Chapter 3

!'_ Determinants

3.1 The Determinant of a Matrix

3.2 Evaluation of a Determinant using
Elementary Operations

3.3 Properties of Determinants

3.4 Application of Determinants



3.1 The Determinant of a Matrix

« the determinant of a 2 x 2 matrix:
o {an alz}
a‘21 a‘22

:>d9t(A) = |A| = ajad,, — dya,

|:a'11 a'12 :|
a21 a'22

= Note:

7 d;;  dy

a'21 a'22
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= EX. 1: (The determinant of a matrix of order 2)

DI
L 5| =AD-1- =448 =T
2

: —2(2)-4(1) =4—4 =0
0 3

, 4 =0(4)-2(3) =0-6 =6

- Note: The determinant of a matrix can be positive, zero, or negative.

3/62



= Minor of the entry &;; :

The determinant of the matrix determined by deleting the ith row
and jth column of A

a;y A, - al( j-1) al( j+1) o A,
et A1) Ay iy T Yipn
ij
a(i+1)1 A a(i+1)(j—1) a(i+1)(j+1) L a(i+1)n
Apg - an(j—1) an(j+1) - A,

- Cofactor of a; :
Cij - (_1)I+J M i
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L T

11
A= 2\
31
=M,

= C21 = (_1)2+1 le 2 _le

a12
a'22

a32

a'13
a23

a33

A3
a‘33

all a13

M Do
dj g

C22 ey (_1)2+2 M D7) M 22
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« Notes: Sign pattern for cofactors

e e
_ — 4=
e ko
e T o
+ - + By A Rl e
ey & TR uih W
R T
+ - + emiEs ,
3 X 3 matrix 4 x 4 matrix N XN matrix

= Notes:
Odd positions (where i+j is odd) have negative signs, and
even positions (where i+j Is even) have positive signs.
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« Ex 2: Find all the minors and cofactors of A.

a7 b |
rar=d Rl |
b R RET b
Sol: (1) All the minors of A.
-1 2 3 3 -
s 4y = iy = i __51 M13: =4
1 = w75 Sl 4 0

21 23 4 1
0 2
== 2 1: ; M :O 1:—3’ M33:| JJ:_6
31 _1 2 32 3 2 3 -



Sol: (2) All the cofactors of A.

C; ="M,
= 3 2 o as
:C“:_I_ :_1’C12:_ =9, C13:+ =4
1 AV, 248 0
2 D'l
C21:_ :—2, C22:—|— :—4,C :_O 2:8
0 4 1 e 4 1
2" . 0 1 0 2
C31 =+ :5, C32:— :3’ C:33 = 4+ :_6
-1 2 S Wl 3=
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= Thm 3.1: (Expansion by cofactors)

Let A Is a square matrix of order n.

Then the determinant of A is given by

In —iIn

(@) det(A)=|Al=> a,C; =a,Cy+a;,C, +--+a,C,
j=1

(Cofactor expansion along the i-th row, I=1, 2,..., n )
or

nj ~nj

(b) det(A)< Al=) a,C;=2a,C,;+a,,C,; +-+a,C
i
(Cofactor expansion along the j-th row, J=1, 2,...,n)
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« EX: The determinant of a matrix of order 3

g

= det(A) =a,,C,; +a,C;, +a,,Cy
= 8y Gy +8Cp + 850,

all
a21
a'31

a12
a22
a32

= 831Cyy +85,Cgp +85,C4
=8y,Cyy +8,Cy +85Cy
= 83,Cpp +85Cp +85Cy
= 835015 + 8,505 +85,C,;

a'13
a23

a'33 4
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= EX 3: The determinant of a matrix of order 3

0" 2100 " 556, =~1 6 =5,C. =4
Sl = C21:_2’sz = C23:8
—4 0 l— C31 & 5’ C32: 3’ C33 =06

