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Abstract

The helicities of the magnetic fields associated with non-relativistic electron
vortex beams are considered for radially extended Bessel modes. Investigating
the helicity density of this system lies in realizing the unique electric and
magnetic properties of electron vortex beams that influence their interactions
with matter. We have evaluated the vector potential components needed for the
derivation of the magnetic helicity density and found that this has a non-zero
distribution. This is attributed entirely to the cylindrically symmetric density
flux of the electron beam, which scales with the winding number ¢. It is also
related to the magnetic moments of the electron oriented along the z-direction,
giving rise to the z-component of the magnetic field. We obtain different heli-
city distributions for different signs of winding number +¢, which confirms
the chiral character of the magnetic fields associated with the electron vortex
beam. The physical consequences of taking the spin current density into con-
sideration are also examined. This allows a comparison to be made between
the evaluated total current helicities, one with and one without including the
spin-polarization.
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1. Introduction

Recent years have witnessed the experimental realization of electron vortex modes as twisted
electron beams [1-3]. These are beams of freely propagating electrons endowed with a well-
defined orbital angular momentum (OAM) about their propagation axis [4, 5]. Such beams,
like their optical counterparts [6], are hollow and could carry a large amount of quantized
angular momentum in the direction of their propagation. Each vortex beam is characterized by
a wavefront with a quantized topological structure arising from a singularity in phase taking
the form e“?, with ¢ being the azimuthal angle about the beam axis and £ an integer quantum
number known as the winding number that determines the OAM of the vortex which is given
by ¢k per electron. Like optical vortex beams, electron vortex beams are accompanied also
by electromagnetic fields [7]. This is because electrons possess a half-integer spin, an elec-
tric charge and an associated magnetic moment. Also, electron vortex beams can probe much
smaller structures than is possible with the optical vortex beams due to their very small de
Broglie wavelengths. Until recently, the spin degrees of freedom of electron vortex beams
have not been investigated in detail and there has been a lack of experimental techniques to
study them. However, this may well be about to change because of the development in highly-
spin-polarized electron sources [8, 9].

Electron vortices have applications in various areas, including quantum information, nuc-
lear physics and nanoscience. For example, chiral matter responds differently to the application
of electron vortex beams of different handedness +¢ or —/, i.e. interaction processes are sens-
itive to the relative handedness of the electron vortex beam. As a result, they provide useful
new information not only about chiral crystals [10], but also about the magnetic properties of
matter [2, 11-19].

In addition to their electrical currents, the spin-polarized electron beams with or without
vortex properties can also give rise to spin currents which are of great interest in spintronics.
Also the recent detection of orbital Hall effects [20—22] confirms the importance of OAM in
condensed matter and the possible emergence of the area of ‘Orbitronics’ [23]. Further studies
of the magnetic fields associated with the spin and OAM of electron vortex beams also have
implications for future developments in condensed matter physics.

One way to understand the properties of the electron vortex beams is to consider the fields
associated with such beams, as these fields often mediate the interaction between the electron
vortex beams and the surrounding matter. Here we focus on the magnetic helicity and the cur-
rent helicity associated with electron vortex beams. Helicity measures the linkage or twisting
of the field lines [24, 25], and provides a mathematical tool for interpreting the handedness of
magnetic fields. It is widely applied to different topics such as gravitational waves [26], mag-
netohydrodynamics, magnetic reconnection, astronomy studies (e.g. active galactic regions,
and planetary magnetospheres), and coronal mass ejections, as reviewed by Brown et al [27]
and Buechner & Pevtsov [28]. It has also featured prominently in the characterization of the
topological properties of magnetic materials [29]. The magnetic helicity and the electromag-
netic helicity are distinct but they are related constituent parts of the total helicity of a system
comprising both electromagnetic fields and matter [30]. Recently some authors have sought to
explore and clarify the helicity and the chirality of the electromagnetic field associated with the
optical vortex beams [31, 32]. These properties play crucial roles in understanding the inter-
action of chiral light with matter. For example, the chirality of light has the ability to detect
and separate molecules of opposite chirality [33], and to increase the capacity and selectivity
which improve the optical information storage and transfer [34]. However, the helicities of the
magnetic fields associated with the non-relativistic electron vortex beam have not been studied
before. Our goal in this paper is to report our investigations leading to results in this context.
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The structure of the paper is as follows. In section 2 we consider the system of the electron
vortex beams and define the magnetic and current helicities associated with its magnetic field.
In section 3, we consider the current helicity and the magnetic helicity of the vortex beam in
the non-relativistic regime with the electron vortex represented as a Bessel mode. In subsec-
tion 3.3 we include the spin current density as a component of the non-relativistic electron
vortex current density and evaluate the helicities associated with the magnetic field in that
case. Finally, section 4 contains our conclusions and further comments.

