations it has = No. of 

Fourier coefficients C(K – G).
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❑ Eq. (27) represents a set of simultaneous linear equations that 
connect the coefficients C(k - G) for all reciprocal lattice vectors G. 
It is a set because there are as many equations as there are 
coefficients C. 

❑ To solve it, the determinant of the coefficients  must vanish.
❑ As an application: for the case when G = g (Shortest values of G):

2 2

2 2

0 0 0

0 0

0 0 0           (32)

0 0

0 0 0

k g g k g

g k g g k g

g k g k

g k g g k g

g k g k g

U C

U U C

U U C

U U C

U C

 

 

 

 

 

− −

− −

+ +

+ +

−   
   

−
   
   − =
   

−   
   −   

❑ The solution of the determinant (32) gives a set of energy
eigenvalues nk .
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❑Band structures are usually plotted as energy versus wavevector 
in the first Brillouin zone. When wavevectors are outside this 
zone, they are carried back into the first zone by translation. 

❑ We look for a G such that a k' in the first zone satisfies: 
❑ where k is the free electron wavevector in the empty lattice.
❑ We can drop the ‘ from k since G can be - or + :

'k G k+ =

2 2
2 2 2 2( , , ) ( ) ( ) ( ) ( )

2 2
x y z x x y y z zk k k k G k G k G k G

m m
  = + = + + + + + 



❑ We consider as an example free electron bands of a simple cubic 
lattice. Suppose we want to exhibit the energy as a function of k 
in the [100] direction. Let                     . We show several bands in 
this empty lattice approximation with their energies (000) at k = 
0 and (kx00) along the kx axis in the first zone:

2 / 2 1m =
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Chapter 7: Energy Bands
Empty Lattice Approximation
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We consider as an example the low-lying free electron bands of a 

simple cubic lattice. Suppose we want to exhibit the energy as a 

function of k in the [100] direction. For convenience, choose units 

such that ℏ2/2𝑚 = 1 .We show several low-lying bands in this 

empty lattice approximation with their energies 𝜖(000) at k = 0 

and 𝜖(k,00) along the kx axis in the first zone: 
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Observations
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1. Larger atoms  → smaller bandgaps. Why?
• Larger atoms have more electron shells and the ionic charge is 

screened from the free flying electron. Consequently electrons 
will be experiencing lower effective potential in lattices of large 
atoms.

• We have seen that the bandgap is proportional to the amplitude 
of the potential. 

• While in real crystals the relationship between the potential and 
the bandgap is more complex, the same logic applies:
larger atoms → smaller potential → smaller bandgap.

2. Energy gaps span 0.08-5.4 eV.
3. The wider the gap the heavier the electron. 
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❑ For some materials it turns out that the valence band maximum 
does not coincide with the conduction band minimum

❑ This means that in order for an optical transition to happen, the 
electron needs to also obtain extra crystal momentum. 

❑ Electron can get extra momentum from crystal phonons.
❑ this means that for absorption to happen the photon, the 

electron and the phonon need to all meet at the same place
and time 

❑ Hence, there is a low probability occurrence and hence the 
absorption is poor for the indirect bandgap materials 

Chapter 7: Energy Bands
Observations

P
ro

f. 
N

as
se

r 
S

. A
lz

ay
ed



Phys 672

Advanced Solid State Physics

Physics & Astronomy
King Saud University

First Term: 2025

Week No. 05

Prof. Nasser S. Alzayed

DIAMAGNETISM AND PARAMAGNETISM 1

P
ro

f. 
N

as
se

r 
S

. A
lz

ay
ed



King Saud University, College of Science, Physics & Astronomy Dept. PHYS 672 (Solid State Physics)  © 2025

Chapter 11: DIAMAGNETISM AND PARAMAGNETISM 

P
ro

f. 
N

as
se

r 
S

. A
lz

ay
ed



❑ Magnetism in solids is fundamentally a quantum-mechanical 
phenomenon

❑ This chapter explores two weak (linear) magnetic responses in 
materials:

Diamagnetism: induced magnetic moments oppose an applied 
field: → negative χ. 
Paramagnetism: materials with permanent (or easily induced) 
magnetic moments align with an applied field 
→ positive χ; often temperature-dependent (e.g., Curie law).

❑ Bound electron diamagnetism (Langevin model) and its 
quantum treatment

❑ Conduction‐electron magnetism in metals: e.g., Pauli 
paramagnetism & Landau diamagnetism
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❑The magnetic moment of a free atom has three principal
sources: 

1. the spin with which electrons are endowed
2. their orbital angular momentum about the nucleus
3. the change in the orbital moment induced by an applied 

magnetic field 
❑1 and 2 give paramagnetic contributions to the magnetization 
❑3 gives a diamagnetic contribution 
❑Atoms with all filled electron shells have zero spin and zero 

orbital moment 
❑Magnetization M is defined as:
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(1)

o




=M B

❑  is magnetic susceptibility, B: Magnetic Field Intensity P
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❑ Substances with a negative magnetic susceptibility are called 
diamagnetic. 

❑ Substances with a positive susceptibility are called paramagnetic 
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❑Diamagnetism is associated with the tendency of electrical 
charges partially to shield the interior of a body from an applied 
magnetic field.

❑ According to Lenz's law: when the flux through an electrical 
circuit is changed, an induced (diamagnetic) current is set up in 
such a direction as to oppose the flux change. 

❑ In a superconductor, the induced current persists as long as the 
field is present. The magnetic field of the induced current is 
opposite to the applied field, and the magnetic moment 
associated with the current is a diamagnetic moment.

❑ Larmor theorem: In a magnetic field the motion of the electrons 
around a central nucleus is, to the first order in B, the same as a 
possible motion in the absence of B except for the superposition 
of a precession of the electrons with angular frequency.

King Saud University, College of Science, Physics & Astronomy Dept. PHYS 672 (Solid State Physics)  © 2025

Chapter 11: DIAMAGNETISM AND PARAMAGNETISM 
LANGEVIN DIAMAGNETISM EQUATION 

P
ro

f. 
N

as
se

r 
S

. A
lz

ay
ed



❑ when substance is under external mag. field, electrons will 
rotate giving Larmor frequency: 
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(2)
2

eB

m
 =

❑ If the average electron current around the nucleus is zero 
initially,  the application of the magnetic field will cause a finite 
current around the nucleus. The current is equivalent to a 
magnetic moment opposite to the applied field. 

❑ This condition is not satisfied in free carrier cyclotron resonance, 
and the cyclotron frequency of the carriers is twice as in (2) 

1
charge ( ) ( ) . (3)

2 2 2

eB
I f Ze Ze

m



 

   
=  = − = −   

   

❑ This current is called: Larmor precession of Z electrons.
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2 2

2
2

2 2 2

1
Area ( ) .

2 2

(4)
4

wi is the mean square of the radith : us

eB
I I Ze

m

Ze B

m

x y

  






 
=  =  = −  

 

= −

= +

❑ The magnetic moment µ of a current loop is given by:
      (current) X (area of the loop):

❑ the diamagnetic susceptibility per unit volume is:
2

2

2 2

(5)
6

3

2

o oN NZe
r

B m

r

  




= = −

=

❑ Where N = No. of atoms/m3. 
❑ (5) is called: Langevin diamagnetism equation
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❑ The problem of calculating the diamagnetic susceptibility of an isolated atom is 

reduced to the calculation of <r2> for the electron distribution within the atom.
❑ Typical experimental values of the molar susceptibilities are the following: 

bismuth 

copper 

germanium 

gold 

hydrogen 

-1.7 x 10-8

-0.107 x 10-8

-0.15 x 10-8

-0.19 x 10-8

-2.49 x 10-8

❑ More Examples of Diamagnetic materials:
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❑ Meaning of Equation (5):
o The atom as a whole does not possess a permanent 

magnetic dipole moment.
o The magnetization is produced by the influence of the 

external magnetic field on the electron orbits and 
particularly by the precessional motion.

o The diamagnetic susceptibility χ is small and negative, 
because <r2> is small.

o Negative susceptibility means that diamagnetism opposes 
applied magnetic field. (prefix: dia - in opposite or different 
directions).

o Note that measurements of χ were once used to get 
estimates of atomic size through the values of <r2> 
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❑ Units of susceptibility: 
o When M and H (B) both have the (same) units of Amp/meter, 

then susceptibility (χ) is called the volume magnetic 
susceptibility and is dimensionless.

o There are however two other (SI) measures of susceptibility:
❖mass magnetic susceptibility (χmass), measured in m3/kg 
❖molar magnetic susceptibility (χmol) measured in m3/mol

o We can convert between these using the density (ρ) in kg
m-3 and M (molar mass) kg/mol. 

mass

mol massM M







 



=

= =
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❑ The first term on the right is proportional to the orbital angular 
momentum component L2 if r is measured from the nucleus.

❑In mononuclear systems this term gives rise only to paramagnetism
❑ 2nd term gives for a spherically symmetric system a contribution:

2 2
2

2
' (9)

12

e B
E r

mc
=

❑ The associated magnetic moment is diamagnetic:
2

2

2

22
2 2

2 2

'
(10)

6

(10 )
6 6

o o o

E e B
r

B mc

N N Nee B
r r a

B B mc mc



   



= = −



 = = − = −

❑ This result is the same as in (5) after we use Z=1 for mononuclear 
system and give c = 1. Hence, Quantum mechanics and Classical 
mechanics provide same result for diamagnetism. P
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PARAMAGNETISM  (Introduction)

What We Seek to Understand in Paramagnetism
•Why some materials develop a weak positive magnetization in an external magnetic field.
•How this magnetization depends on temperature and field strength.
•Why the effect disappears when the field is removed, unlike in ferromagnetism.
Remember:
•Magnetic Moment (μ): arises from orbital and spin angular momenta of electrons.
•Magnetization (M): the average alignment of all atomic moments per unit volume.
•Thermal Agitation: tends to randomize moment directions — competition between thermal 
energy (kT) and magnetic energy (μ·B).
•Statistical Concept: overall magnetization is a statistical average of microscopic orientations.
•Classical vs. Quantum View:

• Classical: moments vary continuously in direction.
• Quantum: orientations are quantized into discrete states (mJ levels).

