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ARTICLE INFO ABSTRACT
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A physically realizable set of optical Bessel beams is identified as the Bessel-Gaussian (BG) mode, which can be

obtained by modulating the radial oscillations of the Bessel beams with a Gaussian profile. The BG type mode
can possess orbital angular momentum as well as optical spin. We explore the optical properties of the BG modes
for a fixed power, particularly their spin and angular momenta, energy, and helicity. The findings are compared
to those of the Truncated Optical Bessel (TOB) modes and the Laguerre-Gaussian (LG) modes.

1. Introduction

Bessel beams [1,2] are well-known as ideal solutions to the vector
Helmholtz equation in cylindrical coordinates. Such beams can be en-
dowed with orbital angular momentum (OAM) as well as spin angular
momentum (SAM). They propagate over a large distance in free-space
without changing their transverse shape, giving rise to a non-diffractive
property. Therefore, the ideal form of such beams would require an
infinite amount of energy and, for this reason, cannot be created in
practice. Although a small amount of energy is contained within the
central lobe of a Bessel beam, compared to diffracting Gaussian beams,
large distances can be covered by a Bessel beam than a Gaussian beam
of the same spot size, at the expense of the power-transport efficiency
[3]. Bessel beams have attracted much attention in both theory and ex-
periment, and their applications cover many areas, including optical
trapping and manipulation of tiny particles [4-7], material processing
[8], and others [9].

One experimentally realizable form of the Bessel beams with a fi-
nite amount of energy is the so-called Bessel-Gaussian (BG) beam [10],
which has the form of the #th-order Bessel function of the first kind mul-
tiplied by a Gaussian profile and a helical phase of the form ¢’/¢, where
¢ is the winding number, also called the ‘azimuthal mode number’ and
¢ is the azimuthal angle. Several methods to generate a BG beam have
been proposed and demonstrated, such as using an annular slit in the
back focal plane of a lens [2], or an axicon [11], or a deformable mirror
[12], or spatial light modulators (SLMs) [13].

This paper examines the main properties of the BG modes in the sense
described in Section 2, namely SAM, angular momentum (AM), energy,
and optical helicity. Recent studies have explored these properties for
two members of optical vortices: the Truncated Optical Bessel (TOB)

* Corresponding author.
E-mail address: qumadhawi@gmail.com (M. Alquraishi).

https://doi.org/10.1016/j.physleta.2025.130407

beams [14], and the LG beams [15]. In Section 3, we define the cycle-
averaged densities, discuss them in turn in the next sections, and find
the total respective properties by integrating the corresponding optical
densities. Finally, in Section 8, we discuss our conclusions.

2. Bessel-Gaussian beams

For a light beam of the BG form, its electric and magnetic fields can
be derived from a transverse vector potential, which, in cylindrical polar
coordinates r = (p, ¢, z), takes the form

A, (1,1 = (a& + §)F, (p, p)e (kz2=), @

where a and f are complex constants, which have the following prop-
erties:

lal* + 181> = Lio =i (ap* —a*B). @)
In the case of linearly polarized light, we have a = 1 and f =0, while in
the case of circularly polarized light we have ¢ =1/ \/5 and f=i/ \/5

The wave number k, in Eq. (1) stands for the longitudinal wave num-
ber of a light beam traveling along the +z direction, which is related to
the magnitude of the total wave vector k by the relation k = 4 /k% + ki,

w is the angular frequency, and F,(p, ¢) is the amplitude function of the
BG mode of a winding number ¢ which, at z =0, is given by [10]
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where J), is the Bessel function of the first kind of order 7, k, is the
transverse wave number of the beam, wy is the beam waist in the focal
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plane z =0, and & is an overall normalization factor. The BG beams are
characterized by two parameters, namely the beam waist wy, similar to
the case of a standard Laguerre-Gaussian (LG) beam, and the Bessel ar-

gument k; which is the in-plane wave number such that k) = /k2 + ki.

Note that both the Gaussian beam and the Bessel beam can be obtained
as special cases by a suitable choice of k;, and wj. The radial oscillatory
behavior of the Bessel term dominates with increasing k,. The well-
known LG beams are characterized by two indices: the azimuthal mode
index # and the radial index p. Bessel beams, on the other hand, are
only described by the index ¢ and theoretically have an infinite number
of concentric rings, such as the standard LG beams with a large num-
ber of p. However, in the case of truncated Bessel beams, the index p
appears and determines the zero of the Bessel function [14], while in
the case of BG beams, the number of rings depends on the choice of the
parameters k; and w, which can be experimentally realized [16].