2. Background

2.1. Non-relativistic electron vortex beams

Freely propagating electron vortices that exhibit the required quantized angular momentum
have been described by the Schrodinger equation [5] for low and medium electron energy
beams and by Dirac equations at relativistic energies. In this paper, we restrict ourselves to the
non-relativistic regime in which most experiments have been carried out. The simplest electron
vortex beam solution of the Schrodinger equation is the Bessel mode. An electron Bessel beam
of energy £ propagating in the z-direction has a wavefunction given in cylindrical coordinates

r= (p,6,2) by [7, 351;
¥ (r,0) = NeJy (k1 p) eelPe 70N, (1)

where ¢ is the winding number, k, and k, are the transverse and longitudinal components of
the electron wave-vector k such that £ = #%k? /2m,, where m, is the electron mass, while Ny is
a normalization constant. The Bessel beam has the distinct features of z-independence in the
transverse beam structure, apart from a kinetic phase factor e, This non-diffracting’ feature
of Bessel beams has been experimentally demonstrated [36]. Our evaluation will accordingly
be based on experimentally relevant parameters.

The transverse (i.e. in-plane) structure of an ideal Bessel beam has an infinite set of con-
centric rings, hence it is not square integrable. This presents a numerical difficulty of finding
out the appropriate expression for the normalization constant (N,). For that, one needs to go
for either truncated Bessel beams [37] or solutions of the paraxial approximate version of the
Schroédinger equation, such as a Laguerre—Gaussian solution having a Gaussian envelope [5].
However, these solutions necessarily contain diffraction effects, so would add further com-
plications on taking into account of the z-dependence without shedding additional light on the
physics being investigated here. In our work we focus on Bessel beams where we can disregard
their propagation along the z-axis. As we see, the normalization issue can be circumvented by
looking at the beam intensity of the Bessel rings which is indeed square integrable and in fact
has a constant value [38].

2.2. Current and magnetic helicities

The helicity density of the field lines is a measure of the degree of twisting or coiling of the
field lines in a given region of space. It has its origin in fluid dynamics where the field line
is described by its velocity field v and the helicity density is defined as a dot product of the
velocity field and the vorticity of the velocity vector (V X v). For solenoidal fields, the space
integral of the helicity density is a measure of the average topological linkage of the vorticity
vector field lines [25]. This important topological property applies to both the vector potential
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A and the magnetic field B and gives rise to the definitions of the following related helicity
densities [39, 40]: The Magnetic helicity density 7 is defined as

n=A-VxA=A-B 2)
and the Current helicity density x is
X =B-(VxB)=puB-J 3)

where J is the electric current density. The last step follows from the Ampere’s circuital law
with po the vacuum permeability. These two helicity densities describe the topological features
of the magnetic field and current density flow, respectively.

As the vector field A is gauge-dependent, this means that the magnetic helicity density is
also gauge-dependent. Thus the interpretation of the magnetic helicity needs careful consider-
ation of the gauge used [41]. Here we fix the gauge as V - A = 0. The current helicity density
and its space integral are manifestly gauge invariant, and we can evaluate the total current
helicity per unit length which is an integral of the current helicity density over the transverse
plane.

3. Evaluations of the helicities

The evaluations of the current helicity and the magnetic helicity require as input the magnetic
field and the vector potential of the Bessel mode. Fortunately, the magnetic field has already
been derived by Lloyd et al [7] and we leave the derivation of the corresponding vector poten-
tial to section 3.2. We now evaluate the current density of a single unpolarized electron vortex
beam. The equivalent current density due to spin-polarized electron vortex is considered next,
in section 3.3.