Our Goal in Next Steps

•Derive expressions for 𝑀and 𝜒 =
𝑀

𝐵
 using:

• Langevin’s classical model, and
• Quantum Brillouin function.

•Compare how quantization modifies the simple thermal averaging picture.
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Chapter 11: DIAMAGNETISM AND PARAMAGNETISM 
Langevin (classical) theory of Paramagnetism 

❑ The paramagnet consists of an array of permanent magnetic 
dipoles: µ

❑ In a uniform field B they have: 

Potential Energy U = - µ .B                  (C1) 

❑ A dipole parallel to the field has the lowest energy 
❑ For the dipole to lower its energy (and become parallel to the 

field) we need a second mechanism. This is provided by the 
thermal vibrations 

❑ The magnetic field “would like” the dipoles aligned to lower 
their energy

❑ The thermal vibrations “would like” to randomize and disorder 
the magnetic dipoles 

❑ We can therefore expect a statistical theory, based on a 
“competition” between these two mechanisms 
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Chapter 11: DIAMAGNETISM AND PARAMAGNETISM 
Langevin (classical) theory of Paramagnetism 

❑ Hence:

KBT   - µ .B                     (C2) 

❑We can use Boltzmann statistics to obtain the number dn of 
dipoles with energy between U and U + dU 

/

0

( 3)

(C1) Bcos ( 4)

Bsin ( 5)

total magnetization:

( 6)

But Also :

cos ( 7)

BU K T
dn c e dU C

U C

dU d C

M N C

M dn C

 

  



 

−



=

→ = −

 =

=

= 
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Chapter 11: DIAMAGNETISM AND PARAMAGNETISM 
Langevin (classical) theory of Paramagnetism 

( ) ( ) ( )

0

0 0

0

/

0

/

0

Now C3  for dn and C5  for dU and C4  for U

(C6) ( 8)

( 7) cos ( 9)

(C9) (C8) :

cos cos

cos

:

. B

B

N

N

U K T

N

U K T

M
N C

M
C dn C

dn dn

N
dn

c e dU

c e dU


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
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



−

−
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 
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




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Langevin (classical) theory of Paramagnetism 

( )

( )

Bcos /

0

Bcos /

0

cos . Bsin

( 10)

Bsin

Bcos
let: cos ( 11)

sin

1
( 10) : ( 12)

(x 1)1 1

B

B

K T

K T

B

a

x

a

a

x

a

a
x a a a a
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a a ax
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C
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x a C
K T

dx a d

x e dx

C C
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e dx

e a e e e e

a a e ee


 


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


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

 








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−
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−

+
− −

−

+ −

−

=

= =

→ = −
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Chapter 11: DIAMAGNETISM AND PARAMAGNETISM 
Langevin (classical) theory of Paramagnetism 

B B

B B

1
(C13)

1
thequantity: ( ) (C14)

is called Langevin function ( )

( ) ( 15)

B
( 16)

B

B B

B B

a a

a a

a a

a a

K T K T

B

B K T K T

e e

ae e

e e
L a

ae e

L a

L a C

e e
K T

L C
K T

e e

 

 





 





−

−

−

−

−

−

 + → = −
 − 

 +  − =
 − 

 =

 
+ 

     = − 
  

− 
  

❑ We can use equations (C6) and (C15) with (C16) to calculate for 
the magnetization M.
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Chapter 11: DIAMAGNETISM AND PARAMAGNETISM 
Langevin (classical) theory of Paramagnetism 

2

2

( 6) & (C15) :

B
. .

B
: 1 (small B and high T)

B 1 B
.

3

1 B
. . . ( 17)

3 3

( 18)
3

B

B

B B

B B

B

C

M N N L
K T

when
K T

L
K T K T

N B
M N N C

K T K T

M N C
C

B K T T


 



 

 
 




 
= =  

 

 
 

 

 = = =

 = = =





❑ This is the same as (22) for Q.P. except for: the effective No. of 
Bohr magnetons (due to quantization)
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Chapter 11: DIAMAGNETISM AND PARAMAGNETISM 
PARAMAGNETISM 

❑ Paramagnetism: susceptibility is + 
o aluminium 0.82 × 10-6 
o calcium 1.40 × 10-6 
o magnesium 0.69 × 10-6 
o platinum 1.65 × 10-6 
o tantalum 1.10 × 10-6
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QUANTUM THEORY OF PARAMAGNETISM 
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What is ( m) for an Atom?
The magnetic moment ( Ԧ𝜇) for an atom comes from two main sources:

1. Orbital Angular Momentum 𝐿

2. Spin S

(1) Orbital Contribution

Ԧ𝜇 = −𝜇𝐵𝐿 𝑔 = 1

(2) Spin Contribution

Ԧ𝜇 = −2𝜇𝐵
Ԧ𝑆 𝑔 = 2

For an Atom with Many Electrons, If an atom has multiple electrons with angular 

momenta 𝑙1, 𝑙2 , 𝑙3, then:

𝐿 = 𝑙1 + 𝑙2 + 𝑙3 + ⋯
Similarly, the total spin is:

S = 𝑠1 + 𝑠2 + 𝑠3 + ⋯

Chapter 11: Magnetic Moment of an Atom
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Chapter 11: Total Magnetic Moment and Landé g-Factor
Total Angular Momentum

Ԧ𝐽 = 𝐿 + Ԧ𝑆
Total Magnetic Moment

Ԧ𝜇tot = −𝑔𝜇𝐵
Ԧ𝐽

Expanding for individual contributions:

Ԧ𝜇tot = −𝜇𝐵𝐿 − 2𝜇𝐵
Ԧ𝑆

Definition of Landé g-Factor

𝑔 Ԧ𝐽 = 𝐿 + 2 Ԧ𝑆
where:
* ( g = 1 ) for orbital magnetic moment
* ( g = 2 ) for spin magnetic moment

Taking the Dot Product with Ԧ𝐽)

𝑔 Ԧ𝐽 ⋅ Ԧ𝐽 = 𝐿 ⋅ Ԧ𝐽 + 2 Ԧ𝑆 ⋅ Ԧ𝐽
Expanding further:

𝑔𝐽2 = 𝐿 ⋅ 𝐿 + Ԧ𝑆 + 2 Ԧ𝑆 ⋅ 𝐿 + Ԧ𝑆

Simplifying:

𝑔𝐽2 = 𝐿2 + 𝐿 ⋅ Ԧ𝑆 + 2 Ԧ𝑆 ⋅ 𝐿 + 2𝑆2

Combining terms:

 𝑔𝐽2 = 𝐿2 + 2𝑆2 + 3𝐿 ⋅ Ԧ𝑆
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Chapter 11: Expectation Values and Landé g-Factor Derivation

Writing the Expectation Values:

𝑔𝐽 𝐽 + 1 = 𝐿 𝐿 + 1 + 2𝑆 𝑆 + 1 + 3𝐿 ⋅ Ԧ𝑆  (1)
We know that:

𝐽2 = 𝐿2 + 𝑆2 + 2𝐿 ⋅ Ԧ𝑆
Therefore,

𝐿 ⋅ Ԧ𝑆 =
𝐽2 − 𝐿2 − 𝑆2

2
Taking expectation values:

𝐿 ⋅ Ԧ𝑆 =
𝐽 𝐽+1 −𝐿 𝐿+1 −𝑆 𝑆+1

2
 (2)

Substituting (2) into (1)

𝑔𝐽 𝐽 + 1 = 𝐿 𝐿 + 1 + 2𝑆 𝑆 + 1 +
3

2
𝐽 𝐽 + 1 −

3

2
𝐿 𝐿 + 1 −

3

2
𝑆 𝑆 + 1

                             

   = 𝐿 𝐿 + 1 + 2𝑆 𝑆 + 1 + 3
𝐽 𝐽+1 −𝐿 𝐿+1 −𝑆 𝑆+1

2
                                (3)
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Chapter 11: Expectation Values and Landé g-Factor Derivation

→ 𝑔𝐽 𝐽 + 1 =
3

2
𝐽 𝐽 + 1 +

3

2
𝑆 𝑆 + 1 −

1

2
𝐿 𝐿 + 1                              (3)

→ g =
3𝐽 𝐽+1 +𝑆 𝑆+1 −𝐿 𝐿+1

2𝐽 𝐽+1
                                                                    (4)

and

Ԧ𝜇tot = −g𝜇𝐵
ԦJ
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Chapter 11: DIAMAGNETISM AND PARAMAGNETISM 
PARAMAGNETISM 

❑ Paramagnetism: susceptibility is + 
o aluminium 0.82 × 10-6 
o calcium 1.40 × 10-6 
o magnesium 0.69 × 10-6 
o platinum 1.65 × 10-6 
o tantalum 1.10 × 10-6
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Chapter 11: DIAMAGNETISM AND PARAMAGNETISM 
QUANTUM THEORY OF PARAMAGNETISM 

❑ The magnetic moment of an atom or ion in free space is given 
by: 

(1)

Where :

2

Bg

q

m

 = −

= +

=

μ J= J

J L S

Classically: μ L

❑ µB is called Bohr magneton:                         = spin magnetic  
moment of free electron.