The factor & in Eq. (3) is the normalization constant, which is fixed
in terms of the applied power P. The derivation of this factor is given
in Appendix A, and the final result is:

4y Pw?
&= o : @

0 2,2
k2 2 kLwO I kz 5
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where I, is the modified Bessel function of the first order #. The nor-
malization factor of a BG mode differs from that of a LG mode, given in
Ref. [15], by the existence of the exponential function and the modified
Bessel function in the denominator.

The magnetic field of the BG mode can be directly obtained from
B =V X A and has the form

B= |ik. (af — BR)F + <ﬁ£—a£)i] ok, )
ax dy

where for ease of notation we do not show the time exponential func-
tion ¢/’ and we drop the label # and the arguments p and ¢ in the
mode function 7. The magnetic field satisfies V - B = 0. In addition
to the zeroth-order transverse components, the field also involves the
first-order longitudinal (or axial) component. The magnitude of this
component is comparable to that of the transverse one when the spot
size of the beam is sufficiently small. By using Maxwell’s equation
E = (ic?/w)V X B, the electric field E follows from the magnetic field
B and can be written as follows

. . oF
E=c |ik F—|a— —
¢ |ik, (aX + py) ( % +ﬂ > ] ©)

% eikzz.

This field also includes the zeroth-order transverse components and the
first-order longitudinal component. It satisfies V - E = 0. Note that both
E and B satisfy duality using Maxwell’s equations in the sense that we
can derive the field E from B, and vice versa.

3. Cycle-averaged optical properties

In this section, we summarize the main properties: the SAM density
§, the Poynting vector w, the linear momentum density 7, the angular
momentum (AM) density j, and the cycle-averaged helicity density 7,
which, respectively, are defined as follows

€0 o

5= S[E" xE], %)

w=-LR[E*xB]|, ®)
Ho

. W

7F=c—2, 9

j=rxamz, 10)

in=-2-S[E'- B, an
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where S [...] and R[...] stand for the imaginary and real part of [...],
respectively, and the superscript * stands for the complex conjugate.

As outlined previously, we evaluate in turn the densities given above
using the expressions of the magnetic and electric fields, given by Egs.
(5) and (6) with regard to the BG beams.

4. SAM density of BG beams

The cycle-averaged SAM density, given by Eq. (7), can be directly
evaluated using Eq. (6). The transverse SAM components are obtained
as follows

_ €0
S, = ZS [E*XE]X

X

-z {par (L) +aror(Z) | a2
o [ (5)+ (5) 1}

and

5,= 529 [E' XE]|

__ck e“ {[ 5 F( >*+a*ﬂ7-‘*<%>] (13)
@]}

The x- and y-component derivatives of F in Eqgs. (12) and (13) are
as follows

(%) = (Dcosp—iT sing) F, (14)

and

<(§;) =(Dsing+iT cosp) F, (15)

where D and 7, for a general BG mode, are given by

Dz{__2+|f| o, Jae (klp)};rzg a6
wy P Iy (krp) ,

Substituting Egs. (14) and (15) into Egs. (12) and (13), and using Eq.
(2), we have

2 6
5, =— Cz“’( T —Dysing|F[, a7
and

2%,
5,=— 62 T2 (57 — Dycos ¢ |FIP. as)

The two transverse components involve a spin-orbit ¢ coupling (the
first term), and both are non-zero due to the contribution of the first-
order longitudinal component. The only difference between them is that
5, is proportional to sin ¢, while 5, is proportional to cos ¢. However,
the integral values of these two components are zero (S, =0= Sy) due
to the angular integral, so both components do not contribute to the total
spin. Note that for a weakly focused field, we always have 5, =5, =0.
On the other hand, the longitudinal SAM component is given by

272
_ & X ckze,
sz:%i‘f[E xE|_ = 2; c|FI%. (19)

This equation shows that the longitudinal component of the SAM is o-

dependent and thus is zero for linearly polarized beams (¢ = 0). The only

non-vanishing component of the SAM on integration is the z-component,
which is given by

2 oo 2
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0



M. Alquraishi and V.E. Lembessis

We make use of the following standard integral:

2p2
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Then, Eq. (20) becomes
_ ﬂfgczkieowg _M kiw(z)
Sz:Tae LI I ) . (22)
Substituting for &, we obtain
G P
S = <_> =oL,, 23
2=\ oe %0 @3

where Ly = (P/wc) is constant, which has the dimensions of angular
momentum per unit length. The same results are also obtained for the
total SAM of both LG and TOB modes [14,15].

