Chapter 2

!'_ Matrices

2.1 Operations with Matrices

2.2 Properties of Matrix Operations
2.3 The Inverse of a Matrix

2.4 Elementary Matrices



2.1 Operations with Matrices

« Matrix:
d;, d3 -0
dyy Qy Ay ot Ay
A= [aij] =|dg d3 g v Gy, eM ..
_aml amz am3 ¥y amn Imxn

(I,))-thentry:  a,
row. m
column: n

size: mxn
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= I-th row vector

ri:[ail ity ain] row matrix

= J-th column vector

Caj column matrix

Conj

= SQuare matrix:. m=n
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- Diagonal matrix:

A=diag(d,,d,,---,d ) =

nxn

= | race:

If A:[aij]nxn
Then Tr(A)=a,+a, +---+a,
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waE
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- Equal matrix:

If A=[a;],.. B=[b;]

mxn’? mxn

Then A=B ifandonlyif a; =b;, V1<i<m, 1<j<n

- EX 1: (Equal matrix)
w2 a b
A= B=
EAT

If A=B
ihens ol Sn— 2% ¢ = W Cle—7
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« Matrix addition:
If A: [aij]mxn’ B = [bij]
Then A+B=[a; ], +[0;]m. =[a; +b;] s

mxn

« EX 2: (Matrix addition)

—12+13_—1+12+3_05

It Y 2y o T LT | R e
R R A o P L L PN g
-3|+| 3|=|-3+3|=|0
a2 28| IS 22y R0

7161



= Scalar multiplication:
If A=[q;],.., C:scalar
Then cA=[ca

ij]mxn
= Matrix subtraction:
A-B=A+(-1)B

- Ex 3: (Scalar multiplication and matrix subtraction)

RO 8 25 0N
A= e R S S AT AR
Akl Pl 7R

Find (a) 3A, (b)-B, (c) 3A—B
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Sol:
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1 -4 3|=(-10 4

Sk "GN 178

- N

(©)

3A-B=|-9 0
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= Matrix multiplication:
If A: [aij]mxn’ B i [bij]nxp
Then AB =[a; ], [b; I, =1C;]
|

Size of AB

mxp

in™~nj

n
k=1

a.1 a1 0 040 a1 — — - e
.1 .2 .n i blj bln
: : SO 105 sz .
a. a. - a : . . =
:'1 :'2 L : : : ; LoENG. o0 TEe
b L.MEE s b
_anl A, e ann_ = " S -

« Notes: (1) A+B = B+A, (2) AB = BA
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« Ex 4: (Find AB)

N

Sol:

AB =

— 15, L )
4 -2
SH 0

|
~4 6
s el

2!

(D) +E)(-4)  (DE@)+)D)
(4)(=3)+(=2)(4) H(2)+(-2)D)
| O)(=3)+(0)(-4)

3
i

.

(0)(2)+(0)@) _
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- Matrix form of a system of linear equations:

Ay X +app X, +oo-+ap X, :bl
8, X, +8,,X, +-+-+a, X =hb,

2n“*n

) : m linear equations

(@ X Fa,X, +oo+ 3, X, =D

J

A Qo Qg || X bl -
8y By v By || X | | Single matrix equation
AXx =b
mxnnx1 mx1
_aml am2 amn _Xn_ _bm_
I I I
A X b
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= Partitioned matrices: _
submatrix

|

Ay, 1 A 1 Ay
= | Gy | T3 | Gy :@ C; €3 Cy
| 83y 1 8y 1 By
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Keywords in Section 2.1

= FOW VECIOr: e 4xis

= column vector: (s25<c 4xis) Might imply orthogonal vector!
. diagonal matrix: 4 ké 48 ssas

- trace:

. equality of matrices: <L saall Jalas

. matrix addition: <l siadll res

« scalar multiplication: <l 2aey o s

- matrix multiplication: < stasll & ya

« partitioned matrix: 4 s 48 gns

14/61



2.2 Properties of Matrix Operations

= Three basic matrix operators:
(1) matrix addition
(2) scalar multiplication
(3) matrix multiplication