❑The quantity   is call gyromagnetic ratio: 
μ

J

g-factor is defined as:

(2)
B

g







=

= − 

/B e emc = 
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Chapter 11: DIAMAGNETISM AND PARAMAGNETISM 
QUANTUM THEORY OF PARAMAGNETISM 
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Chapter 11: DIAMAGNETISM AND PARAMAGNETISM 
QUANTUM THEORY OF PARAMAGNETISM 

❑ For an electron spin g = 2.0023, usually taken as 2.00.
❑ For a free atom the g factor is given by the Lande equation:  

( 1) ( 1) ( 1)
1 (3)

2 ( 1)

J J S S L L
g

J J

+ + + − +
= +

+

❑ The energy levels of the system in a magnetic field are:

(4)J BU m g B= −μ .B=

❑where mJ is the azimuthal quantum number  = J, J - 1, ... , - J
❑ For a single spin with no orbital moment we have mJ = ±½ & g =2

(5)BU B= 

❑ This means that we have a splitting in the energy levels into 2 
values separated by: 2µB
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Chapter 11: DIAMAGNETISM AND PARAMAGNETISM 
QUANTUM THEORY OF PARAMAGNETISM 

❑ 2 Energy levels show up for a free electron when subjected to 
external magnetic field.
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Chapter 11: DIAMAGNETISM AND PARAMAGNETISM 
QUANTUM THEORY OF PARAMAGNETISM 

❑If we have a system of N atoms per unit volume.
❑ Magnetization can be calculated as

/

/

2

Maxwell BoltzmanStatistical Average of all 

Magnetic mom

6

(

)

( )

For theCase: 1

Wecan use theexpansion:e 1 ...
2!

ents along B

j B B

j B B

j

m g B K T
J

j B

m g B K T
m J

j B

B

x

M N

m g e
M N

e

m g B

K T

x
x









−
+

−
=−

−

= 

−
= 

= − + +





❑Hence, we can only take first 2 terms of the expansion on both 
numerator and denominator
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Chapter 11: DIAMAGNETISM AND PARAMAGNETISM 
QUANTUM THEORY OF PARAMAGNETISM 

❑We get

2

2

1

(7)

1

(8)

11

We have:

j

j

j j j j

j jj j

J
j B

j

m J B

B J
j B

m J B

J J J J
j B B

j j j

m J m J m J m JB B

B B J JJ J
Bj B

j

m J m JBm J m J B

m g B
m

K T
M Ng

m g B

K T

m g B g B
m m m

K T K T
M Ng Ng

g Bm g B
m

K TK T

m






 

 


+

=−

+

=−

+ + + +

=− =− =− =−

+ ++ +

=− =−=− =−

 
− − 

 
=

 
− 

 

− + − +

→ = =

−−

−





   

  

2 2

0

( 1)(2 2)
0 , 1 (2 1) , 2 (9)

3
j j j j

J J J J

j j j

m J m J m J m

J J J
J m m

+ + + +

=− =− =− =

+ +
= = + = =   
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Chapter 11: DIAMAGNETISM AND PARAMAGNETISM 
QUANTUM THEORY OF PARAMAGNETISM 

❑We get

2 2

0

2 2

2 2

2 2

( 1)(2 2)
0 , 1 (2 1) , 2

3

( 1)(2 2)

3 (10)
(2 1)

( 1) (11)
3

( 1) (12)
3

j j j j

J J J J

j j j

m J m J m J m

B

B

B

B

B

B

J J J
m J m m

J J J
g B

M N
K T J

g B
M N J J

K T

NgM
J J

B K T








+ + + +

=− =− =− =

+ +
− = = + = =

+ + 
 

 =  
+ 

 

 = +

= = +

   



❑The quantity:                           is called: the effective No. of Bohr 
magnetons: 

( 1)g J J p+ =
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Chapter 11: DIAMAGNETISM AND PARAMAGNETISM 
QUANTUM THEORY OF PARAMAGNETISM 

2 2

(13)
3

B

B

N p C

K T T


 = =

❑(22) is the same as for 
classical Langvien theory 
treatment.

Figure 4 
Plot of magnetic moment versus 
B/T for spherical samples of (I) 
potassium chromium
alum, (II) ferric ammonium alum, 
and (III) gadolinium sulfate 
octahydrate. Over 99.5% magnetic 
saturation is achieved at 1.3 K and 
about 50,000 gauss (5T).
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QUANTUM THEORY OF PARAMAGNETISM 

❑ The constant C in eq. 13 is called: 
Curie constant. 

❑ Eq. 13 is called: Curie Law
❑ Results for the paramagnetic ions 

in a gadolinium salt are shown in 
Fig. 5 

Figure 5 
Plot of 1/ vs T for a gadolinium salt, 
Gd(C2H3S04)3 - 9H20. The straight line is 
the Curie law 
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Chapter 11: DIAMAGNETISM AND PARAMAGNETISM 
Rare Earth Ions 

❑ What distinguishes the magnetic behavior of one ion species 
from another is the number of 4f electrons compacted in the 
inner shell with a radius of perhaps 0.3 Å

❑ The calculated magnoton numbers are obtained with g values 
from the Lande result (3) 

❑ The discrepancy between the experimental magneton numbers 
and those calculated is quite marked for Eu3+ and Sm3+ ions. 

❑ For these ions it is necessary to consider the influence of the 
high states of the L - S multiplet, as the intervals between
successive states of the multiplet are not large compared to kBT 
at room temperature

❑ A multiplet is the set of levels of different J values arising out of 
a given L and S. 

❑ The levels of a multiplet are split by the spin-orbit interaction.  
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FERROMAGNETIC ORDER

❑A ferromagnet has a spontaneous magnetic moment. A magnetic 
moment even in zero applied magnetic field.

❑ The existence of a spontaneous moment suggests that electron 
spins and magnetic moments are arranged in a regular manner 

❑ all of the spin arrangements sketched in Fig. 1 except the simple 
antiferromagnet have a spontaneous magnetic moment, called 
the saturation moment. 
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Chapter 12: Ferromagnetism and Antiferromagnetism
Curie Point and Weiss field 

❑ If we have paramagnet with a concentration of N ions of spin S
❑ If all magnetic moments parallel to each other ➔ferromagnet
❑ The field between all magnetic moments is called: Weiss field  
❑ The spin order is destroyed at some temperature
❑ We call Weiss field (Exchange field) BE

❑ BE can be as high as 1000 Tesla. It is  to magnetization

(1)E =B M

❑  is proportionality constant.
❑ (1) means that each one spin is affected by the average 

magnetization of all other spins
❑ We define Curie temperature (T = Tc) as the temperature above 

which the spontaneous magnetization vanishes
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Curie Point and Weiss field 

❑We define Curie temperature (T = Tc)as the temperature above 
which the spontaneous magnetization vanishes
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❑ Consider the paramagnetic phase:
❑ If we apply a magnetic field Ba ➔ M ➔ BE 

( ) (2)p a EB B= +M

❑ were p is the paramagnetic susceptibility 

(11.22)p

C

T
 =

( )

(3)

a

a

a

T C B M

T T
B M M

C C

M M C

TB T C
M

C



 






 = +

 
 = − = − 

 

 = = =
− 

− 
 

M

M
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❑ (3) has a singularity at T = C
❑ For temperatures  T , there exists a spontaneous magnetization
❑ Hence, Curie-Weiss Law is: 

(4)
C

C

T T
 =

−

Figure 2 

Reciprocal of the susceptibility 

per gram of nickel in the 

neighborhood of the Curie 

temperature (358°C). The density 

is  . The dashed line is a linear 

extrapolation from high 

temperatures. 
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❑ To calculate for , we use (4) and (11.22)
❑ From Chapter 11: 

2 2

( 1) (11.22)
3

B

B

g B
M N J J

K T


= +

❑ we use spin only here, hence J ➔ S and T ➔TC

2 2

2 2 2 2

( 1) (5)
3

3
(1) (6)

( 1)
( 1)

3

B

B

B c

B B

B c

g B
M N S S

K T

K TB B

g BM Ng S S
N S S

K T




 

 = +

 = = =
+

+

❑ For iron Tc  1000 K, g = 2, and S = 1; (6) ➔ = 5000. With M  
1700 we have BE = M  (5000)(1700) = 107 G = 103 T 
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Chapter 12: Ferromagnetism and Antiferromagnetism
Temperature Dependence of the Saturation Magnetization 

❑ It is possible to use the mean field approximation below the 
Curie temperature to find the magnetization as a function of 
temperature 

tanh (7)

(1) B M

M
tanh (8)

B

B

B
M N

k T

M N
k T









 
=  

 

→ =

 
 =  

 



❑ (8) has solutions in the range: 0< T <Tc  
❑ to solve (8), we use: reduced magnetization: m and reduced 

temperature: t

2
, (9a)Bk TM

m t
N N  

= =
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tanh (9b)
m

m N
t


 

 =  
 

❑ We then plot the right and left 
sides of this equation 
separately as functions of
m, as in Fig. 3. The intercept of 
the two curves gives the value 
of m at the temperature of 
interest 

Figure 3 Graphical solution of Eq. (9b) for the reduced magnetization m as a function of 

temperature. The left-hand side of Eq. (9b) is plotted as a straight-line m with unit slope. The 

right-hand side is tanh(m/t) and is plotted vs. m for three different values of the reduced 

temperature t .The three curves correspond to 2Tc, Tc  and O.5Tc
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Temperature Dependence of the Saturation Magnetization 

❑ Experimentally as in Fig. 4 (For nickel)

❑as shown in Fig. 4 for nickel. 
As T increases, the 
magnetization decreases 
smoothly to zero at T = Tc 
This behavior classifies the 
usual 
ferromagnetic/paramagnetic 
transition as a second-order
transition. 

❑ In the figure: Solid line is 
theoretical curve for S = ½ on 
the mean field theory
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❑ For T << TC the argument of tanh in (8) is large, and:

( )

2 2

2

2 2

2 2

2

2(0.1) 3

tanh 1 2

(8) for (0) ( ) :

1 1 2 2 (10)

22 2 2
Note: . .