5. AM and energy of BG beams

The three components of the cycle-averaged Poynting vector w can
be found from Eq. (8). After substituting for the magnetic and electric
fields, Egs. (5) and (6), and using Egs. (2), (14) and (15), we have after
some algebra

ck

W, =—=——= (T —2iap* D)sing |F|?, (24)
2pg
W, = ck, (T +2ipa*D) cos ¢ | F|* (25)
y 2” ’
0
and
ck?
W, =—=|F|%. (26)
2

The linear momentum density vector 7 is related to the Poynitng vector
w, as defined in Eq. (9). Thus, Egs. (24) to (26) are used to evaluate the
total AM, given by Eq. (10). The components of the cycle-averaged AM
density vector j can be all evaluated in the focal plane z =0 as follows

. W ck?
J.=—Zpsing=—=|F|*psing, 27)
c? 2pgc?
- w ck?
Jy==—5pcosp=——2|F|* pcos ¢, ©28)
c2 2uqc?
and

- 1 _ .
=7 (pcosdw, — psingw, )

(¢ poD)|FP
= — PO .
2upc? g

(29)

Since an integration of cos ¢ and of sin ¢ from 0 to 2x gives a result equal
to zero, the x- and y- components of j are zero similar to the case of the
transverse components of the SAM density. Although both transverse
components of the SAM and the AM vanish on integration, their density
distributions are considered to lead to different areas of applications,
such as optical chirality in the interaction with chiral matter, optical
sensing of biosystems, near-field microscopy, plasmonic devices, and
the manipulation of atoms and molecules, as well as the control of bulk
matter at the nanoscale [17,18].

The only non-vanishing AM component is the z-component. Substi-
tuting for D from Eq. (16), with F from Eq. (3), we obtain
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The details of the integrals are shown in Appendix B. We have
E? rek
- o mck,
=— ‘I —o (L +1;+ 1
z w2 #062 [ 1 ( 2 3 4)]
(€X0)]
&2 nck,w? K2 w? kiw(z,
=0_=0 OIf L 0)e 7 (¢ +o0).
@2 4dpyc? 11 4
Substituting for &,, we obtain
- P ~
J. = (+0)=L({ +0), (32)
2k,

where L is a constant that has the dimensions of angular momentum
per unit length.

The cycle-averaged energy density can be obtained by multiplying
the longitudinal component of the linear momentum density 7, by the
light velocity ¢, so we have the integral

2z oo
_ w
U=/d¢/c<—2z> pdp. (33)
c
0 0

Using Eq. (26), we have

00 2
_ ﬂk%fg 2 —%
U= - lefl (kLp)| e “o pdp, (34)

0

0

which gives
2

LS 8 (Ba\ .
T 4 ° \~4 )T

where we have substituted for &, from Eq. (4). It is straightforward to
check that it has the dimensions of energy per unit length.

The ratio of the total AM per unit length and energy per unit length
follows directly from Eq. (32) and (35)

7 (+0)P/(ck
T _(+o) /(ks) _ f+o 36)

U Plc oV 1= (k. c/o)
where we have used k, = \/(w/«:)2 - ki. This result agrees with the

result for the TOB modes [14], which differs from the standard result
obtained by Allen et al. [19]. Here, k, is the argument of the Bessel
function, which is associated with the rapidity of the oscillatory vari-
ation in the radial distance. According to the square root factor in the
denominator of Eq. (36), small values of k, lead to the common result
(7 + 0) /o, while large values of k| will increase the longitudinal AM
component.

6. Helicity density of BG beams

The optical helicity is one of the prominent properties associated
with optical vortex beams that has been widely studied recently [20-25]
with its relation to the SAM [14,15,26-32]. The expression of helicity
density 7, as defined in Eq. (11), is obtained by using the magnetic and
electric fields in Egs. (5) and (6) to calculate the dot product E* - B,
which is given by
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Fig. 1. The helicity density in the focal plane z =0 as a function of the radial
variations (in wy units) for BG beams of third order for the three cases of polar-
ization in which ¢ =0, +1. (a) For ¢ = 3 and (b) for £ = —3. We take k, /w, =3
and w, = A, where 4 is the beam wavelength.
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Consider the terms that result from the dot product of the first-order
longitudinal components of E* and B in Eq. (37)

oF | 5 (OFN (oF\"
ox ay| T (a)(a)
a2 (9EN(9F (38)
la <0x> <()y)]

