Basic Rules of Probability and Combinatorial Principles

Basic Set Operations
m AUB={z|z € Aorxz € Borboth}; ANB={z |z € Aandz € B}

m A’ or A°=complement of A ={z | z ¢ A}; (AUB)*=ANB° ;(ANB) = A°U B¢
s A C B = B contains all the sample points in event A. It calls A is a subevent of B.

m fACB,thenANB=Aand AUB=B

Basic Probability

m Forasamplespace S, Pr[S|=1 . Pr[g] = 0 where @ isthe null or empty set
m ForaneventAinthe sample space S, 1 >Pr[A] >0

m ForanyeventA, Pr[A] =1— Pr[A°]

B |f Aand B are two mutually exclusive events, (no sample points in common AN B = @), then Pr[ANB] =0

®  General Formula: | Pr[AU B| = Pr[A]| + Pr[B] — Pr[AN B

s PrlAUBUC] =Pr[A] +Pr[B] + Pr[C] —Pr[ANB] —Pr[ANC| —Pr[BNC]+Pr[AN B N C]

m |fAC B then Pr[A] < Pr[B]
" Pr[A] =Pr[AN B|+ Pr[AN B°]
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Conditional Probability

m For two events A and B, the conditional probability of A given B has occurred is:

PrlANB
Pr[A |B] = —rf[’r[B] |
m IfAC B, thenPr[A | B] = irgi and Pr [B|A] =1

u PI'[AclB] =1 —Pr[A|B] and If Alﬂ A2 = @ then PI'[AIUA2|B] = PI'[Al‘B] + PI'[Al‘B]
i.e. Pr[-|B] isaprobabilityon S.

Baye's Theorem

Let Ay, A, ..., A, be a collection of n mutually exclusive and exhaustive events with Pr[A4;] > 0 for ¢=1,...,n.
Then, for any other event B,

Pe(B] = X PrlBl4;] Prl4]
PrlA,| B — Pridg N B] _ Pr[BlA] Pr[4d
ST PiBl YR, PrBlA] P[4 T

Independence
Two events A and B are independent if and only if Pr[B|A] = Pr[B]

ifand only if Pr[A | B] = Pr[A4]
ifand only if Pr[A N B] = Pr[A] - Pr[B|
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Combinatorial Principles

Fundamental Principle of Counting: (also known as the multiplication rule for counting) If a task
can be performed in n1 ways, and for each of these a second task can be performed in n2 ways, and

for each of the latter a third task can be performed in n3 ways, ... , and for each of the latter a kth task
can be performed in nk ways, then the entire sequence of k tasks can be performed in

nlen2en3e..*nk ways.

Permutations
An ordered sequence of k objects taken from a set of n distinct objects is called a permutation of the
objects of size k. PZ denotes the number of size k permutations that can be constructed from the

n objects.

n n!
P — ——
T n— k)

Combinations
An unordered subset of k objects taken from a set of n distinct objects is called a combination.

(7,;’) denotes the number of combinations of size k that can be formed from n objects.

=1 =1 O=0")=» ()=0"%
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Random Variables and Probability Distributions, Expectation and
Other Distributional Parameters

Random Variables Probability Distributions and Independence

« Givenan experiment with sample space S, a random variable X is any rule that associates a number with each
outcome in S.

« The cumulative distribution function (cdf) of a random variable written F'(z) is defined for every numberz by: F(z) = Pr[X < z]
« Two random variables X and Y are independent if

Pr[X e A Ye B|= Pr[XcA] Pr[Ve B| forevery A and B

Discrete Random Variables

« Asetis described as discrete if its elements can be listed in sequence or if it consists of a finite number of elements.

The probability distribution or probability mass function of a discrete random variable written p(a:)
is defined for every number by:  p(z) = Pr[X = z]

« The probability mass function p(x) must satisfy: 0 <p(z) <1 and > p(z)=1.
T

The cumulative distribution function (cdf) of a discrete random variable with pmf p(z) written F(z) is defined by:

F(z) = kz: Pr[X =k| for every number x
<z

Two random discrete variables X and Y are independentif Pr[X=x, Y=y| = Pr[X=x]| Pr[Y:y] forevery x and V.