Using the Bessel mode wavefunction given in equation (1), we can easily deduce the beam
current density as follows [7]:

. N¢|*h
o) = - N

J2 (k1 p) <i¢+kzi) . 4)

In the following numerical evaluation, we take for the longitudinal momentum the value
k. =2.3 x 10”?m~!, corresponding to 300 keV accelerating voltage, which is typical for the
electron microscopes used in electron vortex beam experiments [2]. The transverse wave vector
component k| is taken to be two orders of magnitude smaller than this, i.e. 2.3 x 10'm~!.
Lloyd et al [7] used the current density in equation (4) to arrive at the following expressions
for the magnetic field components:

e,uohk Ng 2 P
By (p) = ol |Ne Ji(kip")p'dp’, )
Mep 0
eloh|Ne|* 0 [ J2 (ki p')dp’
me p P

It has been shown that the B, component exhibits an oscillatory form which decreases at larger
radial distances and its magnitude decreases as the winding number increases. Its expression
contains the Bessel function of the first kind squared, therefore it does not depend on the sign of
the winding number. This is to be expected as it is due to the longitudinal motion of the electron
vortex beams (i.e. the second term inside the bracket in equation (4)). The oscillatory feature
is due to the set of rings in the Bessel beam, with increasing radius. In contrast, B, depends
explicitly on /, therefore a reversal of the sign of the winding number inverts its sign. This is
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Figure 1. The current helicity density of an infinite radial extent Bessel beam corres-
ponding to 300 keV accelerating voltage and current 1 nA with (a) £ = 1, and (b) £ = 10.
The radial oscillatory behavior dominates at larger radial distances for a higher winding
number associated with a lower helicity density value. Because of the proportionality of
X to ¢, the current helicity plots for the negative winding number will be inverted with
respect to the horizontal axis.

related to the azimuthal components of the current density shown in equation (4). The circular
motion of the electron in each ring of the Bessel mode is equivalent to a current loop and
this gives rise to a magnetic moment pointing along the beam axis. These magnetic moments
are responsible for the z-component of the magnetic field whose size depends on the angular
momentum of the circulating electronic flux.

3.1. Current helicity

Inserting the magnetic field expressions equations (5) and (6) into equation (3) leads to the
following expression for the current helicity density

2 pZ Pk, |Ng|* 0 [ 2 T2 (ki p')dp' O P
X=—" 7 2Z| ‘ [/ AL ,) 3 </ J%(kw’)p’dp’>
mgp p p p \Jo

r ! ! /a OOJZ k ! !
—/ Ti(kip')p dpé,(/ é(ifp)dp ﬂ )
0 4 P P

where the first term is the axial helicity density which arises due to the coupling of z-component
of the current density to the longitudinal magnetic field component and the second term due to
the azimuthal helicity density which arises from the coupling of the azimuthal current density
component to the azimuthal magnetic field component.

Figure 1 displays the radial distribution of the current helicity density for Bessel beams
with /=1, and 10. It is seen that the current helicity density exhibits an oscillatory form
similar to the one exhibited by the magnetic field components. Thus on increasing the winding
number we have a reduced first peak and decreasing oscillations at larger radial distances p. In
view of the magnetic field expressions and the Bessel function property J_;(x) = (—1)*J,(x)
which holds for integer ¢ [42], this indicates that J, = J_, for even ¢, and for odd ¢, we have
Jo = —J_y. We conclude that the current helicity density and, subsequently, the total current
helicity for negative winding numbers both become negative.
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Figure 2. The in-plane current helicity density distributions for Bessel beams with (a)
{=1,(b)¢=—1,(c) £ =10, and (d) £ = —10. See the text for the other parameters
used to evaluate these figures.

The two-dimensional current helicity density distribution are further displayed in figure 2 to
reveal the azimuthal dependence. Figure 2(a) displays the current helicity of the Bessel beam
with winding number ¢ = 1 and figure 2(b) with negative winding number £ = —1. The cases
¢ = =£10 are also shown in figures 2(c) and (d). It is clear from equation (3) that the current
helicity density depends on the sign of ¢ and thus the regions where the current helicity density
is high (in blue) in figure 2(a) are replaced by regions of low helicity density (in black) in
figure 2(b) and vice versa. These findings suggest that we have different distributions for left
and right handed helicity density, as expected since the axial component of the magnetic field
is proportional to £.