« Zeromatrix. 0

mxn

. ldentity matrix of order n: I,
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= Properties of matrix addition and scalar multiplication:

If A B,CeM__, c,d:scalar
Then (1) AtB=B + A
2) A+(B+C)=(A+B)+C
(3) (cd)A=c(dA)
(4) 1A=A
(5) c(A+B)= cA +cB
(6) (c+td)A=cA+dA
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= Properties of zero matrices:
If AeM__,
Then (1) A+0, ., =A
(2) A+(=A)=0,,
(SpeAi=0r “—wei= 0lor A@Es

c:scalar

= Notes:
(1) 0,x,: the additive identity for the set of all mxn matrices

(2) —A: the additive inverse of A
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= Transpose of a matrix:

a, a, a,
TR | Zor eM__
_laml am2 a'mn
ail a‘21 a'ml_
Then AT = | %2 [%2 " leM
A, |8, e

nxm
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- EX 8: (FInd the transpose of the following matrix)

Sol:

@ A5 © A=[4 5 ¢

[Pl

(¥ G208

©) A=|2
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= Properties of transposes:
D) (A")' =A
(2) (A+B) =A" +B'
(3) (cA)' =c(A")
(4) (AB)' =B"A'
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= Symmetric matrix:
A square matrix A is symmetric if A=AT

= Skew-symmetric matrix:

A square matrix A is skew-symmetric if AT =-A

« EX: ' k
%28
If A=la 4 5| Issymmetric, find a, b, c?
b ¢c 6
Sol: ¥ gt A y
WAL R e 0 A
A=la 4 5| AT=|2 4 =
5 SHa=2 W=35CI="5
RN DY e RAE
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1. %22
If A=|a 0 3| iIsaskew-symmetric, find a, b, c?
BLE e (08
Sol: - I
_O 1 2_ 0 —-a -b
A=la 0 3 e = T =
e V) Ly S

A A L Rl DRG = =3
- Note: AA' is symmetric
R IS AT = A S = pin

. AA' is symmetric
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= Real number:
ab=ba (Commutative law for multiplication)

« Matrix:
AB #= BA

mxnnxp

Three situations:
(1) If m= p,then AB isdefined, BAis undefined.

(2) If m=p,m=n,then ABeM BAe M,,, (Sizes are not the same)

mxm?'?

BAe M

mxm!? mxm

(3) If m=p=n,then ABe M

(Sizes are the same, but matrices are not equal)
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« EX4:
Sow that AB and BA are not equal for the matrices.

Al B SR,
o
o o N

=« NOte: AB = BA

24/61



= Real number:
ac=bc, c#0

— a=Db (Cancellation law)
- Matrix:
AC=BC C=0

(1) If C is invertible, then A=B

(2) If Cisnot invertible, then A = B (Cancellation is not valid)
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« ExX 5. (An example in which cancellation is not valid)

Show that AC=BC

Sol:
AC =

BC =

|

So
But

0

1 3
11

|

2% il
ek
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Keywords in Section 2.2:

« ZEro matrix: 4 e 48 gina

« identity matrix: s2s 5l 48 gdna

« transpose matrix; 4 siic 48 siias

= Symmetric matrix: 4lilaic 48 saias

= Skew-symmetric matrix: 42 y~ie alilaia 48 gana
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2.3 The Inverse of a Matrix

« INnverse matrix:

Consider Ae M
If there exists a matrix B e M, such that AB=BA=1_,

Then (1) Ais invertible (or nonsingular)

(2) B Is the inverse of A

= Note:
A matrix that does not have an inverse is called
noninvertible (or singular).
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- Thm 2.7: (The inverse of a matrix Is unigue)
If B and C are both inverses of the matrix A, then B = C.
Pf: AB = |

C(AB) =CI

(CA)B=C
IB=C
B=C

Consequently, the inverse of a matrix Is unique.