=—c |30 (D*+7%) =iDT |17,

* 2 * * 2 * aFZ *
E -B=ckz(aﬂ —ﬂa:)|F| —c|fa o —af
x

37)

oF

2
E!B,=—c [ﬂ(x* —ap*

Then, we have for the cycle-average helicity density

2
ﬁfa:% [o (2k2 +D*+T77%) -2DT] |F|*. (39)
This expression contains the terms (D? +772) |F|? that arise from the
presence of the longitudinal field components and which are propor-
tional to ¢ in addition to the term that results from the zeroth-order
transverse fields. The longitudinal fields are also responsible for the ap-
pearance of the last term —2D7 |F|?. Substituting for 7, the helicity
density then reads

2 2
_ €pC 2 03 4
’7/0'=E{0- |:2kz+D +<;> :|
@)
P

(40)
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1.5 2.0

plwg
1.5 20

Fig. 2. The helicity density in the focal plane z = 0 for circularly-polarized BG
beams with Z = 0. (a) For ¢ = 1, while (b) for 6 = —1. The dotted curve (dashed
curve) represents the transverse (longitudinal) component contributions to the
helicity density, and the solid curve is the sum. We take k, /w, =3 and w, = 4,
where 4 is the beam wavelength.

Looking at this equation, we can see that it consists of two parts. In
the first part, the density depends on the beam polarization ¢ and the
second part is given by the last term and depends on the winding num-
ber 7. In Fig. 1, we show the variations of the helicity density for BG
beams with different cases of polarization for # =3 and ¢ = -3 in
Figs. 1(a) and 1(b), respectively. These plots show that changing the
sign of # and/or ¢ will also change the shape of the helicity density
distributions. In this example, we note that #; _; (p) = —#j_3 (p) and
3,1 (p) = —ii_3_1 (p)-

For a linearly polarized BG beam, i.e., when ¢ = 0, the helicity den-
sity does not vanish 7j,( # 0. The o-independent surviving term is due to
the purely longitudinal fields. In addition, the helicity density changes
its sign when the sign of # changes, such that 10 (P) = —Ti_ 1210 (P)- This
can be seen by the solid curves in Figs. 1(a) and 1(b).

The helicity density of a BG beam with # = 0, which is equivalent
to the conventional Gaussian beam, is zero for the linearly polarized
beam (¢ = 0) and non-zero for the circularly polarized beams (¢ = +1).
Thus, the sign of the helicity density in this case depends on the handed-
ness of the circular polarization. The variations of the helicity density for
o = +1 are shown in Fig. 2 and Fig. 3. Unlike the distributions of the op-
tical helicity due to the transverse fields, which have a Gaussian-shaped
profile, the distributions of the longitudinal component contribution
take a doughnut shape. Recent work has proposed a direct measure-
ment of the optical chirality of tightly focused Gaussian beams [33],
and a study on this has been reported [34].
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Fig. 3. The in-plane helicity density in the focal plane z = 0 for circularly-polarized BG beams with £ = 0. From (a) to (c) with ¢ = 1, while from (d) to (f) with
o =—1. (a) and (d) represent the transverse component, while (b) and (e) represent the longitudinal component contributions to the helicity density. (c) and (f) is

the sum. We take k, /w, =3 and w, = A, where 4 is the beam wavelength.
7. Integrated helicity

We first consider the total helicity for a linearly polarized BG beam
(o =0) which is obtained by integrating over the xy plane. We have

2 o

Cf0=/d¢/'7fo pdp=0.
0

0

(41)

The full steps leading to this result are stated in Appendix C. Eq. (41)
infers that although the helicity density of a linearly polarized BG mode
is non-zero, and which acquires a chiral character [35], its spatial inte-
gration vanishes. The non-zero helicity density distributions for linearly
polarized BG modes are shown by the solid curves in Figs. 1(a) and 1(b)
for two different signs of . The radial integrations of the density distri-
bution of the areas above and below the optical axis in these figures are
zero. Thus, the total helicity is significant only when the optical spin
is present and this confirms that OAM alone cannot contribute to the
space integral of the helicity density. This result has also been pointed
out for both TOB and LG modes in recent published studies [14,15].