Sol:
= det(A)=a C. +a,C +a C. =(0)(-D)+(2)OB)+1)(4) =14

11 11 12 — 12 13 713

—aC. +aC, +aC. =(3)(-2)+(-1)(-4)+(2)(8) =14

Z2db a2, 2200822 28 T 28

—a,C,+a,C,+a,C, = (4)(5) +(0)(3) + (1)(-6) =14

31~ 31 32 ~ 32 3303’3

—a.C.+a.C, +a.C.=(0)(=1+(3)(-2)+(4)(5)=14

AL il 21 — 21 gl =gl

—aC. +aC_+aC.=(2)(5)+(-1)(-4)+(0)(3) =14

12 — 12 22 ~ 22 3232

—a C.+aC. +a.C_ =04+ (2)®8)+1)(-6)=14

13 713 23 ~ 23 SSa 33
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= EX 5: (The determinant of a matrix of order 3)

Ome? SR
A=l3 -1 2| =det(A)="?
_4 0 1_
Sol:
e (o) A
Ch= (_1)1 ; 0 1 il C12 5 (_1)1 i 4 1 = (_1)(_5) =9

3
C N’ 1+3
13 ( ) 4

o~

= det(A) = a,,Cy, +a,,Cy, +3,,Cy;
=(0)(-1) +(2)(5) + (1)(4)
=14
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= Notes:
The row (or column) containing the most zeros is the best choice
for expansion by cofactors .

« Ex 4: (The determinant of a matrix of order 4)

16% 5595138 a@

e s — det(A) =?
O 2l od(es
At AN 0 ey
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Sol:

det(A) = (3)(C,,) + (0)(C,,) + (0)(C.,) + (0)(C,,)
2 3C13

il 3(_1)1+3 O

[ STy,
—3 -0, ey @

—db L
3 4

1 w2
4 -2
=3[0+ (2)O)(-4) + ) (-(-7)]

=(3)(13)
=39
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« 1 he determinant of a matrix of order 3:
Subtract these three products.

dil diz2 dAis
A=|ax az .az:
a3l d32 dass

Add these three products.

= det(A) =| A= a,,a,,a5, +,,8,385, + 38,85, —a3;3,,8,5
= a3zazsa11 iC a33a21a12
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« EXD5:
4 0 6
A=|3 -1

- 4
0 16 —12

— det(A) = A|=0+16—12—(—4)—0—6=2
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= Upper triangular matrix:

All the entries below the main diagonal are zeros.

= Lower triangular matrix:

All the entries above the main diagonal are zeros.

= Diagonal matrix:

All the entries above and below the main diagonal are zeros.

= Note:
A matrix that is both upper and lower triangular is called diagonal.
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X

e e
O a22 a23

_O 0 Ay |

upper triangular

gyl
aZl a22 O
_a31 a32 a33 X

lower triangular

A e
0 a, O

_O 0 Ay, |

diagonal
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- Thm 3.2: (Determinant of a Triangular Matrix)

If A is an n x n triangular matrix (upper triangular,
lower triangular, or diagonal), then its determinant is the
product of the entries on the main diagonal. That is

det(A) =| Al=ay,8,85;---a

nn
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« EX 6: Find the determinants of the following triangular matrices.

] : = 1905 O0n %0

O Tk, o) ey i 1

(@) A:_45 _62(1)8 () B=| 0 0 2 0 O
O Oie 0 0

B 0P 0k 0 ™02

Sol: = L

(@) A= (@2)2)(1)E) =-12

(b) [Bl=(1)B)(2)(4)(-2) = 48
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Keywords in Section 3.1

» determinant ; 22l

= Minor ; y=isll

= cofactor : JalAll

= expansion by cofactors : < leally Julail)

= upper triangular matrix; (Hew 4.l 48 saias
= lower triangular matrix: Lle 4l 48 saas

= diagonal matrix: 4 k8 48 e as
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3.2 Evaluation of a determinant using elementary operations

- Thm 3.3: (Elementary row operations and determinants)

Let A and B be square matrices.