(10) 2

: 0.1 :

2 2 10 (11)

B B

c

x

N N

k T k T

c

B B

T

T

c

x e

M M M T

M N e N e

TN N
C

k T T k T T

M N e

for T T

M M
e

N M

   

 

  
 





−

− −

−

− −

 −

  = −

 
    − + =
  

 
= = = 

 

 →  

=

 
=  = 




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Chapter 12: Ferromagnetism and Antiferromagnetism
Saturation Magnetization at Absolute Zero 

❑ nB is the effective magneton no. Ms(0) = nBNµB

Why nB is nonintegral?
1- Because of  the spin-orbit interaction which adds or subtracts 
some orbital magnetic moment 
2- the conduction electron magnetization induced locally about a 
paramagnetic ion core.
3- if there is one atom of spin projection - S for every 
two atoms +S, the average spin is ⅓S.
❑ At ground state (0 K), there are only few materials that show 

simple ferromagnetic behavior: all ionic spins parallel      

❑ Examples are: CrBr3 , EuO, and EuS.
❑ sometimes these materials are called: simple ferromagnetic 

insulators
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MAGNONS 

❑ Magnon = quantized spin wave
❑ Photons, Phonons, and Magnons are all quantized
❑ The ground state of a simple ferromagnet has all spins parallel.
❑ Consider N spins each of magnitude S on a line or a ring, with 

nearest-neighbor spins coupled by the Heisenberg interaction: 

1

1

2 . (12)
N

p p

p

U J S S +

=

= − 

❑ The quantization of spin waves proceeds as for photons and 
phonons. The energy of a mode of frequency  k with nk 
magnons is given by:

1
( ) (26)

2
k k kn = + 
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MAGNONS 

❑ The excitation of a magnon corresponds to the reversal of one 
spin =½  
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Thermal Excitation of  MAGNONS 

❑ In thermal equilibrium the average value of the number of 
magnons excited in the mode k is given by the Planck distribution

( )/k

1
(27)

1k B
k T
n

e


=
−



❑ Total No. of magnon excited at T using D() as the number of 
magnon modes per unit frequency range, is:

( ) ( ) (28)k

k

n D n d  = 

❑ The integral is taken over all values of k (in the 1st Brillouin zone).
❑ Magnons have a single polarization for each value of k. In three 

dimensions the numher of modes of wavevector less than k is:

( ) ( )
3

31 4
density per unt volume total volumein k-space .

2 3
k



   
 =    

   
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( )
3

2

2 2

1/2
2 2 2

1/2

2

1
. 4

2

from(25) : (2 )

4 4 2
2 (29)

2

d
k

dk

JSa k

d JSa k JSa JSa

dk JSa








 


 
 =  

 

=

 
 = = =  

 







❑ Hence, density of modes for magnons is:

( )
3

2

2 2

1/2
2 2 2

1/2

2

1
. 4

2

from(25) : (2 )

4 4 2
2 (29)

2

d
k

dk

JSa k

d JSa k JSa JSa

dk JSa








 


 
 =  

 

=

 
 = = =  

 







❑ whence the number of magnons D()d with frequency in d at
 is:

( )
3

21
. 4

2

dk
k d

d
 

 

 
 
 
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( )

( )

3

2

2 2 2

2

1/2
2

1/2

3

1/22 2
1/2

1/2

3 2 1/2 2

3/2

1/2

2 2

1
. 4

2

(2 )
2

2
2

1 1
( ) . 4

2 2 2
2

1 1 1
( ) .4 . . .

8 2 2 2

1
( ) (29)

4 2

(2

dk
k d

d

JSa k k
JSa

d JSa

dk

D
JSa JSa

D
JSa JSa

D
JSa

 
 








 





 

 

 


 
 
 

= → =

 
=  

 

 
 =  

   
 
 

 
 =  

 

 
 =  

 



















( )

3/2 1/2

2 2 /k0

1
8) ( ) ( )

4 2 1k B
k T

k

n D n d d
JSa e




   



 
 = =  

− 
   



❑ Integral from tables =(0.0587)(42)
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❑ Integral from tables =(0.0587)(42)
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3/2

2
(0.0587)

2
k

k

n
JSa

 
 =  

 




❑ We can arrange terms to get:

3/2
0.0587

.
(0) 2

Bk TM

M SQ JS

  
=  

 

❑This result is thc Bloch T3/2 law and has been confirmed 
experimentally 
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❑Fig. 17 shows a classical example of magnetic structure for MnO, 

which has the NaCl structure. 

❑At 80 K there are extra neutron reflections not present at 293 K. 

❑The reflections at 80 K may be classified in terms of a cubic unit 

cell of lattice constant 8.85 Å. 

❑At 293 K the reflections correspond to an fcc unit cell of lattice 

constant 4.43 Å

❑But the lattice constant determined by x-ray reflection is 4.43 Å at 

both temperatures, 80 K and 293 K. We conclude that the 

chemical unit cell has the 4.43 Å lattice parameter, but that at 80 

K the electronic magnetic moments of the Mn2+ ions are ordered 

in some nonferromagnetic arrangement.
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Figure 17 Neutron 

diffraction patterns for 

MnO below and above the 

spin-ordering temperature

of 120 K. The reflection 

indices are based on

an 8.85 Å cell at 80 K and 

on a 4.43 Å cell at 293 K. 

At the higher temperature 

the Mn2+ ions are still 

magnetic, but they are no 

longer ordered. 
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Figure 18 

Ordered arrangements of spins 

of the Mn2+
 ions in manganese 

oxide, MnO, as

determined by neutron 

diffraction. The O2+
 ions are not 

shown.

P
ro

f. 
N

as
se

r 
S

. A
lz

ay
ed



King Saud University, College of Science, Physics & Astronomy Dept. PHYS 672 (Solid State Physics)  © 2025

Chapter 12: Ferromagnetism and Antiferromagnetism
Magnetic Force Microscopy 

❑ The success of the scanning tunneling microscope (STM) 
stimulated the development of related scanning probe devices, 
of which the scanning magnetic force microscope is one of the 
most effective. 

❑ A sharp tip of a magnetic material, such as nickel, is mounted on 
a cantilever lever.

❑ Forces from the magnetic sample act on the tip and cause a 
change, such as a deflection, in the cantilever status, and an 
image is formed by scanning the sample relative to the tip.

❑ The magnetic force microscope (MFM) is the only magnetic 
imaging technique that can provide high resolution (10-100 nm) 
with little surface preparation.

❑ An important application is to thc study of magnetic recording 
media.
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Introduction

❑ The electrical resistivity of many 
metals and alloys drops suddenly to 
zero when the specimen is cooled to 
a sufficiently low temperature, often 
a temp. in the liquid helium range.

❑ This phenomenon, called 
superconductivity, was observed first 
by Kamerlingh Onnes in Leiden in 
1911. 

❑At a critical temperature Tc the 
specimen undergoes a phase 
transition from a state of normal 
electrical resistivity to a 
superconducting state
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❑ In the superconducting state the dc electrical resistivity is zero, 
or so close to zero that persistent electrical currents have been 
observed to flow without attenuation in superconducting rings 
for more than a year.

❑ The decay of supercurrents in a solenoid was studied by File and 
Mills using precision nuclear magnetic resonance methods to 
measure the magnetic field associated with the supercurrent. 
They concluded that the decay time of the supercurrent is not 
less than 100,000 years

❑ The magnetic properties exhibited by superconductors are as 
dramatic as their electrical properties. The magnetic properties 
cannot be accounted for by the assumption that a 
superconductor is a normal conductor with zero electrical 
resistivity
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❑ It is an experimental fact that a bulk superconductor in a weak 
magnetic field will act as a perfect diamagnet, with zero magnetic 
induction in the interior.

❑ When a specimen is placed in a magnetic field and is then cooled 
through the transition temperature for superconductivity, the 
magnetic flux Originally present is ejected from the specimen

❑ The superconducting state is an ordered state of the conduction 
electrons of the metal

❑ The order is in the formation of loosely associated pairs of 
electrons

❑ The electrons are ordered at temperatures below the transition 
temperature, and they are disordered above the transition 
temperature 
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Destruction of Superconductivity by Magnetic Fields 

❑ A sufficiently strong 
magnetic field will 
destroy superconductivity

❑ The threshold or critical 
value of the applied 
magnetic field for the 
destruction of 
superconductivity is 
denoted by Hc(T) and is a 
function of the 
temperature

❑ At the critical 
temperature the critical 
Field is zero; Hc(t) = 0
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Meissner Effect 

❑ Meissner and Ochscnfeld (1933) found that if a superconductor 
is cooled in a magnetic field to below the transition temperature, 
then at the transition the lines of induction B are pushed out 
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❑ The Meissner effect shows that a bulk superconductor behaves 
as if B = 0 inside the specimen

4 0

4 (1)

a

a

B B M

B M





= + =

 = −

❑ The result B = 0 cannot be derived from the characterization of a 
superconductor as a medium of zero resistivity.

❑ From Ohm's law, E = j, we see that if the resistivity  goes to 
zero while j is held finite, then E must be zero. 

❑ By a Maxwell equation dB/dt is proportional to E, so that zero 
resistivity implies dB/dt = 0, but not B = 0

❑ The Meissner effect suggests that perfect diamagnetism is an 
essential property of the superconducting state. 
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❑ We expect another difference between a superconductor and a 
perfect conductor, defined as a conductor in which the electrons 
have an infinite mean free path. When the problem is solved in 
detail, it turns out that a perfect conductor when placed in a 
magnetic field cannot produce a permanent eddy current screen: 
the field will penetrate about 1 cm in an hour.

❑ We have two types of superconductors: Type I & Type II.
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❑ Type II superconductors have superconducting electrical 
properties up to a field denoted by Hc2 . Between the lower 
critical field Hc1 and the upper critical field Hc2 the flux density 
B0 and the Meissner effect is said to be incomplete.

❑ In the region between Hc1 and Hc2 the superconductor is 
threaded by flux lines and is said to be in the vortex state.