The total current helicity per unit length is found by an integration over the entire transverse
plane as

He = [ B+(5 xB) papdo, ®)
s

where the integration over ¢ gives 27. The total current helicity for each ¢ value was calculated
for the range from zero up to ¢ = 10, with the aid of the numerical integration method of Double
Exponential Oscillatory in Mathematica. The results are shown in figure 3. We see an almost
linear dependence of the total current helicity on the winding number £. This shows that the
double integral in equation (7), when integrated over the transverse plane, has a very weak /-
dependence. This is consistent with our expectation that the winding properties of the current
density vector field shown in equation (4) is dependent on the winding number of the Bessel
beam, i.e. its azimuthal component.



J. Phys. A: Math. Theor. 57 (2024) 325303 N Alsaawi et al

4
-3 8
NE . °
~ o
= ®
v 2 °
o
= °
O
°
T .
®
0- L
0 2 4 6 8 10

Figure 3. The variations of the total current helicity of an infinite radial extent Bessel
beams with the winding number ¢, plotted here for values from ¢ = 0 to ¢ = 10.

3.2. Magnetic helicity density

A direct evaluation of the vector potential of the electron vortex beam makes use of the mag-
netic field expressions already evaluated. In cylindrical coordinates these magnetic field com-
ponents are related to the vector potential components as follows

dA, . 1d(pA
po Mg 1 (pAg)

— i ©)
dp p dp

The vector potential depends only on p and has a radial component equal to zero. Inserting the
magnetic field expression equations (5) and (6), we obtain two separate equations in the form

dA epohk,|No|> [*
o= I [T i) e (10)
P mep 0
1d(pAg) _ epoh|Ne|t /°° Ji (kip')dp’ (11
p dp m o p’

Solving these using Mathematica’s built-in function DSolve for the solution of the first order
differential equations, we have:

N e,uoﬁ|Ng|2p . 1 1—¢ 20 2 T 1 .
A¢(p)— am, 1 éze(E) 4 (ka_) r (Z+1)F(2€+1)2F3 £,2+€ )
{1+€,1+2£,2+€};—p2ki}>), (12)
eptoh|Ne|*k.p?
Az (p) = %nilzp (Jé—l (kip)Jesr (kip) = Joiy (kip) =i (kip)

~ 3
+Jy (kj_p)Jngz (kJ_p) +4_é (ka_)MF(Z—‘rzf)gFé {{1 + £, 3 —i—f};

X {2+£,2+£,2+2z};—p2ki]), (13)
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Figure 4. The magnetic helicity density of an infinite radial extent Bessel beams with
(a) £ =1, and (b) £ = 10. The first peak has the highest value in the case of £ = 10 and
each peak represents a ring in the following distribution plots. The magnetic helicity
plots for the negative winding number will be inverted with respect to the horizontal
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Figure 5. The in-plane magnetic helicity density distribution for Bessel beams with (a)
{=1,(b)¢{=—1,(c)¢=10,and (d) £ = —10.

where ,Fy[a;...ay; by .. .by; 2] is the regularized hypergeometric function. We have verified that
the Coulomb gauge condition V - A = 0 is fulfilled by this choice of vector potential compon-
ents. By taking the curl of the vector potential in cylindrical coordinates, we can confirm that
they reproduce the correct magnetic field components.

Using the above expressions, equations (12) and (13), in equation (2), we obtain the mag-
netic helicity density plots shown in figures 4 and 5. It is seen that these resemble those of the
current helicity shown in figures 1 and 2, in that they have a ‘damped’ oscillatory form. The
‘damping’ is faster for small values of ¢, while there is a region of nearly constant intensity in
the vicinity of the center with an increasing value of /.
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Also, it is important to note from the figures that a chirality behavior is exhibited here. By
comparing figure 5(a) with 5(b) one can see that the regions of high magnetic helicity density
are replaced by regions of low magnetic helicity density, and vice versa for all Bessel beams
with the same absolute winding number but with the opposite sign.