(@) B=r(A) = det(B)=—det(A) (ie.|r;(A)=-]A)
(b) B=r"(A) = det(B)=kdet(A) (i.e.\q“)(A)\:kW)

(c) B=rM(A) = det(B)=det(A)  (ie|r*(A)=|A)
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= EX:

Woe
A= 01 det(A) = -2
B s
e gL NORAE 25 RS20
A={0 1 4| Ac=|1 2 3| As=|-2 -3 -2
M2l L sk YR S e 3

A=r'"(A) = det(A) =det(r'” (A)) = 4det(A) = (4)(-2) = -8
Ao=r,(A) = det(A2) =det(r,(A)) =—det(A) =—(-2) =2
As=rSP(A) = det(As) =det(rS? (A)) = det(A) = -2
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= Notes:
det(rij(A)):—det(A) = det(A) :—det(rij(A))

det(r™ (A)) =kdet(A) = det(A)= %det(ri(k) (A)

det(r;’)(A)) =det(A) = det(A) =det(r;" (A))
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Note:
A row-echelon form of a square matrix is always upper triangular.

= Ex 2: (Evaluation a determinant using elementary row operations)

B eyl
A=l1 2 —2| =det(A) ="
Moo e

Sol:
2 -3 10 leS5 28 =2

Het(A) = 1Mo ol 38 HESR a1
IRl SRR o
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(-2)

; 1
1: _lo
0

]
r2(3 !

— LGl
85 (0t

1 28 0— 2

25 TP
-/ 14
=3

&)

()

| Elt
0 1
0 1

-2 =(NOOEY =7

V2
—Z
-3
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= Notes:

EAI=[E[A

) E=R, =|E=|Ry|=—1

= [FA = i) == R, |4 =[E]
(O)BE =R = E\=‘Ri(k)‘:k

= [BAI=|r“(A) = k|4 =R A =|E|A

GYREERTIEE ‘Rm‘ 1

:>‘EA‘ ‘r(k) )( :uA‘ ‘R(k)HA‘ ‘EHA‘
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= Determinants and elementary column operations

= Thm: (Elementary column operations and determinants)

Let A and B be square matrices.

(@) B=c,(A) = det(B)=—det(A) (ie/c,(A)|=-]A)

(b) B=cY(A) = det(B)=kdet(A) (i.e.|c””(A)=k|A)

(c) B=c(A) = det(B)=det(A) (i.e.

c,” (M) =|A)
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= EX:

9r€ 1523
il R RN
_O O —
Rl = s 24=3) R2.3%8 -(ON
R ) S o S R ] A MRS
10e*0 28 M| 00 2

A=c?(A) = det(A) = det(c"” (A)) = %det(A) _ (%) (-8) =4
—c.(A) = det(A) = det(c. (A)) = —det(A) = —(—8) =8
_cO(A) = det(A) = det(c® (A)) = det(A) = -8
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= Thm 3.4: (Conditions that yield a zero determinant)

If A Is a square matrix and any of the following conditions is true,
then det (A) = 0.

(a) An entire row (or an entire column) consists of zeros.

(b) Two rows (or two columns) are equal.

(c) One row (or column) is a multiple of another row (or column).
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sal X

1
I =

5

8

2 |110]|5||=0
3 12| (6

=0

J

A
2 5 |00

6

6

4
2

—6

-

2
0 0 0]=0

5

2

4
11 5 |2/F0

6

1

31/62



= Note:

Cofactor Expansion Row Reduction
Order n Additions Multiplications Additions Multiplications
3 5 9 5 10
5 119 205 30 45
10 3,628,799 6,235,300 285 339
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= EX 5: (Evaluating a determinant)

A—

Sol:

fe e Qs
-3 5

det(A)=12 -4

= S0

=(-3)(-1)*"
——<W 3

det(A)=|2 -4

= b

SO

Tt s
alet i E

2
-1
6
5

2
-1
6

2
Ci5

&
5
2

=Y

=35

)

/71

2 -4 3

e 0

0

A 3y n=3
3—(— )(-1) =

-3 |5
2 |0
-3|0

2

3
5

6

3

= (-5)(-2) =3

5
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_
N—TMmMO

MO ANN TN
—AM—TANM

oO—d0

NN M

- EX 6: (Evaluating a determinant)

R

MAN OO

—i

1_1__50

N M

s
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oF S SR
\ SO T 2T, e
-8 -1 2 3
e SHATE R = s e S
ey A5% W1 Taers, %7
I D e ORI L35 D G
Qs O/ L=
_8 e T
:5_11+3
B s
- (5)(-27)

— —leis
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3.3 Properties of Determinants

= Thm 3.5: (Determinant of a matrix product)

det (AB) = det (A) det (B)