Continuous Random Variables
* Arandom variable X is continuous if its set of possible values is an entire interval of numbers.
The probability distribution or probability density function (pdf) of a continuous random variable written f(:I;) is :

Pria <X < b — /bf(:c) i

The probability density function f(z) must satisfy:  f(z) >0 and [~ f(z)dz = 1.
The cumulative distribution function of a continuous random variable written F\(z) is: F(z) =Pr[X < z| = [*_ f(y) dy
Wehave Prla <z <bl=F(0)— F(a) and F/(z)= f()



Expectation, Variance, Standard deviation, Covariance

« The expected value or mean value of a discrete random variable written E(X) or W is:

(o.¢]

— 00

E(X) = Zx Pr[X = z| if X isdicreteand F(X) = / z f(z) de

if X is continuous.

« The variance of a discrete random variable written Var(X) or o7 is: Var(X) = E[(X _E(X))Q] = E[X?] - [E(X)]?

Var(X) = Z(w — kye)? Pr[X =z] if X isdicreteand  Var(X) = /

oo

T — OO

(x —p,)? f(z)dz if X is continuous.

e Oy = standard deviation = V Var(X)

. Cov(X,Y) = E[(X — B(X))(Y — E(Y))] = E(XY) — E(X)E(Y) = Cov(Y,X)

If X,Y areindependent, then Cov(X,Y) = 0

Rules of expected value:
 Forany constant a, E(aX) = aE(X)
« For any random variables X, Y, E(X + Y) = E(X) + E(Y)

Rules of variance:
« For any constants a and b, Var(aX + b) = a?[Var(X)]

* For any random variables X, Y, Var(X +Y ) =Var(X)+ Var(Y)+ 2Cou(X,Y)

If X,Y are independent, then Var(X +Y ) = Var(X )+ Var(Y)
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Expected value of a function of a random variable

E [hX)]= Z h(z) Pr[X = z] if X isdicreteand E [h(X)]Z/ ooh(a:) f(z) dz if X is continuous.

Moment generating function
The moment generating function of a discrete random variable written M (t) is: M, (t) = E(e")

e Expectation, variance, and moments via mgf’s: MX(O) =1,
M/(0) = E(X),  MJ(0) = E(X?), M(0) = E(X?), ete. Var(X) = M(0) — M/(0)2.
e Mgf of a multiple of a r.v.: If X has mgf Mx(¢), and Y = ¢X with ¢ a constant, then the mgf of Y is

My (t) = E(e?Y) = E(e!*X) = Mx/(tc).
e Mgf of a sum of independent r.v.’s X and Y: If X and Y are independent, then X + Y has mgf
]WXer(t) = Afx(t)]\fy(t>_

(An analogous formula holds for sums of more than two independent r.v.’s.)

Other parameters of the distribution
« For0 < p <1, the (100p)*" percentile of a continuous random variable written 7(p) is:

 The median of a continuous distribution written fi satisfies 0.5 = F'(fi) = the 50" percentile of the distribution.

* The mode of a distribution is any point m at which the probability mass function p(a:) or the density function f(a:) is maximized.

E[(X— p)°]

o« The skewness of a distribution is: 3

(o



Discrete Distributions

1. Uniform A distribution of N points, 1,2..., N, where N is an integer.

p(z) = % E(X) = % Var(X) = &

et(eNt—1
1 MX(t) — N((etl))

2. Binomial An experiment consisting of a fixed number of 1 trials. Each trial is identical and results in one of two possible outcomes,

denoted success (S) or failure (F) The trials are independent and the probability of a success is denoted p. The binomial random
variable X is equal to the number of successes in n trials.

p(z)=(2)p"(1—p)" % £=0,1,2,...,n, E(X)=np Var(X) = np(1 — p) M(t)=(1-p+ pet)"

2_
12

3. Hypergeometric Closely related to binomial, but it is known that the population (N) contains M successes. X is the number of
successes in a random sample of size n drawn from a population of M successes.

() ()
N
()
4. Pascal Related to binomial. An experiment continues until a total of 7 successes have been observed (7 is a positive integer).
X is equal to the number of trials until the 7" success is completed .

p(z)= E(X)=n o Var(X)=n % (1— 2 Non

N N/ N-1

_ (z-1 -7 . _r r(1-p) pet r
pe)= CL)P7A-p)he=rrirn.. BX)=g5  Va(X)=—7 M) =14
5: Geometric  Special case of negative binomial when r = 1. So, want to perform the experiment until a success occurs.
X is equal to the number of trials untilthe first success is completed. t
1 1- _Dpe
p)=p1-p)*hz=12.. BEX) =- Var(X)=— My(t) = e
6. Poisson Not based on any simple experiment.Most often used to count the number of a certain type of event that occurs in a
period of time. e .
p(r)= < > z=0,1,2,... EX)= A Var(X) = A M, (t) = erle’—1)
for some A > 0 where ) is frequently some rate per unit of time.