❑ A field Hc2 of 41 Tesla has been attained in an alloy of Nb, AI, and 
Ge at the boiling point of helium, and 54 Tesla has been reported 
for PbM06S8 

❑ Commercial solenoids wound with a hard superconductor 
produce high steady fields over 10 Tesla. Such materials have an 
important medical application in magnetic resonance imaging 
(MRI). They can also be used in large accelerators as well as in the 
Tokamak (fusion reactors)
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❑ In all superconductors the 
entropy decreases markedly 
on cooling below Tc 

❑ The decrease in entropy 
between the normal state 
and the superconducting 
state tells us that the 
superconducting state is 
more ordered than the 
normal state

❑ Some or all of the electrons 
thermally excited in the 
normal state are ordered in 
the superconducting state.
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Heat Capacity

❑ The heat capacity of 
NbS2 is plotted in Fig. 
shows that the 
electronic contribution 
to the heat capacity in 
the sup. state is an 
exponential form with 
an argument 
proportional to -1/T, 
suggestive of excitation 
of electrons across an 
energy gap. A 
corresponding single-
gap α-model fit
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Energy Gap 

❑ The energy gap of superconductors is of entirely different origin 
and nature than the energy gap of insulators

❑ In an insulator the energy gap is caused by the electron-lattice 
interaction. This interaction ties the electrons to the lattice.

❑ In a superconductor the important interaction is the electron-
electron interaction which orders the electrons in k space with 
respect to the Fermi gas of electrons.

❑ The argument of the exponential factor in the electronic heat 
capacity of a superconductor is found to be -Eg/2kBT and not         
-Eg/kBT 

❑ The transition in zero magnetic field from the sup. state to the 
normal state is observed to be a second-order phase transition.

❑ The energy gap decreases continuously to zero as the 
temperature is increased to the transition temperature Tc 

P
ro

f. 
N

as
se

r 
S

. A
lz

ay
ed



King Saud University, College of Science, Physics & Astronomy Dept. PHYS 672 (Solid State Physics)  © 2025

Chapter 10: Superconductivity
Energy Gap 

Figure 9 (a) Conduction band in the normal state: (b) energy gap 
at the Fermi level in the superconducting state. Electrons in 
excited states above the gap behave as normal electrons in rf 
fields: they cause resistance; at dc they are shorted out by the 
superconducting electrons. 
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Isotope Effect  

❑ It has been observed that the critical temperature of 
superconductors varies with isotopic mass

❑ The experimental results within each series of isotopes may be 
fitted by a relation of the form:

Constant (1)cM T =

❑ From the dependence of Tc on the isotopic mass we learn that 
lattice vibrations and hence electron-lattice interactions are 
deeply involved in superconductivity. 

❑ This was a fundamental discovery: there is no other reason for
the superconducting transition temperature to depend on the 
number of neutrons in the nucleus. 

❑ The original BCS model gave the result Tc   θDebye  M1/2 , so that 
 = 1/2  in (2).
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London Equation

❑ Meissner effect implies a magnetic susceptibility: 

* *

( )

4

1

4

LondonAssumedThat not only 0 but Also: 0

For (Ohm'sLaw)

For ,Weusecurrent density inQM:

( ) ( ) ( ) ( ) ( ) (*)
4

Solution: ( ) ( ) (3)

a

a

n s

n

s

i r

B M

M

B

dB
B

dt

J J J

J E

J

qh
J r r r r r

Mi

r r e 








   




= −

 = = −

= =

= +

=

 =  −  

= 





❑  is the phase angle. q=2e and M=2me   
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* * ( )

2* * ( ) ( ) *

* * ( ) ' ( ) ( )

* ' *

* *' ( ) * ( )

( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

1st termin (*):

( ) ( )

( ) ( ) (4)

2nd termin (*):

( ) ( )

i r

i r i r

i r i r i r

i r i r

r r e

r r r r r e e r

r r e e i e

r i r

r r e ie



 

  

 



  

  



  

−

−

−

− −

= 

 = =   =  

    =   +     

 =   +   

  =  −  



( )

*' *

*

2

(5)

(4)&(5) in (*) :

2
( ) 2 ( ) ( ) ( )

4 2

( ) ( ) (6)

i re

i

eh
J r i r r r

mi

e
r r

m








 



 =   −    

 =    

= 

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❑ Due to coupling with the external magnetic field: 

2
2 2

2

2

2
2

2

(7)

Where:

(6) :

2
( ) ( ) ( ) ( ) (8)

B 0

( ) .

Let: ( ) (densityof superpairs)

1st termin (8)=0

2
( ) ( )

2
( ) (9)

s

s

s

s
s

ie
A

B A

e e
J r r r A r

m m

r const

r n

e
J r A r

m

n e
J r A

m

  







 →  +

= 

 →

=  −

=

 =

=



 = −

 = −







❑ (8) is the general form of London Equation P
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❑ By taking  for both sides:
2

2

2

2

2
( )

2
( ) 0

2
( ) 0

1
( ) 0 (10)
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 +  =

 + =

 + =

❑Equation (10) is called: London Equation.  is called: London 
penetration depth. For ns = 1028  →   500Å

2

2
(11)

2 o s

m

n e



=

P
ro

f. 
N

as
se

r 
S

. A
lz

ay
ed



King Saud University, College of Science, Physics & Astronomy Dept. PHYS 672 (Solid State Physics)  © 2025

Chapter 10: Superconductivity
London Equation

❑ We do more treatment starting from Maxwell Equation:

2

2

2

2

/

( . .) (12)

for both sides:

(13)

(10) (13) :

1
0 (14)

( . )

But . 0

1
(15)

( ) (0) (16)
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
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❑ So that London Equation leads to Meissner effect:
2
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
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❑ Eq. (15) is seen to account for the Meissner effect because it 
does not allow a solution uniform in space, so that a uniform 
magnetic field cannot exist in a superconductor. That is, B(r) = 
B(0) = constant is not a solution of (15) unless the constant field 
B(0) is identically zero.

❑ Eq. (12) ensures that J = 0 in a region where B = 0.
❑ In the pure superconducting state the only field allowed is 

exponentially damped as we go in from an external surface
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❑ The London penetration depth  is a fundamental length that 
characterizes a superconductor.

❑ The coherence length  is a measure of the distance within 
which the superconducting electron concentration cannot 
change drastically in a spatially-varying magnetic field.

❑ coherence length can be derived as:

2
(17)F
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


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❑ BCS Theory

❑ Flux Quantization

❑ Singl Particle Tunneling

❑ DC JS Effect

❑AC JS Effect

❑ Macroscopic Quantum Interference
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❑ It was developed by 3 professors: Bardeen, Cooper and Schrieffer in 1957.

❑  It has been used ever since to explain for superconductivity, Low Tc as well as 

High Tc, Type I as well as Type II.
❑  This theory assumes BCS wavefunction composed of two electrons: Cooper 

Pair k and -k

❑  Sometimes we call this pairing s-wave pairing.

❑  An attractive interaction between electrons can lead to a ground state separated 

from excited states by an energy gap. The critical field, the thermal properties, 

and most of the electromagnetic properties are consequences of the energy gap.

❑  The electron-lattice-electron interaction leads to an energy gap of the observed 

magnitude. The indirect interaction proceeds when one electron interacts with 

the lattice and deforms it; a second electron sees the deformed lattice and 

adjusts itself to take advantage of the deformation to lower its energy. Thus the 

second electron interacts with the first electron via the lattice deformation. 

❑  Magnetic flux through a superc. ring is quantized and the effective unit of 

charge is 2e rather than e. The BCS involves pairs of electrons; thus flux 

quantization in terms of the pair charge 2e is a consequence of the theory. 
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Cooper Pair The electron-lattice-electron interaction leads to an energy gap of the 
observed magnitude. The indirect interaction proceeds when one electron interacts 
with the lattice and deforms it; a second electron sees the deformed lattice and 
adjusts itself to take advantage of the deformation to lower its energy. Thus the 
second electron interacts with the first electron via the lattice deformation. 
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❑ Figure 15 (a) Probability P that an orbital of kinetic energy  is occupied in the
ground state of the noninteracting Fermi gas; (b) the BCS ground state differs
from the Fermi state in a region of width of the order of the energy gap Eg. 
Both curves are for absolute zero. P
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❑ Excited state cab take place by taking an electron from the Fermi surface and 
raising it just above the Fermi surface.

❑  The BCS theory shows that with an appropriate attractive interaction 
between electrons, the new ground state is superconducting and is separated 
by a finite energy Eg from its lowest excited state. 

❑  The formation of the BCS ground state is suggested by Fig. 15. The BCS
state in (b) contains admixtures of one-electron orbitals from above the Fermi
energy F.

❑  At first sight the BCS state appears to have a higher energy than the
Fermi state: the comparison of (b) with (a) shows that the kinetic energy of 
the BCS state is higher than that of the Fermi state. But the attractive potential
energy of the BCS state, although not represented in the figure , acts to lower
the total energy of the BCS state with respect to the Fermi state. 

❑  The central feature of the BCS state is that the one-particle orbitals are
occupied in pairs: if an orbital with wavevector k and spin up is occupied, then
the orbital with wavevector -k and spin down is also occupied. If k is vacant,
then -k is also vacant. The pairs are called Cooper pairs.
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❑ We prove that the total magnetic flux that passes through a superconducting 
ring may assume only quantized values, integral multiples of flux quantum:

0

2

2

c

e


 =



❑ We prove that the total magnetic flux that passes through a superconducting 
ring may assume only quantized values, integral multiples of flux quantum.

❑  We first show that a charged boson gas obeys the London equation.
Let (r) be the particle probability amplitude. We suppose that the pair
concentration n = * = constant. At absolute zero n is one-half of the 
concentration of electrons in the conduction band, for n refers to pairs.

❑  Then we may write:

( )

* ( )
(19)

i r

i r

ne

ne







 −

= 


= 

❑  is the phase angle.
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❑ The velocity of a particle is, from the Hamilton equation of mechanics:

1 1
-

q q
v i

m c m c

   
= − =  −   

   
p A A

❑ The particle flux is given by:

* ( ) ( )

( ) ( )

1
-

- ( )

(20)
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  
=  −  
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  
=  −  
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 
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 

A

A

A







❑ so that the electric current density is:
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❑Hence, current density is:

* (21)s

nq q
J q v

m c
  

 
 = =  − 

 
A

❑We may take the curl of both sides to obtain the London equation: 

( )

2

2

( ) A

( ) A

( ) 0

( ) 0 (22)
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nq
J r B

mc





  
 =   −  

  

 =  − 

 = −

 + =





❑Hence, we are back to the London equation again.
❑  Quantization of the magnetic flux through a ring is a dramatic consequence of 

Eq. (21).
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❑ Let us take a closed path C through the interior of the superconducting 
material, well away from the surface (Fig. 16). The Meissner effect tells us that 
B and j are zero in the interior. 