= NOtes:

(1) det (EA) = det (E) det (A)

(2) det(A+ B) = det(A)+det(B)

(3)

all
a'22 o b22
a31

a12
a22 i b22
a32

a13
a23 T b23
a33

a'11
a'21

a31

a12
a'22

a32

a‘13
a23

a33

o QD

QD

s

21

31

o O

QD

12

22

32

1

o QO

23

QD

33
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« EX 1: (The determinant of a matrix product)

Find |A|, |B|, and |AB|

Sol:

| Al

, O -

o w

Bl

B=|0

B

L2t
-1
Dol

2000
=0 -1
3+l

1
— 2
—2

1
—2
—2

=11
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1 -2 212 0 1 8 4 1
AB=|0 3 0 -1 -2|=(6 -1 -10
1 0 __3 1 —2_ Rl e S T
8 4 1
=|ABl=16 -1 -10=-77
5 1 -1
s Check:

AB| = |A[ [B]
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= Thm 3.6: (Determinant of a scalar multiple of a matrix)

If A 1san n x n matrix and c IS a scalar, then
det (CA) = c" det (A)

aDEE 2

Sol:

A=10

10 -20 40
A=| 30 0 50},
20 -30 10|
Find |A|
el S 2R
3¢ G5 = | Al=d0;
P, SE

—2

QS
—5y |

~ (1000)(5) = 5000
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=« Thm 3.7: (Determinant of an invertible matrix)
A square matrix A is invertible (nonsingular) if and only if

det (A) =0
» Ex 3: (Classifying square matrices as singular or nonsingular)

0 2 -1] 0 2 o=l

A= 3, A2 ] D=6 " = 2%
S 2 s RS i

Sol:
IAl=0 = Ahas no inverse (it is singular).
\B\ s SR (= B has an inverse (it is nonsingular).
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« Thm 3.8: (Determinant of an inverse matrix)
1

det(A)

If Aisinvertible,then det(A™)=

= Thm 3.9: (Determinant of a transpose)

If A isasquare matrix, then det(A") = det(A).

« EX 4: Ml RO e ol !
R (8 |A=? (0 |AT|=?
2
Sol: B N
o O " o3 A—l‘:i_l
|Al=l0 -1 2|=4 A 4
Sal AT|=|A=4
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= Equivalent conditions for a nonsingular matrix:
If A Is an n X n matrix, then the following statements are equivalent.
(1) Aisinvertible.
(2) Ax = b has a unique solution for every n x 1 matrix b.
(3) Ax =0 has only the trivial solution.

(4) Aisrow-equivalentto I,

(5) A can be written as the product of elementary matrices.

(6) det (A) %0
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= Ex 5: Which of the following system has a unigue solution?

(@)
3%,
3%,

(b)

3%,
3%,

2X,
2X,
2X,

2X,
2X,
2X,
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Sol:
(@) Ax=b

A=0

This system does not have a unigue solution.

(b) Bx=Db
B|=-12+0
This system has a unigue solution.
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3.4 Introduction to Eigenvalues

= Elgenvalue problem:

If A IS an nxn matrix, do there exist nx1 nonzero matrices X
such that Ax is a scalar multiple of x

= Elgenvalue and eigenvector:

A : an nxn matrix
A ascalar
X : anx1 nonzero column matrix

Eigenvalue

AX = AX
| |

Eigenvector

(The fundamental equation for
the eigenvalue problem)
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Ex 1. (Verifying eigenvalues and eigenvectors)

SRR

Eigenvalue

oy THEH]

I
Eigenvector

Eigenvalue

oy Ao

I
Eigenvector
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= Question:
Given an nxn matrix A, how can you find the eigenvalues and
corresponding eigenvectors?

