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Question 1 [4+4-+4 points]
(1) Find the interval and radius of convergence for the power series:
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Solution.
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By the ratio test,
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Hence the series converges for every real x.
Therefore,
R = o0, interval of convergence = (—o0, 00).
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Using the root test,

1 1 1
limsup v/|a,| = hm |x1 [ — = ’xl_ |

n—00 n?



Hence the series converges when

1
|x1 | <l <= |z+1| <4
So the radius of convergence is
R=4
The open interval is
-5 <x<3.

At x = -5,

S = O

which converges absolutely.

At x =3,
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which converges.

Hence the interval of convergence is

[—5,3].

Find the power series expansion centered at 0 for the functions:
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Solution.
(1) The Maclaurin series of €" is
(& ::zg:'aj.
n=0

Putting u = 2z, we obtain
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(ii) Using the geometric series
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and taking r = —x, we get
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Use the result from part (2) to find the power series for:
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Solution.
(i) Since

1
log (\/1 + :1:') =3 log(1 + z),

we differentiate first:

From part (2),

Hence

Integrating term by term from 0 to z,

log (\/H——x) —log(V1) = %Z(—l)" /Ow " dt.
Since log(v/1) = 0, we get
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Therefore
log(\/l—i-—x>=%(x—%2+%3—%4+-~), |z| < 1.
(ii) We use
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Then
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Integrating from 0 to =z,

Hence

Question 2
Consider the periodic function defined by:

f(z) =1+ 2% x € [—m, 7,
and extended periodically with f(x + 27) = f(z).

(a) Find the Fourier series representation of f(x).

Solution.

[34+3 points|

Since f(x) =1+ z? is even, its Fourier series contains only cosine terms:
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flz) ~ 5 + ; a, cos(nx), b, = 0.

First, _ _
ap = %/_W(1+x2)d:v: —/0 (1+ 2?)dx.
Therefore
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Next,

a, = ! /ﬂ(l + %) cos(nx) dr = 2 /Oﬂ(l + %) cos(nx) d.
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Split the integral:
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But
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So
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a, = — [ x°cos(nz)dx.
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From the standard computation for x2,
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Therefore the Fourier series is
1+ 2% = 1+7T—2+4i (= ncos(m:)
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Deduce that:
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Solution.
Put 2 = 0 in the Fourier series:
71'2 o0 (_1)71
1=1+ 3 —|—4n:1 > cos(0).

Since cos(0) = 1, we get
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Question 3 [3+3 points]

Find the Fourier integral representation of the function:

)3, 2l <2,
f@) = {0, |z| > 2.

Then deduce the result:
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Solution.
The function f is even, so its Fourier integral representation is

flz) = /000 A(w) cos(wz) dw,

where 5 foo

Alw) = —/ f(t) cos(wt) dt.
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Since
fty=3 for0<t <2, f(t)=0 fort>2,

we get
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Alw) = —/ 3cos(wt) dt = —/ cos(wt) dt.
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Thus )
Alw) = 6 [sin(wt)] _ 6 sin(2w)‘
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Therefore

f(z) = g/ooo Sinfw) cos(wz) dw.

Hence the Fourier integral representation is

flz) = 6 /000 sin(2w) cos(wx) dw
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with the usual half-sum value at the jump points. Thus

3, |z| <2,
fla)=193. l2|=2,
0, |z|>2.

To deduce the integral, put = 0. Then f(0) = 3, so
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