= Notes:
(1) The inverse of A is denoted by A™

(2) IAAT = ACSAE
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= Find the inverse of a matrix by Gauss-Jordan Elimination:

[A | | ] Gauss-Jordan Elimination >[| | A—l

« EX 2: (FInd the inverse of the matrix)
A:{ 1 4}
-1 -3

AX =1
B L e S il A0
__1 _3}{)(21 ij:{o J
Bt Dt 45l 10
— X1~ 3)(21 — X — 3X22:| z {O J

Sol:
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X WS A X M=

1
— Xy~ 3X21 =0 (1)
X, + 4X,, = 0
O Ry ) (2)
(1):[_% —g (ﬂ S {(% (i _:ﬂ = Xy = =3, Xy =1
(2)3[_% —g (ﬂ = {8— (f)L _ﬂ = Xpp = 4, Xy =1
Thus
X X -3 -4
X:A1:|: 11 12j|:|: :|(AX:|:AA—1)
X1 Xy 1 1
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= Note:
|: 1 A it O:|GaussJordanEIimination|:]_ DR =23 _4:|

) (4
r1(2) ,r2(1 )

-1 -3 : 0 1 O e T LS
A I I L

If A can’t be row reduced to I, then A is singular.
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« EX 3: (FInd the inverse of the following matrix)

e [
A e 0
262k 3
Sol:
s et g (00
P e T R
26 203901
g e S R e o
—= 5 0 1-1:-110 —4-=>|0 1-1:-110
=602 s 0o 0-4 3: 601
(4) _1 _l O 1 O O (D) 1 _1 O 1 O O
P (0 e 1 e | R ™ S I O LS S BT N R (0
O N0 = e L TR O OF T 0N T 23]




So the matrix A i1s invertible, and Its inverse IS
L=

Fedpiiee 3
A'=|-3 -3
-2 -4
= Check:
AA = ATA=

=)
-
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= Power of a square matrix:
(DA’ =1

(2) A" = AA--- A

(3) Ar ] AS o, AI’+S

(AI’)S:AFS
'd, O

0 d,

4)D=| . .
0500

k factors

(k >0)

r,s:integers

d* 0
0 d
080
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- Thm 2.8 : (Properties of inverse matrices)

If A is an invertible matrix, k is a positive integer, and c Is a scalar

not equal to zero, then

(1) A™ is invertible and (A=A

(2) A“ is invertible and (A“) "= ATAT AT = (AT = A

v
k factors

(3) cA is invertible and (cA)™ =%A‘1, c=0

(4) A’ is invertible and (A") " =(A™)'
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- Thm 2.9: (The inverse of a product)

If A and B are invertible matrices of size n, then AB Is invertible and

(AB) =B *A™
Pf:

(AB)Y(B'A ) =ABBHA =AD)A =(ANA =AA" =
(B*AN(AB)=B*(A*AB=B*(1)B=B*(IB)=B'B=1
If AB is invertible, then its inverse Is unigue.
So (AB)'=B*'A™

= Note:

(AAA-A) =A - ATAAT
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- Thm 2.10 (Cancellation properties)
If C is an invertible matrix, then the following properties hold:
(1) If AC=BC, then A=B (Right cancellation property)
(2) If CA=CB, then A=B (Left cancellation property)

Pf:
AC =BC

(AC)C*=(BC)C™ (Cisinvertible,so C* exists)
A(CC™) = B(CC™)
Al = Bl
A=B
= Note:

If C Is not invertible, then cancellation is not valid.
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- Thm 2.11: (Systems of equations with unigue solutions)
If A Is an invertible matrix, then the system of linear equations
Ax = b has a unigue solution given by

Xx=A"D
Pf: Ax =D
A“Ax=A"b ( A is nonsingular)
Ix=A"D
Xx=A"D
If x, and X, were two solutions of equation Ax=Dh.
then Ax, =b=Ax, = X =X,  (Left cancellation property)

This solution is unique.
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= Note:

For square systems (those having the same number of equations
as variables), Theorem 2.11 can be used to determine whether the
system has a unigue solution.