= Note:
Ax=Ix = (UI-A)x=0 (homogeneous system)
If (41— A)x =0 has nonzero solutions iff det(1l—A)=0

= Characteristic equation of AeM__ ..

nxn-

det(Al— A)=|(Al—A) =A"+c, A" +---+cA+c, =0
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= Ex 2: (Finding eigenvalues and eigenvectors)

o

Sol: Characteristic equation:
A-1 -4
-2 A-3
=A-41-5=(1-5(1+1) =0

Al— Al =

= W1 ]

Eigenvalues: 4, =54, =-1
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= EXx 3: (Finding eigenvalues and eigenvectors)

F iy 257
ey AL T
i L)

Sol: Characteristic equation:

gV i L
AM-A=|-1 A-2 -1=(A-1)(A+1)(1-3)=0
R Y )

The eigenvalues: 4, =14, =-1 1, =3
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=>A4l-A=
x | [-2t
X, t

X3 t
=>Al-A=
o 2
X, |=|-t
o |

RO
=i
1

—> elgenvectors:

-2
-1
1

—> elgenvectors:

2D
—
e

-2 2]
=5 =
e i

-1{~|0

t

120
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=> ALlI-A=
(x| [-2t
o
RE ] t

2
g e il
1 3| |0

= elgenwvectors:

t
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3.4 Applications of Determinants

= Matrix of cofactors of A:

_C11 C, - Cln_
cil=| 7 %2 7T " ci=(coyim
_Cnl an Cnn_
= Adjoint matrix of A:
IC %G Gl
adj(A) =[Ci]" = C}Z sz C.”Z
_Cln Czn Cnn_
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= Thm 3.10: (The inverse of a matrix given by its adjoint)
If A Isan n x n invertible matrix, then

1 .
Al = adj(A
det(A) I
« EX:
o
A:
c d
1 .
_ad — Al = adj(A
— det(A) add bcb = det(A) 1(A)
adj(A){ ‘} S
s ad—bc|-c a
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= RN

A=

=
0

1

S A2
gl
0 e

Sol: *~

—

Cop =+

Cij = (_1)i+j Mij

-2 1

(a) Find the adjoint of A.

(b) Use the adjoint of A to find A™

12

0 1
il —2:1’ Co=+

1




= cofactor matrix of A = adjoint matrix of A

[Cij]: 6

4

7

i
0 3
1023

— Inverse matrix of A

A—l

= Check:

wl

1

det
"4
1
%

AA—l

(A)

adj(A)

6 7
)5 =
O 12

2

r

W Wk, Wb

4 6
adj(A)=[c,[ =|1 0
2 3
det(A)=3
8N
0 3
1 %

N P
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« Thm 3.11: (Cramer’s Rule)
a,, X +a,X, +--+a, X, =b

1n“*n

2n“'n

8, X, +a,X, +--+a, X =D,

a X +a. X, +--+a X =b = i

X, b,
X b
Ax=b  A=[a,] =[A® AD ... A®] x=|7?|b=|"
b
all a12 a‘:l_n —Xn— | Sl ¥
det(A)=| * % "M£0
(this system has a unique solution)
Ay QA Ay,
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i [A(l), A@ ... AUD p AGD A(”)]

dj; al( i) bl al( T T A,
2 Ay v a2(j—1) bz a2(j+1) e 8y,
_anl an(j—l) bn an(j+1) ann_

(1.e. det(A)=bC,; +0b,C,; +---+Db,C)

il

_ det(A))
"7 det(A)

j=1,2,--n
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- Pf:

Ax=Db, det(A) =0
Ay adj(A)b
det(A)
_Cll CZl C
 TRORX. C, C, C
ECETA) R I
Cn Gy C
bCy + Db,Cy
el bC, + bC,
~ det(A)
bC, + bC,,

nl bl
n2 b2

nn n

_|_
_|_

+ bC.,]

+ bC.,

nn
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1

= X; = det(A) (b1C1j +b2C2j +---+annj)
det(A.
— ( J) 1_1,2,“ n
det(A)
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« EX 4: Use Cramer’s rule to solve the system of linear equations.

—X + 2y - 3z =|1
2X Az =40
X — 4y + 4z =2
Sol: A g 1
det(A)=[2 0 1|=10 det(A)=[0
eL 2
-1(1]-3 -1
det(A,)=12 |0 | 1|=-15, det(A)=|2
Bh |2 3
X:det(Ai)zﬂ :det(AZ):—B
det(A) 5 det(A) 2
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Keywords in Section 3.4

« matrix of cofactors : <lalaall 48 s0.n4
« adjoint matrix ; 4alas 48 sins

= Cramer’s rule : S o8
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