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Please answer all the following questions. The best four will contribute to your exam grade.

1. The rod in the figure has a positive charge ¢ and a length /. The charge is
uniformly distributed along the rod. Find the electric potential at the point P. You

=1n(x+\/m)

. dx
are given: f -
2

(x +1<)”2
(5 marks)
P
4
| q
< >
/4
< >
/
‘Solution‘ [Commented [VL1]: Some of you found the electric field
Instead of electric potential. This is a completely wrong answer
The rod has a linear charge density A=q /[
av ., p
18 ¥
/4 s
R q
-1/4 0 dq, dx 31/4
< >

[
The elementary charge dg shown in the figure creates an elementary potential at P

1 dq 1 Adx

av = 4 N 7o
TE, (x‘ +1 /16) 4, (x2 +1 /16)

172

To find the total potential we need to integrate from x = -//4 to x = 3//4.

Thus
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x=31/4 PR L dx
V= [ av- 7 ——— =
x=—l/4 Ty iy (x +1 /16)

31/4

x+x*+1*/16 )] =

x=-1/4

n(3l/4+ 912/16+12/16) ln(—l/4+\/lz/16+lz/16)]=
n(3l/4+ 1012/16) ln( 1/4+\/12/8)

3l/4+ 107 /16 9 |, 31/4+~101 /16
—1/4+~* /8

4]‘[(:‘0

4m§0 —1/4+ 12 471801

2. Two infinite plane sheets with equal but opposite surface charge densities (+o)
divide the space in four regions (I, II, III and IV) as shown in figure. Find the
electric field (magnitude and direction) at each region. The axes directions are
shown in the figure.

(5 marks)

| 1T

v I

Solution:
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E, g E, ---
A :‘_\ |Ez
I - - |
+
E, E,
v N % 11
- I E :___
E, E E, y

X
The total electric field is the resultant of the field E| due to the positively charged
sheet and of the field E; of the negatively charged sheet. Both of them are
everywhere perpendicular to each other and have the same magnitude 0/2¢y. Thus
for the total field we have:

LE=Z 3+ 2§, =45

2e,  2¢,
ILE--2 5%+ 2§, 9=135
2¢, £
M E=-2%-2%, g=25
2e,  2¢,
V.E=Z5%-2 5, 9=315"
2¢, £

E=\E +E} = (

2l -

3. We have shown that the field created by a polarized object is made up by the field
of a volume charge density and a field of a surface charge density. Assume that we
have an electrically polarized sphere of polarization P = Arr (spherical
coordinates), with 4 being a positive constant. The radius of the sphere is R. Find
the electric field at a point outside the sphere (» > R).

(5 marks)
Solution:
Our first job is to find the volume charge density:

19
pp=-—VP = 25 Ary=—34
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Then we calculate the surface charge density:

Surface density means that we are on the surface

Os=n- P|T=R =r- PITZR =r- (ARI‘) = A| Commented [VL2]: Most of you had here 4r.
Where r =R

The total electric field is the resultant of (a) field of a charged sphere of density p, =
—3A and thus of total charge Q, = —3A4 §HR3 = —4AnR? and (b) of a charged
spherical shell of surface charge density g5 = AR and thus of total charge Qs =

ARATR? = 4AmR3. The problem has a spherical symmetry and thus the electric field
at a point outside the sphere will be:

_ 1 4AnR3 N 1 4AnR3
T Time, r2 | ame, 12

r=0

4. An arc-like wire with radius a is shown in the figure. The wire carries a current /.
(i) Find the magnetic field at the center C. (ii) Find the magnetic potential at the

. . 1
center C. You are given the Biot-Savart formula: B(r)=f—° f ds;< ' and that
T r
dA = Holds
a1’
(5 marks)
Solutions:
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1) As we see in the figure an element ds of the wire creates an elementary magnetic
field at the center of the wire given by:

_uoldsxr_uoadea_uodek

dB = = =
47 13 41 a3 4 a

Thus, the total magnetic field is given by:

1 3m/2
B = kﬂf do
4ma |,
_ . 3mpel 3ol
" T 4ma2 ~ 8a

(ii) For the magnetic potential we have

1d 1 ado
Y B

dA =
4t r 4T a

I 3m/2
A=0C ( ap
|,

uol 3
A=0——
o 4 2
3pel
= 7]
8

A

5. A long circular cylinder of radius R carries a magnetization M = kr28 (cylindrical
coordinates) where £ is a constant and r is the distance from the axis and 8 is the
usual azimuthal unit vector. Find (i) the bound current density J,, (ii) the surface
current density K, (iii) the total current, (iv) magnetic field due to M, for points
inside and outside the cylinder.