The total helicity for circularly polarized BG modes, on the other
hand, for which ¢ # 0 over 7, given in Eq. (40) is given by

2 )
— € (32 2
c,fa:z_w d¢/{a[2k§+vz+<§>
0 0
—f<2>}|7’|2pdp.
p

We can drop the last term in Eq. (42) since it gives zero, as shown in
Eq. (41), so

2 7 2
T [ a2+ 2+ (L) | P2 pdp.
2w z p
0

(42)

Cfa = (43)

We can write

2
- 5 TEYCC

Cfo':go 2w3 (Il +IQ+I3), (44)

where the integrals I;, I, and I are respectively, the first, second and
third integrals in Eq. (43). These integrals are detailed in Appendix D.
After substituting the results of the integrals, we find

2
kz Wy z
where we have substituted for & using Eq. (4), and we have the same
factor L. The first term (unity) in the brackets in Eq. (45) represents the
total helicity associated with the transverse fields, while the second and
third terms appear as a result of the inclusion of the longitudinal-field
terms. The magnitude of these terms depends on the degree of focusing
as well as the magnitude of #. The second term becomes comparable to
unity for strongly focused beams for which the value of wj, is small or for
a very large value of ¢ for moderate focusing, while the ratio ki / 2k§ of
the third term becomes significant only when the strength of the focus
increases. For the case w, — oo, the second and third terms vanish when
we consider the field is weakly focused, and the total helicity reduces
to C,, = 6L, which is simply the helicity of an ideal Bessel beam. By
multiplying and dividing the third term by w, the second and third
terms can equal or exceed unity for values of w, given by

(45)

1£]+1

<Ay ——MMm—,
Ho=MTC (K2 /2k2)

(46)
where 1= A/2x is the reduced wavelength. This condition emphasizes
that the second and third terms become important relative to unity for
a circularly polarized BG beam under tight focusing. For a mode with
¢ =0and k, =0 (a Gaussian mode), we have
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Cor =Ly 1+ —— ¢, 47)
kg

which coincides with the result in Ref. [15]. Note that in this case, the

second term equals to unity when w, = A.

8. Conclusions

In this work, we have studied the main optical properties of BG
beams in the plane z = 0, namely spin, angular momentum, energy,
helicity density and the total helicity. Modes of BG type modulate the
transverse field distributions of the Bessel beams by a Gaussian profile
and are thus termed Bessel-Gaussian beams. We must point out that
our calculations follow the methods developed in the works [14,15] but
here we apply them for the case of a BG, something that has not been
done before. In the limiting cases where a BG approaches a TOB or a
Bessel beam, these are recovered in this work. In our work, all beam
properties are presented together (both local and averaged over the fo-
cal plane). Moreover, in contrast to other works in our formalism the
expressions are given in physical units, preserving the dimensional con-
stants (¢, w, €y, and p,), which are not written down in many articles
on optical topics.

Similar to the TOB modes [14], we have obtained, for the BG modes,
the same ratio of the total AM to the energy per unit length, which
does not coincide with the one that displayed by Allen et al. [19]. It
differs by a square-root factor in the denominator, which is dependent
on the parameter k,. This result could be amenable to experimental
verification.

We have highlighted similar results as those obtained for other types
of modes, namely TOB modes and LG modes [14,15]. One of these re-
sults, which was observed also for TOB and LG beams, is the vanishing
of the total helicity for linearly polarized BG beams, even though the
helicity density expression with ¢ = 0 has a non-vanishing #-dependent
term due to the contribution of the fully longitudinal components. This
term exhibits a chiral behavior in the sense that the sign of the helicity
density is affected by the handedness of #. However, the magnitude of
the longitudinal components is comparable to the transverse ones only
when the beam size is comparable with the optical wavelength.

We have also examined the total helicity for the case of circularly
polarized BG beams when ¢ = +1. The result in Eq. (45) includes the
two terms (|| + 1) / ki w% + ki / 2k§ which vanish for a free Bessel beam,
and thus the total helicity becomes C,, = ¢ L. These two terms result
from taking the longitudinal fields into account.

This study has concern on taking the electric and magnetic fields
up to the first-order. Higher-order terms of both E and B are smaller
than the zeroth-order and the first-order terms in magnitude and are
normally ignored. They can be obtained using Maxwell’s equations in
an iterative analytical method. The calculations presented here can be
extended up to the second-order to see whether these terms affect the
optical properties or not.
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Appendix A. The normalization factor &,

The overall normalization factor that appears in the form of the BG
beam is related to the applied power P, which is the space integral of
the z-component of the Poynting vector (E* X B) /2y, over the beam
cross-section for which the surface element is dX = d¥Z, thus, the only
component of the Poynting vector that enters the integration is the z-
component. We have

