Chapter 5

!'_ Dot, Inner and Cross Products

5.1 Length of a vector
5.2 Dot Product

5.3 Inner Product

5.4 Cross Product



5.1 Length and Dot Product in R"

= Length:
The length of a vector v =(v,,v,,---,v,) InR"Is given by

v = \/vf L L
- Notes: The length of a vector is also called its norm.

= Notes: Properties of length

®) |v[=0

(2) V| =1= v is called a unit vector.
(3) |v|=0 iff v=0

(4) Jevi=lc[Iv]
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waE X 15
(a) In R>, the length of v=(0,-2,1,4,-2) isgiven by

V]| =02 + (=2)2 +12 + 4 +(-2)® =+/25 =5

(b) In R3the length of Vv =(%, =, -=) is given by

() () (B

(v IS a unit vector)
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= A standard unit vector in R":
€1,€5,°++,8, §=110,-+:,0),(0.L,--+,0),(0,0,- - L)}

a EX:
the standard unit vector in R%; {i, j}= {(1’0)’ (0’1)}

the standard unit vector in R3: {i, j,k}={1,0,0),(0,1,0),(0,0,1)}

= Notes: (Two nonzero vectors are parallel)

u=cv
1) ¢>0 = uand v have the same direction
(2) c<0 = uand v have the opposite direction
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= Thm 5.1: (Length of a scalar multiple)

Let v be a vector in R"and ¢ be a scalar. Then

levil=lclliv]
Pf:
V=(V,,V,, V)
= cv=(cv,,CV,, -, CV,)
levil =] Cevy s evy - evy ) ]

= (V)2 +(cv,)? + -+ +(cv, )’

:\/cz(vl2 +v22 +---+vn2)

2
n

| ey e

=[c]]lv]
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= Thm 5.2: (Unit vector In the direction of v)

. : V
If v IS a nonzero vector In R", then the vector u = ﬂ
V

has length 1 and has the same direction as v. This vector u
Is called the unit vector in the direction of v.

Pf:
1

visnonzero = ||v||# 0= H >0
Y
1
= U= M V. (u has the same direction as V)

V

it
=——||v|[=1 (uhaslength1)
V]

IV

lull =
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= Notes:

\Y
(1) The vector m IS called the unit vector in the direction of v.

(2) The process of finding the unit vector in the direction of v
Is called normalizing the vector v.
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- EX 2: (Finding a unit vector)
Find the unit vector in the direction of v=(3,-1, 2),

and verify that this vector has length 1.
Sol:

v=(3,-1,2) =|v|=y32+(-17 +2° =14

v (3,-1,2) :1(3_12):(3 LAl 2]
~ v VLRI L V14 V14 ' 14

CIRREIR

45
M

IS a unit vector.
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« Distance between two vectors:

The distance between two vectors u and v in R" 1s

du,v)=llu-v]

= Notes: (Properties of distance)
(1) d(u,v)=0
(2) d(u,thaadonly if u=yv
(3) d(u,v)=d(v,u)
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= EX 3: (Finding the distance between two vectors)
The distance between u=(0, 2, 2) and v=(2, 0, 1) Is

d(u,v)=lu-v|=[(0-2,2-0,2-1)||
:\/(—2)2 +2%+1° =3
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Keywords in Section 5.1

. length: Jsb

norm: _lus

unit vector: s sl 45

standard unit vector ; (sluY) sas 5l 4xia
normalizing: 5 sl

« distance: 48Lul

. angle: ) )

. triangle inequality; bl dilia

. Pythagorean theorem: ¢ selis 4, jlas
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5.2 Dot Product

= Dot product in R™

The dot product of u=(u, ,u,,---,u,) andv=(v,,v, ,---

IS the scalar quantity
u-v=u,v, +u,v, +---+U.V,

= EXx 4: (Finding the dot product of two vectors)
The dot product of u=(1, 2, 0, -3) and v=(3, -2, 4, 2) Is

u-v=@0E)+(2)(-2) +(0)(4) + (3)(2) =7

e gl
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= Thm 5.3: (Properties of the dot product)
If u, v, and w are vectors in R"and c is a scalar,
then the following properties are true.
(1) u-v=v-u
(2) u-(v+w)=u-v+u-w
(3) c(u-v)=(cu)-v=u-(cv)
4) v-v=|v]|?