❑ Figure 16 Path of integration C 
through the interior of a 
superconducting ring. The flux 
through the ring is the sum of the 
flux  ext from external sources and 
the flux sc from
the superconducting currents which 
flow in the surface of the ring;  = 
 ext + sc The flux  is quantized. 
There is normally no  quantization 
condition on the flux from external 
sources, so that sc must adjust 
itself appropriately in order that  
assume a quantized value 
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❑ The Meissner effect tells us that B and J are zero in the interior. 

(21) 0

0

(23)
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 =  − 
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



❑Using Stokes’ theorem:
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❑ Thus the flux through the ring is quantized.
❑ Flux quantum is:

15 2

0

2
2.07 10 Tm (27)

2e

c − =  


❑ Flux quantum is called: fluxoid of fluxon.
❑  The flux through the ring is the sum of the flux ext from external sources

and the flux sc from the persistent superconducting currents which flow in 
the surface of the ring:  =  ext + sc

❑  The flux  is quantized. 
❑  There is normally no quantization condition on the flux from external sources
❑  so that sc must adjust itself appropriately in order that  assume a 

quantized value. 
❑ Flux quantization indeed follows from the fact that the current is the result of 

a phase gradient.
❑  the superconducting ring thus reads variation between magnetic fields by 

small amount such as one flux  quantum (fluxoid)
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❑There is no difference in the mechanism of superconductivity in type I

and type II superconductors. 

❑Both types have similar thermal properties at the superconductor-normal 

transition in zero magnetic field. 

❑But the Meissner effect is entirely different.

❑  A good type I superconductor excludes a magnetic field until 

superconductivity is destroyed suddenly, and then the field penetrates 

completely. 

❑A good type II superconductor excludes the field completely up to a field Hc1

Above Hc1 the field is partially excluded, but the specimen remains electrically

superconducting. At a much higher field, Hc2 , the flux penetrates completely

and superconductivity vanishes.

❑An important difference in a type I and a type II superconductor is in the

mean free path of the conduction electrons in the normal state. 

❑  If the coherence length  is longer than the penetration depth , the 

superconductor will be type I.

❑  Most metals are type I, with /  < 1. 
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❑But, when the mean free path is short, the coherence length is short and

the penetration depth is great. 

❑This is the situation when /  > 1, and the superconductor will be type II.

❑The theory of type II superconductors was developed by Ginzburg,

Landau, Abrikosov, and Gorkov.

❑Estimation of Hc1 and Hc2 :

0
1 2

0
2 2

(30)

(31)

c

c

H

H













❑The larger the ratio /  , 

the larger the ratio: Hc2/Hc1 
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❑Consider two metals separated by an insulator, as in Fig. 

20. The insulator normally acts as a barrier to the flow 

of conduction electrons from one metal to the other.

❑ If the barrier is sufficiently thin (less than 10 or 20 Å) there is a significant 

probability that an electron which impinges on the barrier will pass

from one metal to the other. 

❑This is called tunneling. 

❑ In many experiments the insulating layer is simply a thin oxide layer formed on 

one of two evaporated metal films. Or it could be even a weak link.

❑  When both metals are normal conductors, the current-voltage relation of

the sandwich or tunneling junction is ohmic at low voltages, with the current

directly proportional to the applied voltage.

❑Giaever (1960) discovered that if one of the metals becomes superconducting 

the current-voltage characteristic changes from the straight line of Fig. 22a to 

the curve shown in Fig. 22b. 
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Figure 22 (a) Linear current-voltage

relation for junction of normal 

metals separated by oxide layer; 

(b) current voltage relation with one 

metal normal and the other metal 

superconducting.

Figure 23 The density of orbitals 

and the current-voltage 

characteristic for a tunneling 

junction.

In (a) the energy is plotted on the 

vertical scale and the density of 

orbitals on the horizontal scale.

One metal is in the normal state and 

one in the superconducting state. (b) 

I versus V; the dashes

indicate the expected break at T = 0. 
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❑ Figure 23a contrasts the electron density of orbitals in the superconductor

with that in the normal metal. In the superconductor there is an energy gap

centered at the Fermi level. At absolute zero no current can flow until the

applied voltage is V = Eg/2e = /e. 

❑The gap Eg corresponds to the break-up of a pair of electrons in the

superconducting state, with the formation of two electrons , or an electron and a 

hole, in the normal state.

❑  The current starts when eV = .
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❑Under suitable conditions we observe remarkable effects associated with

the tunneling of superconducting electron pairs from a superconductor

through a layer of an insulator into another superconductor. Such a junction is

called a weak link.

❑  Dc Josephson effect. A dc current flows across the junction in the absence of 

any electric or magnetic field. 

❑Ac Josephson effect. A dc voltage applied across the junction causes

rf current oscillations across the junction. This effect has been utilized in a

precision determination of the value of ħ/e.

❑Our discussion of Josephson junction phenomena follows the discussion of 
flux quantization. 

❑ Let 1, be the probability amplitude of electron pairs on one side of a junction, 
and let 2 be the amplitude on the other side. 

❑ For simplicity, let both superconductors be identical. 
❑ For the present we suppose that they are both at zero potential. 
❑Next, we derive the equations describing this effect.
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❑ The time-dependent Schrodinger equation for both sides of the barrier:

1
2

2
1

(38)

i T
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 
=  


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 





❑ ħT is for the transfer interaction across the insulator.

❑T is a measure of the leakage of 1 into region 2, and of 2 into the region 1.
❑  If the insulator is very thick, T is zero and there is no pair tunneling. 
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❑ If n1 = n2 as for identical superconductors 1 and 2: (44)➔ 

( )

1 2

2 1

1 2

(45)

0

(43)

(46)

t t

t

n n

t t

 

 

  
=  


  − =

 

→

 
= −

 

❑ Since current J is dependent on   n2/t or  n1/t, then we must have: 

( )0 2 1

1
1 2

0

0 1 2

2 sin

si

si ( 7

2

n

n

4 )

n
T n n

t

J J

J T n n

J J










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

 =



=

= −



❑ J0 is the maximum zero-voltage current that can be passed by the junction P
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❑With no applied voltage a dc current will flow across the junction (Fig. 24), 

with a value between Jo and - Jo according to the value of the phase difference 

2 -  1,This is the dc Josephson effect. 

Figure 24: 

• Current-voltage characteristic of a 

Josephson junction. Dc currents 

flow under zero applied voltage 

up to a critical current io: this is 

the dc Josephson effect. 

• At voltages above Vc the junction 

has a finite resistance, but the 

current has an oscillatory 

component of frequency

  = 2eV/ħ, 

• this is the ac Josephson effect. 
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❑Let a dc voltage V  be applied across the junction. We can do this because the 

junction is an insulator. An electron pair experiences a potential energy 

difference qV on passing across the junction, where q = - 2e. We can say that a 

pair on one side is at potential energy -eV and a pair on the

other side is at eV.  The equations of motion that replace (38) are:

1

2
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2 1

2
1 2
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1 1
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i r

i T eV
t

i T eV
t

n e

n e

n r eV
e i iT i a

t t tn

n r eV
e i iT i b

t t tn

















 
=  −  


 =  + 

 

= 


= 

  
= +  = −  + 

  

  
= +  = −  − 

  









P
ro

f. 
N

as
se

r 
S

. A
lz

ay
ed



King Saud University, College of Science, Physics & Astronomy Dept. PHYS 672 (Solid State Physics)  © 2025

Chapter 10: Superconductivity
Ac Josephson effect

( )

1

1 1 1 1

1 2 1 1

2

( )

1

1 1
1 1 1

1

1 2 1 1

1 1 1
1 1 2

2

2 2 2
2 1 2

(48 )

1/ 2

1

2

(4
(48 )

1

2

i r

i i i i

i i i i

i

i

i

a n e

n
n e e n e i n e

t tn

eV
n e iT n e n e i n e

n eVn
in i iT n n e

t t

b n e

n eVn
in i iT n n e

t t



   

   













−

− −

− − −

−

−

−

 

  
 +  

  

=  − + 

  
 + = −  





  
 
 + = − −

  







9)

❑Like we did before, splitting real and imaginary parts.

1 2
1 2 1 22 sin ; 2 sin (50)

n n
T n n T n n

t t
 

 
= = −

 

❑This result is the same for the case V=0.
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❑ For the imaginary part:

1 2 2 1

1 2

cos ; cos (51)
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T T
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❑ So here we added a new term:eV/ħ 
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❑ If n1 = n2 as for identical superconductors 1 and 2: (51 & 54)➔ 
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❑Hence, current J oscillate with frequency:

2
(58)

eV
 =



❑This is the ac Josephson effect. 

❑A dc voltage of 1  V produces a frequency of 483.6 MHz. 

❑The relation (58) says that a photon of energy ħ= 2eV is emitted or absorbed 

when an electron pair crosses the barrier. 

❑By measuring the voltage and the frequency it is possible to obtain a very 

precise value of e/ħ
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❑As we have shown before:

( )

( )

2 1

2 1

2 1

2 (24)

2 (26)
2e

or :

2
2e

2e
(59)

s

c
s

c

c

  



  

 

− =

 =

 = −  

 − = 







❑We consider two Josephson junctions in parallel, as in Fig. 25. No voltage

is applied. 

❑Let the phase difference between points 1 and 2 taken on a path through 

junction a be  a. 

❑When taken on a path through junction b, the phase difference is b 

❑ In the absence of a magnetic field these two phases must be equal

❑Now let the flux  pass through the interior of the circuit. We do this with a 

straight solenoid normal to the plane of the paper and lying inside the circuit. P
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❑ From Equation (59) we have:
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2e
(59*)
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





❑Note that if we use (60) (both equations) we get back (59*). 