2 S
1 .
P_z—”o/dqb/((]z XB)Z|pdp, (A1)
0
with
|(E"xB),| =ck2|F . (A2)

Substituting for |P|2, we have

e 2,2

& [ nck? 2~

0

We then make use of the standard integral

00 _2;72

/‘Jm (ku’)re w_%ﬂdp

0 (A.4)

w(z) _Kjw] kiwg
= —e 4 Ilfl .
4 " 4

Here I}, is the modified Bessel function of the first kind of order £. We,
therefore, write

82 ﬂ'Ck2 wZ 12 w? k2 w2
P=( —= )L a2 ). (A5)
w? Ho 4 4

Finally, we obtain for &,

4y, Pw?
£ = Mo @ . (A.6)
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Appendix B. Evaluation of Eq. (30)

We have for the first integral I, [36]
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0 (B.3)

and
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0
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The sum of the three above integrals gives

2
L w ad (ke
2+I3+I4——Te 4 I‘fl 4 . (B5)

Appendix C. Verification of Eq. (41)

Here, we show that the total helicity of the linearly polarized BG
beam for which ¢ = 0 vanishes for any value of #. Using Eq. (16), the
radial integration takes the following form

& (3)rr
I,=[ — (= )IFI"pdp
‘ /Eg P
0 (D)
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20 |¢ /
=/w_2{__’;+u_kl|f“—l}|r|2dpv
p & Lowg p Jier (k1p)

Now we have three integrals to deal with. Substituting for |7’|2, we write

2T ) -%

w2
1f=——2/‘.]|f| (klp)l e Opdp

w
0%
© —ﬁl
w2
+|f|/|J‘f| kup) e 0 dp (C.2)

[¢+)
Tw2
kJ_/J|f|+1 kip) e (kip)e “0dp.
0

We make use of the following identity to combine the last two integrals
into one integral

¢
i"lfl (x)=|x—|J|f| () =

dx
where x = k| p, and which yields
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The last integral can be integrated by parts, so we have
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(5] 2p2
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The second term is equal to zero at both limits for |#| > 0. Although at
the limit p = 0 we have J, (0) =1 for £ =0, the helicity density itself is
zero since it is proportional to #. This leads to the conclusion that the
space integral of #,( vanishes because of the vanishing radial integral.
Thus, we write

éfo = 0 (C.6)
Appendix D. Evaluation of Eq. (44)

The result of the first integral I, is:

o 2‘72
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The relevant expressions for the second I, and the third /5 integrals are
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We deal with the second integral I, as follows
L ﬂ J|f|+1 (kJ_P)
W F e (kip)
J| k
__2 . /’ZL(“’) (D.4)
0 wy Sy (ki)
2p2
121 Jieer (kip) “uZ
| —— ‘Jm kJ_p)| e "0pdp
P i (kop)
=L+ I+ Ig+ I + Ig + I,
where
© 22
4 2 Lz
I4=—4/|J|f| (kll’)‘ e "o p’dp
wy 4
1 ki(z) K w?
2 2w I 170 (D.5)
8 L% 1Z1+1 4
k% w?
2.2 1%
+(4|f|+4—klw0)lf|< T )]
2p2
2 2 Tz
Is= || |J|f| (klp)‘ e i ~dp. (D.6)
0



M. Alquraishi and V.E. Lembessis

oo 2

2p
2 7wz
16=ki/|J|fI+1 (klp)‘ e 0 pdp
02 . (D.7)
2 2, 2,2
_ klw()e kl401|f|+1 klwo ’
4
417| r ) -2
w2
1r7=——2/)J|fI (klp)| e “0 pdp, (D.8)
wo A
< _a2
L= 0 (kp) d (kip)e % 2d
8= 02 12| J_/’) 12]+1 lp)e p-dp
0 [ (D.9)
Kw, Kuw K w? k2 w?
_ 1 oe—% Iy, L Lo L0,
4 4 4
and
) 22
w2
19=—2kl|f|/J|f| (kyp)dri1 (kpp)e “0dp. (D.10)
0
We can make use of the following identity for the I, integral
d IZ]
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where x = k| p. Then we have
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where the second term of the integral I, is integrated by parts.

Note that the integrals I3 and I5 cancel with the first term of the
integral Iy, and the integral I, cancels with the second term of integral
Iy.

Next, we substitute the results of the integrals into Eq. (D.4) to obtain
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(|f|+1)+klwo I ki wy w

2
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Finally, we combine all the three integrals
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Data availability
Data will be made available on request.
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