Finally, both helicities, current and magnetic, are zero in the case of a zero winding number,
but for larger ¢ values, there are significant differences between the two as the current helicity
becomes zero at specific p values.

3.3. Spin current contribution

We now turn to consider the contributions of the spin of the electron to the helicities of a non-
relativistic electron vortex beam. The current density J; associated with a spin-polarized beam
mode is defined as follows [43, 44]

J, =V x (¥'m¥), (14)
where
8eltBS
m—=— 5 15
W s)
in which up = % stands for the Bohr magneton, g, is a dimensionless constant (called the

g-factor) which is approximately equal to —2 in the case of the electron, and s = %0' is the spin

angular momentum of the electron. Here W represents the electron vortex beam wave function
given in equation (1) multiplied by either of the eigenspinors of the spin operator s, defined as

1 0
X+ = (o)’ X-= (1)- (16)

Equation (14) can then be written as
eh

Jo= 2oV x (virdowne ). an

where o, is the third Pauli matrix

@—G ﬂ). (18)

On performing the matrix multiplication on the right hand side of equation (17), we obtain the
contribution of the electron spin to the current density
j o e h|N Y ‘2 0
s=E3 T T 2m, Op
The total current density, including the spin contribution is then given by
j“:i% ij +js. (20)

Substituting from equation (4), we obtain

- Nel*h [ [4J3 (k 10 . .
AT ) L OV 15 SC

2m,

(/2 (kip)) b. (19)

p 20p

The spin current density is seen to have only an azimuthal component which contributes a term
additional to the original current density equation (4) to generate the total azimuthal current
density. The axial component of the current density is unaffected, so that this leads only to a

9
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Figure 6. The axial magnetic field of an infinite Bessel beams with (a) £ =0, (b) { =1,
and (c) £ = 10 respectively, taking the spin current into consideration . The field plots
are oscillatory, drop off to zero faster for smaller value of the winding number. Note

that we have an axial magnetic field component for £ = 0 when we take the spin current
contribution into account.

modification of the ¢ component of the current density equation (4). Since the current density
is proportional to the curl of the magnetic field by appeal to equation (3) we find that the

azimuthal component of the magnetic field remains unchanged, while the axial component is
modified as follows

efioh|Ny|*
Bz,s:i%(p) = 2m,

Fy[{0, 0+ 1V 041,041,204 1};—pk% |4¢
liJ%(kJ_p)—z 3 [{ + 2} { + 722— + } P L]
(pk1) > 212(0)

(22)

Figure 6 displays the radial variations of the axial component of the magnetic field as given
by equation (22) for non-relativistic infinite Bessel beams with £ = 0,1 and 10. These plots
clearly show that we now have different field amplitudes for the two spin states at the vortex
core and the difference between the two plots decreases with increasing £. We see that (B.) S
takes lower values than (BZ)X:%, and this is very obvious for £ = 0 as the OAM contribution
to B, is zero. From equation (19), one can see that the peak current density contributions to
the magnetic field come from the highest gradient of the electron beam density of the spin-
polarized Bessel mode and the zeros of the spin current density and hence B, correspond to the
peaks in the electron beam density. By comparison, the current density due to the OAM of the
vortex beams is proportional to the electron density of the beam (equation (4)), so the spin- and

10
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orbital-angular-momentum-derived B, distributions are peaked at different radiii, even though
both show the ripple structures due to the contribution of individual rings in the Bessel beam.
This is why the ripple structures of the B, distribution shown in figures 6(b) and (c) for the
oppositely spin-polarized vortex beams with £ = 1, 10, respectively, are out of phase. Another
difference for the spin-derived and OAM-derived B, as shown in equation (22) is their different
behaviours at the vortex core. As shown in figure 6(c), the contribution to B, at the vortex core
only comes from the vortex structure, hence is the same for oppositely spin-polarized beams.