= Note:
Ax=Db (Ais an invertible matrix)

P ) P T L ) T
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Keywords in Section 2.3:

Inverse matrix; 4Sc 43 sanaq
invertible:; oSl 41L&

nonsingular: 2 s e

singular: 2 2

= POWer: 5 48
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2.4 Elementary Matrices

- Row elementary matrix:
An nxn matrix is called an elementary matrix if it can be obtained

from the identity matrix |, by a single elementary operation.

= Three row elementary matrices:

)R, =r;(1) Interchange two rows.

(2) R =rM(1) (k = 0) Multiply a row by a nonzero constant.

(3) Rig") = ri,-(k) (1) Add a multiple of a row to another row.
= Note:

Only do a single elementary row operation.
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« EX 1: (Elementary matrices and nonelementary matrices)
Pl 0807 FL 0 =l

(2){0 3 0 b[lOO} )0 10
ooy ®lo 10 000
Yes(r(1,)) No (not square) mas(tRboevxl/J;n " 'rfé%'z'gfg 2gnstant)
10 0] [ /
13630
()0 0 1 e [l 0}
010 Pl2 o6

No (Use tvv6 elementar
Yes(ry(l))  Yes(r2(1,)) ( [Epiag
row operations)
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« Thm 2.12: (Representing elementary row operations)

Let E be the elementary matrix obtained by performing an
elementary row operation on |_. If that same elementary row
operation is performed on an mxn matrix A, then the resulting

matrix is given by the product EA.

r(l)=E
r(A) = EA
= Notes:
(1) I (A) = RijA

(2) r9(A)=ROA

(k) (k)
3) (A =ROA
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- EX 2: (Elementary matrices and elementary row operation)

(@)

(b)

(c)| 2

Oy NRhee

0
1
3

EEo
k2
sl

=82

2
-3
2

a0

0

1

o=

1
0
0

Rl

O]
K
0

—2
4

=
3
3

.
1
S

1
—2

1

(3%

(r12 (A) - R12 A)

1 1

(1,2 (A) = R,? A)

(A) =R’ A)
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« EX 3: (Using elementary matrices)

Find a sequence of elementary matrices that can be used to write
the matrix A in row-echelon form.

0 5 8 Gy

A=|1 -3 0 2

2 -6 2 0

Sol: X L iy
0 1 0

E, =r,(l;))=(1 0 O
NOR i

: Fl G
a7 % 8 TG
00 3

Ez = r1(3_2)(|3) =

N O -

RS S W)

=Y H DAS (@)
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Y(A)=EA

=
r.13

A,

row-echelon form

=

1,2 (A,) = E,A, =

A,

2 (n,(A))

3

a8
&)
r? (1

E,E,E,A or B

=
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= Row-equivalent:

Matrix B is row-equivalent to A if there exists a finite number

of elementary matrices such that

B=EE,,E,EA
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- Thm 2.13: (Elementary matrices are invertible)
If E iIs an elementary matrix, then g*exists and

IS an elementary matrix.

= Notes:
(1) (Rij)_l 3 Rij

@ (RY)*=R”

(01 _ R(-K)
3 (Rj’) " =R;
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« EX:
Elementary Matrix

ORI 0N

0
0

GH=
1_

1
0
P 1l
) %l
2 0

OO L
OO
N O O

Inverse Matrix

(Rlz)_l F El_l =
(RG”) " =E;' =

)
(RPMei=iEs =

OoOr O
OO
o (@)

N OB
OoOr O
OO

Nl
OoOr O
N OO

— 1o (Elementary Matrix)

(2) |
13 (Elementary Matrix)

2
— Ré )(Elementary Matrix)
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- Thm 2.14: (A property of invertible matrices)
A square matrix A is invertible if and only if it can be written as

the product of elementary matrices.

Pf: (1) Assume that A Is the product of elementary matrices.
(a) Every elementary matrix is invertible.
(b) The product of invertible matrices is invertible.
Thus A is invertible.