(5 marks)
Solutions:

1M, OMg
r 99 0z )

® lb=V><M=(

(5 = 5r) O+ (r M)~ ) 2

2

Okr 1,0 5
I = <O— P >r+(0—0)9+;(§(rkr )—0)2

Jp, = 3krz
(111) K, = M X n = kr? (9 X l')| = —kR%z Commented [VL3]: Most of you had here -k2.
=R Surface density means that we are on the surface
Where r =R.
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(iv)  To find the total current we need to calculate the current due to the bound current
density and the current due to the surface current density.

R R
flb ~da+ J‘ Kpdl =f 3kr2nrdr —J' kR?2mdr =
o 0

R R
=6nk [ r?dr —2mkR? [ dr =
o 0
3

R
= 67rk? —2mkR® =0

W) To find the magnetic field we need to apply the Ampere’s law (we have a
cylindrically symmetric problem thus the magnetic field has an azimuthal
direction):

For r < R the magnetic field is due to bound current thus

B2nr = polenc f Jp-da

r

B2nr = uolemf 3kr'2mr'dr’
0

73
B2nr = 6k7ryolenc?

3
B2nr = 6kr[,uolenc?

B = pokr?
B = uokr?e
B = uoM

For the case outside the cylinder, where » > R the magnetic field is zero because
the enclosed current is zero.

MATHEMATICAL SUPPLEMENT
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e CYLINDRICAL COORDINATES
Surface element on x-y plane: d4 = pdpdp
Elementary volume: dt = pdpdpdz

Osp=2m

(@
E.
+
3
o]
=+
o
=
w0
—
=
>
N>
——
a3
X
D>
Il
N
>
I
S
5
x4
+
b
>
D>
+
LS
N>

v, 1w o,
Vw_arr-l_rf)ao-'_

3zz

10 104y 0OA,
VoA=L A T T s

(104, 04\ . 0A, 0A,\. 1/0 0A,\ .
VX A= (; a0 *W)” (8z - ar)‘”;(a(”‘f))* )

00
Note that ~
r r@ Z
VxA=1|0 0 0
r{or 00 0z
A, 1Ay >

2y 10 (00 10%
vwirar " r2 002 022

e SPHERICAL COORDINATES

Elementary volume: dt = r’drsin0dfdg
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Elementary surface on a sphere of radius r: d4 = *sin0d8d¢p

0<O=<m, O=s@p=2nm

Unit vectors {r é,qé}, FxO=¢, A=A T+ A0+ Ay
— 2 21 .2
z =7 sinf cos ¢ "= erzy +z
. . cosf =
y =7 sinf sin ¢ T2+ 42 + 22
z=r cosf tan ¢ =
0<6<m, 0<¢p<27

_ou, 10, L duy
V¢_6rr+r800+rsin08¢¢

10, 1 9 ,. 1 044
VA= r2 or (r Ar)+rsin989 (Sln0A0)+rsino9 09
1 . 0Ag | .
VXA_rsiHG {60(s1n9A¢) 9 r
1 0A. 10 ~ 1[0 0A, ] »
|:7’ sing 0¢ 7;5(“%) 0+; {8?‘ (rdo) - 09 ¢
Note that A N
T r@  rsinfg¢
1
VxA=——|9 9 9
r2sinf | or 90 ¢
A, 1Ay rsinfAy
V24

lg 7-28_1/} + 1 2 inga_w +#az_¢
r2 Or or 2smoo0 \"" 90 r2 sin% 9 d¢?
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