❑The total current is the sum of Ja and Jb 

❑ (47) and (59*) give the total current:
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( )

( )

0 0

max 0 0

e
2 sin cos

2 sin cos(s )

e
: s (61)

integer

totalJ J
c

J J

at
c

s



 




=

 =


=

=






❑The current varies with  and has maxima when: 

❑The periodicity of the current is shown in Fig. 26. 

❑The short period variation is produced by interference from the two junctions, 

as predicted by (61).

❑The longer period variation is a diffraction effect and arises from the finite

dimensions of each junction. 

❑This causes  to depend on the particular path of integration
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Figure 26 Experimental trace of Jmax versus magnetic field showing interference 

and diffraction effects for two junctions A and B. The field periodicity is 39.5 and 

16 mG for A and B, respectively. Approximate maximum currents are 1 mA (A) 

and 0.5 mA (B). The junction separation is 3 mm and junction width 0.5 mm for 

both cases. The zero offset of A is due to a background magnetic field
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Chapter 13: Magnetic Resonance
Introduction

❑NMR: nuclear magnetic resonance

NQR: nuclear quadruple resonance

EPR or ESR: electron paramagnetic or spin 

resonance

FMR: ferromagnetic resonance

SWR: spin wave resonance (ferromagnetic films)

AFMR: antiferromagnetic resonance

CESR: conduction electron spin resonance

❑  A great impact of NMR has been in organic 

chemistry and biochemistry, where NMR 

provides a powerful tool for the identification 

and the structure determination of complex 

molecules

❑  A major medical application of NMR is 

magnetic resonance imaging (MRI), which 

allows the resolution in 3D of abnormal growths, 

configurations, and reactions in the whole body. 
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NUCLEAR MAGNETIC RESONANCE 

❑We consider a nucleus that possesses a magnetic moment  and an angular 

momentum ħL. The two quantities are parallel, and we may write:

(1) = L

❑Where   is constant.

❑  L denotes the nuclear angular momentum measured in units of ħ.
❑  The energy of interaction with the applied magnetic field is:

0

0 0

. (2)

ˆif

(3)

a

a

z z

U

B z

U B B L



 

= −

= →

= − = −

B

B



❑ The allowed values of Lz are: 

0

, 1,.....,

(3 )

m

U B m b

= − −

 = −









❑ In a magnetic field a nucleus with S = ½ has two energy levels corresponding 
to m𝓁   = ±½ as in Fig. 2. 
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Chapter 13: Magnetic Resonance
NUCLEAR MAGNETIC RESONANCE 

❑We consider a nucleus that possesses a magnetic moment  and an angular 

momentum ħL. The two quantities are parallel, and we may write:

❑ If ħo denotes the energy 

difference between the two levels, 

then:

0 0

0 0 (4)

B

B

 

 

=

 =



❑This is the fundamental condition 

for magnetic resonance absorption

❑ For the proton1  = 2.675  104 s-l gauss-1 = 2.675  108 S-l s-l tesla-1 so that: 

𝜈 𝑀𝐻𝑧 = 42.6𝐵 0 (tesla)
❑  For the electron spin, 

𝜈 𝐺𝐻𝑧 = 28.0𝐵 0 (tesla)
❑  It is much larger for the case of electron.
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❑Equation of motion in case of rotation is, from Newton’s laws:

(5)

(6)

a

a

a

a

dL

dt

B

d
B

dt

d
B

dt

d
B

dt

 



 




 











=

=

= 

 = 

=  =

 = 

→ = 



L

L

L L











❑This is a gyroscopic equation. Since the magnetization is the sum of magnetic 
moments, we can change this to the rate of magnetization change.
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❑ The nuclear magnetization M can be calculated:

M

(6)

M
M (7)

ˆif:

0; 0 ; (8)

i

a

a o

o
x y z o o a

d
B

dt

B B z

CB
M M M M B

T







=

 →

= 

=

 = = = = =



❑where the susceptibility is  o and the Curie constant 𝐶 = 𝑁𝜇2/3𝑘𝐵 , as in
Chapter 11.
We can show then that:

o zz

1

M -MM
(10)

d

dt T
=

❑ In the standard notation T1 is called the longitudinal relaxation time or the
spin-lattice relaxation time. 
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❑ If at t = 0 an unmagnetized specimen is placed in a magnetic field Boz, the 
magnetization will increase from the initial value Mz = 0 to a final value
Mz = Mo 

❑  Integrating both sides in (10):

z

o z 10 0

o z

o z

o z

z

M 1
(11)

M -M

M
log

M -M

M M -M

M -M M

M M 1 (12)

zM t
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t t

o T T

o

t

T
o

d
dt

T

t

T

e e

e

−

−

=

→

 
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 

→

= → =

 
 = − 

 

 

P
ro

f. 
N

as
se

r 
S

. A
lz

ay
ed



King Saud University, College of Science, Physics & Astronomy Dept. PHYS 672 (Solid State Physics)  © 2021

Chapter 13: Magnetic Resonance
Equations of Motion 

P
ro

f. 
N

as
se

r 
S

. A
lz

ay
ed



Phys 672

Advanced Solid State Physics

Physics & Astronomy
King Saud University

First Term: 2025

Lecture No. 12

Prof. Nasser S. Alzayed

Chapter 14:
Plasmons, Polaritons, and Polarons

P
ro

f. 
N

as
se

r 
S

. A
lz

ay
ed



King Saud University, College of Science, Physics & Astronomy Dept. PHYS 672 (Solid State Physics)  © 2025

Chapter 13: Plasmons, Polaritons, and Polarons
Electrons-electrons interaction

P
ro

f. 
N

as
se

r 
S

. A
lz

ay
ed



King Saud University, College of Science, Physics & Astronomy Dept. PHYS 672 (Solid State Physics)  © 2025

Chapter 13: Plasmons, Polaritons, and Polarons
Electrons-electrons interaction

P
ro

f. 
N

as
se

r 
S

. A
lz

ay
ed



King Saud University, College of Science, Physics & Astronomy Dept. PHYS 672 (Solid State Physics)  © 2025

Chapter 13: Plasmons, Polaritons, and Polarons
Electrons-electrons interaction

P
ro

f. 
N

as
se

r 
S

. A
lz

ay
ed



King Saud University, College of Science, Physics & Astronomy Dept. PHYS 672 (Solid State Physics)  © 2025

Chapter 13: Plasmons, Polaritons, and Polarons
Electrons-electrons interaction

P
ro

f. 
N

as
se

r 
S

. A
lz

ay
ed



King Saud University, College of Science, Physics & Astronomy Dept. PHYS 672 (Solid State Physics)  © 2025

Chapter 13: Plasmons, Polaritons, and Polarons
Electrons-electrons interaction

P
ro

f. 
N

as
se

r 
S

. A
lz

ay
ed



King Saud University, College of Science, Physics & Astronomy Dept. PHYS 672 (Solid State Physics)  © 2025

Chapter 13: Plasmons, Polaritons, and Polarons
Electrons-electrons interaction

P
ro

f. 
N

as
se

r 
S

. A
lz

ay
ed



King Saud University, College of Science, Physics & Astronomy Dept. PHYS 672 (Solid State Physics)  © 2025

Chapter 13: Plasmons, Polaritons, and Polarons
Electrons-electrons interaction

P
ro

f. 
N

as
se

r 
S

. A
lz

ay
ed



King Saud University, College of Science, Physics & Astronomy Dept. PHYS 672 (Solid State Physics)  © 2025

Chapter 13: Plasmons, Polaritons, and Polarons
Electrons-electrons interaction

P
ro

f. 
N

as
se

r 
S

. A
lz

ay
ed



King Saud University, College of Science, Physics & Astronomy Dept. PHYS 672 (Solid State Physics)  © 2025

Chapter 13: Plasmons, Polaritons, and Polarons
Electrons-electrons interaction

• The superfluid phase of helium:
• is a phase of matter with zero viscosity. 
• There are two isotopes of helium that can exhibit superfluidity: He-3 and He-4

• He-4 enters the superfluid phase below a temperature of about 2.17 Kelvin at 
atmospheric pressure. In this state, it can flow without friction, seep through 
tiny cracks and pores that would hold back ordinary fluids, and conduct heat 
extremely efficiently through a process called second sound.

• He-3, a lighter and rarer isotope, also becomes a superfluid, but at much 
lower temperatures (thousandths of a Kelvin) and exhibits different 
properties due to its fermionic nature, as opposed to the bosonic nature of 
He-4. The superfluidity in He-3 is explained by the formation of Cooper pairs 
and is described by the BCS theory, similar to the theory explaining 
superconductivity in metals.
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❑ Fermi Liquid:
❑ Fermi liquid theory (also known as Landau–Fermi liquid theory) is a 

theoretical model of interacting fermions that describes the normal state of 
most metals at sufficiently low temperatures.

❑ The phenomenological theory of Fermi liquids was introduced by the Soviet 
physicist Lev Davidovich Landau in 1956, and later developed by Alexei 
Abrikosov and I. M. Khalatnikov using diagrammatic perturbation theory.

❑ The theory explains why some of the properties of an interacting fermion 
system are very similar to those of the Fermi gas (i.e. non-interacting 
fermions), and why other properties differ.

❑ Important examples of where Fermi liquid theory has been successfully 
applied are most notably electrons in most metals and Liquid He-3

❑ Liquid He-3 is a Fermi liquid at low temperatures (but not low enough to be in 
its superfluid phase.)

❑  He-3 is an isotope of Helium, with 2 protons, 1 neutron and 2 electrons per 
atom. Because there is an odd number of fermions inside the atom, the atom 
itself is also a fermion. 
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❑ Fermi Liquid:
❑ The electrons in a normal (non-superconducting) metal also form a Fermi 

liquid, as do the nucleons (protons and neutrons) in an atomic nucleus.
❑ Strontium ruthenate displays some key properties of Fermi liquids, despite 

being a strongly correlated material, and is compared with high temperature 
superconductors like cuprates

❑ The key ideas behind Landau's theory are the notion of adiabaticity and 
the exclusion principle.