We can now substitute the magnetic field expressions equations (5) and (22) in equation (3)
in order to determine the effects of including the spin current on the current helicity density.
The results for vortex beams for which ¢/ = 0,41, and +10 are displayed in figure 7. The
significant point here is the non-vanishing x for the case of ¢ = 0 as a result of taking the spin
current into account. While for ¢ = 0 the plots for the two different values of s appear as mirror
images with respect to the horizontal axis. The plots for ¢ > 0 have markedly different features.
If we consider the plots (b) (spin up) and (d) (spin down) we see that they look symmetric with
respect to the z-axis corresponding to values 3/2 and —3/2 for the sum (¢ + s). Similarly for
the other two plots, (c) and (e) corresponding to values 21/2 and —21/2. The derived structures
do not have spherical symmetry but cylindrical symmetry. So the total angular momentum j is
probably irrelevant. What may be relevant is the j, eigenvalue directed along the z-axis. The
different positions of the peaks in the ripple structure of oppositely spin-polarized vortex beams
of the same topological charge ¢ can be traced back to the difference in the respective spin-
derived and OAM-derived contribution to the current helicity density for the spin-polarized
Bessel vortex beam, in a similar way as we have found for the corresponding B, distribution
we have just discussed.

On the other hand, the total current helicity results for spin-polarized Bessel vortex beams
show a simpler dependence on the winding number ¢ as shown in figure 8. For both spin states,
the total current helicity increased as a result of increasing the winding number and took on
a larger value in the spin up state. It is interesting to see that, in contrast to the case shown
in figure 3, for £ = 0 the total helicity is not zero because of the spin contribution. The result
is not entirely surprising as the charge and current distribution which are responsible for the
generation of all the physical effects in this work have a cylindrical symmetry, so what really
matters here is neither the total angular momentum J nor the OAM / but the J, eigenvalue
along the z-axis. Of course, the dependence is not exact because spin-derived current density
and the OAM-derived current density do not scale in exactly the same way as s and ¢, so the
difference between total current helicities of the two oppositely spin-polarized Bessel vortex
beams varies slightly as a function of the winding number ¢. Having seen how the inclusion of
the spin current leads to a modified magnetic field, we now consider the corresponding vector
potential which, too, includes the effects of the spin current. This is needed in order to explore
the corresponding magnetic helicity density. Once again, an analysis based on equation (9)
reveals that the azimuthal component of the vector potential now becomes:

_ epohiNePp |, By [{6 A+ {1+, 1420240} —p% ]
4m, 4-1+¢ (pkj_)fzzﬁl“z (OT-2(64+1)0-" (20 +1)

Aqb,x::t% (p)
£ (5 (kip) = Jo—1 (kLp)Jes1 (kip)) |, (23)

while the axial vector potential component is not affected. Substituting the vector potential
components equations (12) and (23) in the magnetic helicity density equation (2), we obtain
as results the plots exhibited in figure 9. These show the magnetic helicity densities for the
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Figure 7. The current helicity density of an infinite non-relativistic electron Bessel beam
with (a) =0, (b) £ =1, (c) £ =10, (d) £ = —1, and (e) £ = —10, respectively, taking
the spin current into consideration. The most important of these is how the difference
between the current helicity density reduced for larger values of ¢ and the minima at the
centre of the beam becomes wider. We include the current helicity plots for beams with
a negative winding number here since they are not exactly the opposite of their positive
counterpart; for example, x for £ = 1,5 = +1/2 reflected with respect to the horizontal
axis to x for s = —1/2 in the case of £ = —1. This is also true in the case of magnetic

helicity density.

winding numbers ¢ = 0,41 and +10. These agree qualitatively with the current helicity dens-
ity results in the previous subsection on the following aspects: First, both of them have an
oscillatory form. Second, in the case of a zero winding number, the spin-up magnetic heli-
city is the opposite of the spin-down magnetic helicity. Third, the magnitude of the magnetic
helicity for the spin-down Bessel vortex beam is always less than that for the spin-up Bessel
vortex beam of the same OAM, and their difference decreases for higher values of /. Finally,
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Figure 8. The variations with the winding number £ of the total current helicity of infin-
ite spin polarized Bessel beams for winding numbers ranging between £ = 0 and £ = 10.
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Figure 9. The radial variations of the magnetic helicity density of an infinite non-
relativistic electron Bessel beam taking the spin current into consideration (a) £ =0,
b) =1, (c) £=10, (d) £ = —1, and (e) ¢ = —10, respectively. Here the solid and
dashed lines are used to identify the spin orientation. The main message is the reversing
behaviour of the solid and dashed lines in figure (b) and (d) which is due to the relative
orientation of the spin with respect to that of the OAM.
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increasing the winding number causes an increase in the magnetic helicity density and, hence,
the total magnetic helicity.