(5 v-val v -V Hand only if v=0
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= Euclidean n-space:

R" was defined to be the set of all order n-tuples of real
numbers. When R" is combined with the standard
operations of vector addition, scalar multiplication, vector
length, and the dot product, the resulting vector space Iis
called Euclidean n-space.
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= EX 5: (Finding dot products)
u=(2,-2),v=_(5,8),w=(-+4,3)

@u-v ®u-v)w ©u-@2v) ) w]> (e) u-(v-2w)
Sol:

@) u-v=(2)e)+(-2)@8)=-6

(b) (u-v)w=-6w=-6(-4,3)=(24,-18)

(c) u-(2v)=2(u-v)=2(-6)=-12

(d) [[w*=w-w=(-4)(-4)+(3)@3) =25

() v—-2w=(5-(-8),8-6)=(13,2)

U-(V=—2W) = (2)13) + (=2)(2) = 26— 4 = 22
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= EX 6: (Using the properties of the dot product)
Given y-u=39 u-v=-3 Vv-v=79
Find (U+2v)-(Bu+V)
Sol:

(U+2v)-(Bu+v)=u-(Bu+v)+2v-(3u+V)
=u-Bu)+u-v+(2v)-(3u)+(2v) -V
=3U-UW)+U-Vv+6(V-u)+2(v-Vv)
=3Uu-wW+7(U-v)+2(v-Vv)
=3(39) + 7(-3) +2(79) = 254
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= Thm 5.4: (The Cauchy - Schwarz inequality)
If u and v are vectors in R", then

ju-v|<|lulllvll  (|u-v|denotes the absolute value of u-y

= EXx7: (An example of the Cauchy - Schwarz inequality)
Verify the Cauchy - Schwarz inequality for u=(1, -1, 3)
and v=(2, 0, -1)
Sol: u-v=-1 u-u=11 v-v=5
=Ju-v]=|-4-1
Julv]|=vu-u-vv-v=+11.5 =55

vl v
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= The angle between two vectors in R":
PRy
fulllivil’

Opposite B Same
i g X u-v<o0 u-v=0 u-v>0 dinaerian

<__,'LILL_,_,

G2 o e L e o B e
2 2 2

0<O<rx

cos=-1 cos< 0 cos=0 cos>0 cos=1

= Note:

The angle between the zero vector and another vector is
not defined.
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= EX 8: (Finding the angle between two vectors)
u=(-4,0,2,-2) v=(2,0,-1,1
Sol:

ul=+u-u :\/(—4)2+02+22+(—2)2 =24

Vv :mz\/Zz +(0) +(-1)° +1° - J6
u-v=_(-4)(2)+(0)©0)+(2)(D+(-2)@)=-12

L Ui TRt o |74 S g
lullllvil V2446 144
=60 =x .. uandv have opposite directions. (U=-2V)
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= Orthogonal vectors:

Two vectors u and v in R" are orthogonal if
u-v=0
= Note:

The vector 0 is said to be orthogonal to every vector.
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= Ex 10: (Finding orthogonal vectors)
Determine all vectors in R" that are orthogonal to u=(4, 2).
Sol:
u=(4,2) Let v=(v,,V,)

—> u-v=(4,2)-(v,,V,)

=0 2
E S Saliy o
IES RNy o s
2
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= Thm 5.5: (The triangle inequality)

If uand v are vectors in R", then |Ju+ v| <|lu||+] V]|

Pf:
lu+Vv]*=U+V)-(U+V)

=Uu-(U+V)+V-(U+V)=U-U+2(U-V)+V-V
=[ull® +2(u-V)+[Iv]®  <[lul* +2]u- v+ v|
<[ull® +2[full[Iv]l +]Iv]I
= (lull+lvI)®

Au+ v <{lulf+]lv]

= Note:
Equality occurs in the triangle inequality if and only if
the vectors u and v have the same direction.
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= Thm 5.6: (The Pythagorean theorem)
If u and v are vectors in R", then u and v are orthogonal

If and only If

2 2 2
lu+ vi[=={[u]l” +[]v]
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= Dot product and matrix multiplication:

K X
u, v, | (Avector u=(u,,u,,---,U,;) inR"
U= A
IS represented as an nx1 column matrix)
_un_ _Vn_
K.
T Vs
u-v=u v=[u, u, u.]| .” |=luvy +u,v, +---+U, Vv,
_Vn_
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Keywords in Section 5.2:

« dot product: 2l sl
- Euclidean n-space: 288l 55 sliad
« Cauchy-Schwarz inequality: ) s&- 5 oS Anliia

. triangle inequality: <abial) 4l
. Pythagorean theorem: () selid 4, )k
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5.3 Inner Product

= Inner product:

Let u, v, and w be vectors In a vector space V, and let ¢ be
any scalar. An inner product on V is a function that associates

a real number <u, v> with each pair of vectors u and v and
satisfies the following axioms.

1) u,vw=<,w
2) u,v+w)=<u,v)+<u,w
3) c¢ u,v)=<cu,v)

4) <v,add0 (v, vifand only if v=0
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= Note:

u - v = dot product (Euclidean inner product for R")
<u, Vv >=general inner product for vector spaceV

= Note:

A vector space V with an inner product is called an inner
product space.

Vector space: )

Inner product space:  (V, +, o, <,>)
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« EX 1: (The Euclidean inner product for R")

Show that the dot product in R" satisfies the four axioms
of an inner product.

Sol:
u=(U,,u,,--,u) , v=_(v,V,, V)

U,V)=U-V=UV, + UV, +---+UV_

By Theorem 5.3, this dot product satisfies the required four axioms.
Thus 1t Is an inner product on R".
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- Ex 2: (A different inner product for R")

Show that the function defines an inner product on R?,
where u=(u,,u,)and v=(v,,V,) .

u, vy =u,v, +2u,V,
Sol:

(@) <u,Vv)=uyV, +2u,V, =Vu, +2v,u, = (v, Uy
(b) w= (Wl ’ Wz)
= (U, v+w) =u, (v, +W,) +2u, (v, +W,)
=u,V, +Uu,w, +2U,V, + 2uU, W,
= (U,v, +2u,V,) + (U,W, +2U,W,)
={u,v)+<{u,w)
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(c) c<u, v =c(uV, +2u,v,)=(cu,)v, +2(cu,)v, = {cu, v,
d) {v,v)=v°+2v,°>0
V,W=0=>v+2v,’=0 = v,=v,=0 (v=0)
= Note: (An inner product on R")

U, v) =cu\V, +C,U,V, +---+CUV c. >0

n-n-"n? 1
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= EX 3: (A function that is not an inner product)

Show that the following function is not an inner product on R:.
U-v) =u,v, —2u,V, +U,V,
Sol:
Let v=(1,2,1)
Then <v,v>=01D)-2(2)(2)+(1)(1)=-6<0
Axiom 4 is not satisfied.

Thus this function is not an inner product on R3.
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= Thm 5.7: (Properties of inner products)

Let u, v, and w be vectors in an inner product space V, and
let ¢ be any real number.

1) O,v=<v,0=0
(2) du+v,w)=<u,w) +<v,w)
(3) Cu,cv)=c{u,v)

= Norm (length) of u:

Jull =+/<u, uy

= Note:

lull*=<u, u)
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= Distance between u and v:

d(u, v) =lu-Vv|=y(u-v,u-v)

= Angle between two nonzero vectors u and v:

Lu, v

CoSd = 0<o<
[ul{lv]

= Orthogonal: (u L v)

uand v are orthogonal if {u,v) =0 .
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= Notes:

(1) If ||v]|=1, then v is called a unit vector.

(2) HVH?&l normatizing .Y (the unit vector in the
v 20 : |v| direction of v)

not a unit vector
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= EX 6: (Finding inner product)
(p, q)=ap, +ab,+ --- +a,b, isan inner product
Let p(x) =1-2x°, q(X) =4—2x+x° be polynomialsin P, (x)
@ <p,>=? (b) llal=? (c) d(p,q)=?
Sol:
@ <p,=0)#+(0)(-2)+(-2)@Q) =2
() llall=y<a,q) ={4° +(-2)* +1* =21
() v p—-q=-3+2x-3x°
~d(p,a)=llp-all=(p-q, p-a)
= J(-3)2 +22 +(-3)% = /22
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= Properties of norm:

(1)
(2)
(3)

ul|=0
u|[EE@d only if

cul| =|cf{jul]

= Properties of distance:
(1) d(u,v)=>0
(2) d(u, Waa0 only if
(3) d(u,v)=d(v,u)
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-« Thm5.8 :
Let u and v be vectors in an inner product space V.
(1) Cauchy-Schwarz inequality:
| <u, v | <||ull|v]] Theorem 5.4
(2) Triangle inequality:
[u+ vi[<[lull+[v] Theorem 5.5
(3) Pythagorean theorem :

u and v are orthogonal if and only if

Ju+vi*=[ulf + vl Theorem 5.6
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= Orthogonal projections In inner product spaces:

Let u and v be two vectors In an inner product space V,
such that v = (Q Then the orthogonal projection of u
onto v Is given by

(u, v

(V, V)

Vv

proj,u =
= Note:
If v is a init vector, then (v, v) =||v|*=1
The formula for the orthogonal projection of u onto v
takes the following simpler form.

proj,u=<{u, v)v
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« Ex 10: (Finding an orthogonal projection in R3)

Use the Euclidean inner product in R3 to find the

orthogonal projection of u=(6, 2, 4) onto v=(1, 2, 0).

Sol:
(U, v)=(6)D+(2)(2)+(4)(0) =10

(V,V)=1°+2°+0% =5

projvu:%v=%(l,2,0)=(2,4,0)

= Note:

u—proju=(6,2,4)—(2,4,0)=(4,—-2,4)isorthogonal tov = (1,2,0).

39/45



= Thm 5.9: (Orthogonal projection and distance)

Let u and v be two vectors in an inner product space V,
such that v 2 0. Then

(u, v)

d(u, proju)y<d(u,cv), c=#
(V, V)
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Keywords in Section 5.2:

inner product: a1

inner product space: A2l o juall cliad
norm: _bas

distance; 43l

angle: 45

orthogonal: 2<lxis

unit vector: s~ g 4xia

normalizing: &_nl=s

Cauchy — Schwarz inequality: ) s - (25 S 4iliia
. triangle inequality: Cabial) 4l

. Pythagorean theorem: ) selid 4, ylas

. orthogonal projection: (g2 sec Llau)
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5.4 Cross Product

« Cross product in R3:

The cross product of u=(U, , u, ,u;) and v=, ,v, \v;)

IS the vector quantity

e i e
u2 u3
W=U X V=U, U, U=
V3

vV
2 3
vV, V,

t’l u3 tl UZ]
i V3 1 V2

W=U x V=(UV,—UY¥,,uy, —Uuy,uy,—-uy,)

« Ex 11: (Finding the cross product of two vectors)
The cross product of u=(1, 2, 0) and v=(3, -2, 4) Is

w=u x v=(8-4,-8)
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= Thm 5.10: Relationships involving cross product and dot product

Let u, v and w be 3 vectors in R3, then:

(@) u-(uxv)=0 (ux v 15 orthogonal tou)

(B) u-(uxv)=_0 (ux v is orthogonal to v)

() |luxv]|® = u?v]|® = (u-v)? (Lagrange'sidentity)

(d) ux(vxw)=(uw)v—(u-v)w (relationship between cross and dot products)

() (uxv)xw=(uw)v— (v-w)u (relationship between cross and dot products)

= Thm 5.11: Properties of involving cross product

Let u, v and w be 3 vectors in R3 and k a scalar, then:

(@) Wx V= —(vxu)
h) U (v+Ww)=(uxv)+ (uxw)
(c) (W+¥)xw=(uxw)+ (VW)
(d) kluxv) = (fu) x v=ux (kv)
(e) ux0=0xu=0

(/) uxu=0
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= Thm 5.12: Scalar triple product

Let u, v and w be 3 vectors in R3, then:

Uy W5 U
V. =we(u x v)=v, Vv, V,|= Volume of the parallelepiped determined by the 3 vectors
W, W, W

/

» (ul.'u.. Iy

fw,, w,, w,)

9
(U}, Uy, 03)

-
g
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Keywords in Section 5.4

« Cross product: =& s

« Scalar triple product: g2l SOE! o
. angle: 450

= orthogonal: 24lxia
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