❑ Consider a non-interacting fermion system (a Fermi gas), and suppose we 
"turn on" the interaction slowly. Landau argued that in this situation, the 
ground state of the Fermi gas would adiabatically transform into the ground 
state of the interacting system.

❑ By Pauli's exclusion principle, the ground state  of a Fermi gas consists of 
fermions occupying all momentum states corresponding to 
momentum K≤KF with all higher momentum states unoccupied. 
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❑ Fermi Liquid:
❑ As interaction is turned on, the spin, charge and momentum of the fermions 

corresponding to the occupied states remain unchanged, while their 
dynamical properties, such as their mass, magnetic moment etc. are 
renormalized to new values.

❑ Thus, there is a one-to-one correspondence between the elementary 
excitations of a Fermi gas system and a Fermi liquid system. In the context of 
Fermi liquids, these excitations are called "quasi-particles".
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❑ Fermi Liquid:
❑ Because of the interaction of the conduction electrons with each other 

through their electrostatic interaction, the electrons suffer collisions
❑ Further, a moving electron causes an inertial reaction in the surrounding 

electron gas, thereby increasing the effective mass of the electron
❑ The effects of electron-electron interactions are usually described within the 

framework of the Landau theory of a Fermi liquid
❑ The object of the theory is to give a unified account of the effect of 

interactions. 
❑ A Fermi gas is a system of noninteracting fermions; the same system with 

interactions is a Fermi liquid. 
❑ Landau's theory gives a good account of the low-lying single particle 

excitations of the system of interacting electrons
❑ These single particle excitations are called quasiparticles; they have a one-to-

one correspondence with the Single particle excitations of the electron gas.
❑  A quasiparticle may be thought of as a Single particle accompanied by a 

distortion cloud in the electron gas. 
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❑ Electron-Electron Collisions:
❑ It is an astonishing property of metals that 

conduction electrons, although crowded 
together only 2 Å apart, travel long 
distances between collisions with each 
other. 

❑ The mean free paths for electron-electron 
collisions are longer than 104 Å at room 
temperature and longer than 10 cm at 1 K 

❑ Two factors are responsible for these long 
mean free paths, without which
the free-electron model of metals would 
have little value. 

❑ 1-The most powerful factor is the 
exclusion principle (Fig. 17), 

❑ 2- The screening of the coulomb 
interaction between two electrons. 

Figure 17: A collision between two 

electrons of wavevectors k1 and k2. 

After the collision the particles 

have wavevectors k3 and k4 . The 

Pauli exclusion principle allows 

collisions only to final states k3, k4 

which were vacant before the 

collision 

P
ro

f. 
N

as
se

r 
S

. A
lz

ay
ed



King Saud University, College of Science, Physics & Astronomy Dept. PHYS 672 (Solid State Physics)  © 2025

Chapter 13: Plasmons, Polaritons, and Polarons
Electrons-electrons interaction

❑We show how the exclusion principle reduces the collision frequency of an
electron that has a low excitation energy 𝜖1 outside a filled Fermi sphere
(Fig. 18) 

Figure 18 In (a) the electrons in initial 

orbitals 1 and 2 collide. If the orbitals 3 and 4 

are initially vacant, the electrons 1 and 2 can 

occupy orbitals 3 and 4 after the collision. 

Energy and momentum are conserved. In (b) 

the electrons in initial orbitals 1 and 2 have no 

vacant final orbitals available that allow 

energy to be conserved in the collision. 

Orbitals such as 3 and 4 would conserve 

energy and momentum, but they are already 

filled with other electrons. In (c) we have 

denoted with X the wavevector of the center 

of mass of 1 and 2. All pairs of orbitals 3 and 

4 conserve momentum and energy if they lie 

at opposite ends of a diameter of the small 

sphere. The small sphere was drawn from the 

center of mass to pass through 1 and 2. But 

not all pairs of points 3, 4 are allowed by the 

exclusion principle, for both 3, 4 must lie 

outside the Fermi sphere; the fraction allowed 

is ≈ 𝜖1/𝜖𝐹. P
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❑We estimate the effect of the exclusion principle on the two-body collision 1 + 
2 → 3 + 4 between an electron in the excited orbital 1 and an electron in the 
filled orbital 2 in the Fermi sea.

❑  It is convenient to refer all energies to the Fermi level  taken as the zero of 
energy; thus 𝜖1 will be positive and 𝜖2 will be negative.

❑  Because of the exclusion principle the orbitals 3 and 4 of the electrons after 
collision must lie outside the Fermi sphere, all orbitals within the sphere being 
already occupied; thus both energies 𝜖3, 𝜖4 must be positive referred to zero 
on the Fermi sphere. 

❑  The conservation of energy requires that 𝜖1  < 𝜖2 for otherwise 𝜖3 + 𝜖4 =
𝜖1 + 𝜖2 could not be positive.

❑  This means that collisions are possible only if the orbital 2 lies within a shell of 
thickness 𝜖1 within the Fermi surface, as in Fig. 18a. 

❑  Thus the fraction ≈ 𝜖1/𝜖𝐹 of the electrons in filled orbitals provides a suitable 
target for electron 1. But even if the target electron 2 is in the suitable energy 
shell, only a small fraction of the final orbitals compatible with conservation of 
energy and momentum are allowed by the exclusion principle. This gives a 
second factor of 𝜖1/𝜖𝐹. P
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❑ In Fig. 18c we see a small sphere on which all pairs of orbitals 3, 4 at opposite 
ends of a diameter satisfy the conservation laws, but collisions can occur only 
if both orbitals 3, 4 lie outside the Fermi sea. The product of the two fractions 
is (𝜖1/𝜖𝐹)2. If 𝜖1 corresponds to 1 K and 𝜖𝐹 to 5 X 104 K, we have (𝜖1/𝜖𝐹)2 ≈ 4
× 10−10, the factor by which the exclusion principle reduces the collision rate.

❑  The argument is not changed for a thermal distribution of electrons at
a low temperature such that kBT << 𝜖𝐹. We replace 𝜖1 by the thermal energy
=kBT, and now the rate at which electron-electron collisions take place is 
reduced below the classical value by (kBT/𝜖𝐹)2, so that the effective collision
cross section 𝜎 is:

σ ≈ (kBT/𝜖𝐹) 2𝜎0                                                                                        (63)

❑where 𝜎0 is the cross section for the electron-electron interaction.
❑  The effect of the electron-gas background in electron-electron collisions is to 

reduce 𝜎0 below the value expected from the Rutherford scattering equation 
for the unscreened coulomb potential 
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❑ At room temperature in a typical metal kBT/𝜖𝐹 is ~ 10-2 , so that 𝜎 ~ 10-4 𝜎0

~ 10-19 cm2. 
❑ The mean free path for electron-electron collisions is ℓ ≈ 1/𝑛𝜎~10−4 cm at 

room temperature. 
❑ This is longer than the mean free path due to electron-phonon collisions by at 

least a factor of 10. 
❑ So that at room temperature collisions with phonons are likely to be dominant.
❑ At liquid helium temperatures a contribution proportional to T2 has been 

found in the resistivity of a number of metals.
❑ This is consistent with the form of the electron-electron scattering cross 

section (63). 
❑ The mean free path of electrons in indium at 2 K is of the order of 30 cm, as 

expected from (63). 
❑ Thus the Pauli principle explains one of the central questions of the theory of 

metals: 
❑ how do the electrons travel long distances without colliding with each other? 
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❑ The most common effect of the electron-phonon interaction is seen in the
temperature dependence of the electrical resistivity, which for pure copper is
1.55 microhm-cm at 0°C and 2.28 microhm-cm at l00°C.

❑  The electrons are scattered by the phonons, and the higher the temperature, 
the more phonons there are and hence more scattering

❑ Above the Debye temperature the number of thermal phonons is roughly 
proportional to the absolute temperature, and we find that the resistivity 
increases approximately as the absolute temperature in any reasonably pure 
metal in this temperature region. 

❑  A more subtle effect of the electron-phonon interaction is the apparent 
increase in electron mass that occurs because the electron drags the heavy ion
cores along with it.

❑ In an insulator the combination of the electron and its strain field is known as 
a polaron, Fig. 19.

❑ The effect is large in ionic crystals because of the strong coulomb interaction 
between ions and electrons.

❑  In covalent crystals the effect is weak because neutral atoms have only a weak 
interaction with electrons. P

ro
f. 
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Figure 19 The formation of a polaron. (a) A conduction electron is shown in a rigid lattice of an ionic crystal, KCl. 

The forces on the ions adjacent to the electron are shown. (b) The electron is shown in an elastic or deformable 

lattice. The electron plus the associated strain field is called a polaron. The displacement of the ions increases the 

effective inertia and, hence, the effective mass of the electron; in KCl the mass is increased by a factor of 2.5 with 

respect to the band theory mass in a rigid lattice. In extreme situations, often with holes, the particle can become 

selftrapped (localized) in the lattice. In covalent crystals the forces on the atoms from the electron are weaker than 

in ionic crystals. so that polaron deformations are small in covalent crystals. 
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❑ The strength of the elcctron-Iatticc interaction is measured by the
dimensionless coupling constant a given by:

1

2
𝛼 =

𝑑𝑒𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛 𝑒𝑛𝑒𝑟𝑔𝑦

ℏ𝜔𝐿
                                                                                        (64)

❑where 𝜔﷮𝐿 is the longitudinal optical phonon frequency near zero wavevector.

❑We view 
1

2
𝛼 as "the number of phonons which surround a slow-moving 

electron in a crystal." 
❑ It is common to speak of large and small polarons. The electron associated

with a large polaron moves in a band, but the mass is slightly enhanced; these
are the polarons we have discussed above. The electron associated with a 
small polaron spends most of its time trapped on a single ion. At high 
temperatures the electron moves from site to site by thermally activated 
hopping; at low temperatures the electron tunnels slowly through the crystal, 
as if in a band of large effective mass. 
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