(2) If Alis invertible, Ax = 0 has only the trivial solution. (Thm. 2.11)
= [A:0] - [1:0]

SIER S A
NS S Ao E

Thus A can be written as the product of elementary matrices.
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« EX 4
Find a sequence of elementary matrices whose product Is

-1 -2
A=
by
Sol:
)

A " —_ 1 g 2 rl(—1) 1 2 rl(2—3) 1 2
|29 8 13 8 (o,
: 180 23 T F1°~0
2 N 21 > :|

0 1 0 1

1
o = (Nl #
Therefore R{,”’R,7R5YR{PA=1
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1
Thus A= (R)(REY) (R, ) H(RED)?

SRR R

o ol [ P P B B

e I B e Pl
= Note:

If A'is invertible

Then E, - E,E,E,A=|
A'=E,---E,E,FE

E, - EEE[A ]=[1:A"]
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= Thm 2.15: (Equivalent conditions)
If A Is an nxn matrix, then the following statements are equivalent.
(1) Aisinvertible.

(2) Ax = b has a unique solution for every nx1 column matrix b.

(3) Ax =0 has only the trivial solution.
(4) Aisrow-equivalentto I, .

(5) A can be written as the product of elementary matrices.
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- LU-factorization:
If the nxn matrix A can be written as the product of a lower
triangular matrix L and an upper triangular matrix U, then
A=LU Is an LU-factorization of A

L is a lower triangular matrix
- Note: A=LU U is an upper triangular matrix

If a square matrix A can be row reduced to an upper triangular
matrix U using only the row operation of adding a multiple of
one row to another row below it, then it is easy to find an LU-
factorization of A.
E ---E,EA=U
A=E E,;---E.U
A=LU
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« Ex 5. (LU-factorization)

19 1 =30
(@) A=[1 o} (A L
2 -10 2.
Sol: (a)
> 12 N ¢ o7 i
S e PR
= RLPA=U

= A=(R5”)"U=LU

1 O
— L= R(—l) =L 5 R(l) 7
( 119 ) 12 1 1
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(b)

A=

1

0
2

-3 0]
S

-10 2

2
I’1(3 )

=R IR SA=l

1 -3
> 0 1
o=

= A=RS)(R)'U =LU

S L (R( 2))—1(R(4))—1

N O
-

(10

I—‘OO

OOI—‘

0
1
/1

I—‘OO

RERE?
IS0

=10 1
k2

OO

n

Floss2g 0N
O W SRS

Rl ]
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= Solving Ax=b with an LU-factorization of A

Ax=b If A=LU,then LUx=Db
Let y=Ux,then Ly =Db

= TWO steps:
(1) Write y =Ux andsolve Ly =Db for y

(2) Solve Ux =y for x
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« EX 7. (Solving a linear system using LU-factorization)

X =1 % S0 = S
Xomote o xate =S
2ot RO st 2 S="—=2()
Sol:
e gk | e
A=|0 I 3|=|0
2 LR 25 W E 25634

(1) Let y=Ux,and solve Ly =b

A OR0"
0 10|y,
2 -4 1

e

iz

__5_
—1

i i3 -0
0 Ew-3l=.1W
1_ _O 0 14_
y1:_5
=>Yy,=-1

Y lini _20_2y1 +4y2

= 20— 2(-5)+4(-1) =14
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(2) Solve the following systemUx =y

1 -3 Of|*%]| [-5]
DR I FSHLIDCRES (1)
_O 0 14 X, —14

So Xot==1
Xr=—1=3X, ==1-(3)(-1)\=2
Xh= =9+ 3%, ==5-£3(2)=—1

Thus, the solution iIs
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Keywords in Section 2.4:

row elementary matrix; 4 sl dia 48 iias

row equivalent: e 38

lower triangular matrix: (e 4l 48 gaias

upper triangular matrix: Lle 4l 48 sias
. LU-factorization: LU — Julas
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