4. Conclusions

In conclusion, we have used the knowledge of the electric current and associated magnetic
field of electron vortex beams to evaluate for the first time, to the best of our knowledge, the
magnetic and current helicities associated with a non-relativistic electron Bessel vortex beam.
The current helicity density was explored for different winding numbers and noted the increase
in its value and a shift of the first peak position towards larger radial distances as the winding
number increases. We have, also, derived analytical expressions for the vector potential com-
ponents and we used them to study the magnetic helicity density and its dependence on the
winding number of the electron vortex beam.

We have also shown that when the two spin states of the electron are taken into considera-
tion, something that is not usually done in non-relativistic treatments, we obtain different heli-
city densities associated with the non-relativistic electron vortex beam. This is clearly shown
in the corresponding plots in the case of electron Bessel vortex modes. The reason for this
difference lies in the fact that the spin polarized beams are characterized by a non-vanishing
spin current density, which is not present when the spin degrees of freedom are not taken into
account. The inclusion of spin brings in a new term in the expression of the axial magnetic
field component; by contrast, the azimuthal magnetic field component is the same for both
spin states. As shown in the corresponding plots, when we take into account the spin the sys-
tem shows a genuine chirality in the sense that when we consider simultaneously ¢ — —¢ and
o — —o the helicities are different. Our work has also shown that when the winding number
increases the magnetic fields associated with electron vortex beams having different spin states
converge to common values. This is an indication that as the OAM increases its contribution
to the current density dominates over the one originating from spin. As a result, the helicities
for different spin values will converge as ¢ gets larger.

We have also explored the total current helicity and emphasized that it increases with ¢,
whether one takes the electrons spin into account or not. The effect of spin is about the same
magnitude as that from a unit of OAM. We have treated the spin-derived current density and
the OAM-derived current density to be additive. This may still be approximately appropriate
for 300 keV electron beams studied here, but a proper consideration of the effect of spin-
polarization will wait for a relativistic theory of electron vortex beams, a subject of further
research.

We have shown that the fields associated with non-relativistic electron vortex beams exhibit
chirality by comparing the distribution plots for the positive and negative orders of the same
winding number. The chiral nature of the electron vortex enables the detection and analysis
of chiral materials, thereby providing information about their spatial arrangement, structural
properties, and potential biological or chemical activities.

An important parameter in spatially resolved analysis using vortex electron beam is the
achievable resolution. As it is well known that the eigenstates of electron vortex beams gener-
ally have dimensions which scale with OAM, still atomic scale resolutions have been demon-
strated experimentally in such an optimised situation [45]. However, in this paper we have
evaluated the helicity of the electromagnetic fields associated with the electron vortex beam,
so their overall size is certainly larger than the overall size of the beam. For the realistic para-
meters we have used, we have shown that the extent of the field is still in the nanometre scale.
Furthermore, the resolution that can be achieved is not always a function of the overall size
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of the beam, but could be determined by the sharpest feature in the structured illumination,
if deconvolution processing can be applied. In that regard, it is worth to note that vortex
beams can generate focal features whose dimensions can approach or supersede those of a
non-structured Gaussian beam [37, 46].

As to the evaluated helicity of the beam, this is related to the steady state electric and mag-
netic fields associated with the electron vortex beam, and, as such, it is different from that
arising from the time-dependent electric and magnetic fields associated with electron magnetic
circular dichroism in inelastic electron energy loss spectroscopy. The helicity of the beam may
be more relevant to the process of elastic scattering of chiral materials by vortex beams and
the polarisation of any chiral electromagnetic objects, which is a subject that requires further
investigations.

Finally, chirality could be used to encode and process quantum information, which could
lead to advancements in quantum computing and communications. Further exploration and
experimental investigations are needed to fully understand and utilize the potential of these
chiral properties.
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