Continuous Distributions

1. Uniform X is distributed uniformly over (a, b).

-1 - _ (b-a)’ bt eat
flo) =5 » a<e<b B(X) =5 Var(X) =5 My(t) = -7
2. Normal Distribution given that is the mean and is the variance of the distribution.
(@—w?
f(z) = L e E(X)=upu Var(X) = o? MX(t) = exp [Nt + %

V2o

When =0 and 0 =1, the normal distribution is called a standard normal distribution and the standard normal

random variable is denoted Z. 2
1 L

If X has a normal distribution, it can be standardized by : Z — Xf:“

3 Gamma For a > 0, the gamma function I' (a) is defined by: T(a)= fooo z¢ e Tdx.
I'a+1l) = al(a) and I'(n) = (n—1)! for n positive integer.
A continuous random variable X is said to have a gamma distribution with parameters o, 8 > 0 if:

Var(X) = 5 M, (t) = ( o )® for t< B

f@)=fme e as0 B (X)= . 7

53
INGY) B

4. Exponential The exponential distribution is a special case of the gamma distribution with o = 1and 8 = A

f(:B) — e, >0 E(X) = % Va,r(X) = %Z MX(t): ﬁ for t <A
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Joint, Marginal and Conditional Distributions

« Let X and Y be two discrete random variables defined on the sample space S of an experiment. The
joint probability mass function pX Y(:I:, Y), is defined for each (x,y) pair by:
p, (2,9) = p(z,y) =PrX =2, ¥ = y]
and p(z,y) must satisfy:

0<p(z,y) <land } > p(z,y)=1.
x Yy

« Let X and Y be two continuous random variables. Then, the joint probability density function fX Y(a:, y) = f(z,v)
must satisfy: ’

f(z,y) >0 and [ [ f(z,y)dzdy=1.

Marginal Distribution
« The marginal proability mass function for the discrete random variables X and Y, denoted pX(w) and
P,(y) are given by:

B(@) =2 plz,y) and Ply) =2 Plz,9)

* In the continuous case, they are given by:

fo(@)= [ flz,y)dy  and f(y) = [° f(z,y) dz
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Expected Value
Let X and Y be two jointly distributed random variables. The expected value of a function h of (X, Y)
denoted E[h(X,Y)] is:

Eh(X)Y)] Z Z h(z,y) p(z,y) If X and Y are discrete

Eh(X)Y)]= / / (z,y) f(z,y)dzdy If X and Y are continuous

Moment Generating Function

The moment generating function for two jointly distributed random variables X and Y, denoted
MX,Y (tla t2) is:

MX,Y(t17t2) _ E[€t1X+t2Y]

Variance, Covariance, Correlation
* The covariance between two random variables X and Y is:

Cov(X,Y) = E[(X — E(X))(Y — E(Y))] = B(XY) — E(X)E(Y)

in the continuous case
XY

Cov(X,Y) ZZ zy p(x,y) —H, K, inthe discrete case Cov(X,Y) :/Oo /ooxyf(m,y) dzdy — p_p
« If X and Y are independent, then E[X -Y]| = E[X|E[Y] Cov(X,Y)=0
« Var[X+Y]| =VarX]+ Var[Y] + 2 Cov[X,Y]
« The correlation coefficient of X and Y, denoted by corr(X,Y) or py, is defined by:

Cov(X,Y)
If a and c are either both positive or both negative, Corr(aX + b,cY +d) = Corr(X,Y)
For any two random variables X and Y, —1 < Corr(X,Y) < 1.

pX,Y:



Independence

Two random variables X and Y are said to be independent if and only if one of the following holds:
(i) for every pair of & and ¥y values:
p(z,y) = p(z) P,(y) it X is dicrete and flz,y) = fX () f (y)

v if X is continuous.
(ii) for every pair of functions ¢ and h

E[9(X) h(Y)]= E[9(X)] E[n(Y)]

(iii) for every pair of t1 and %2 values:

My y (t1,t2) = Mx(t:1) My (ts)
Conditional Distributions in the continuous case

Let X and Y be two random variables with joint pdf f(x, y) and marginal X pdf fX(x) For any x -value for which
fX(ar;) > 0, the conditional probability density function of Y given that X = z is:

_ f(=9)
f(@)

f ()
YIX==

Conditional expectation and variance

For two jointly distributed random variables X and Y:

EX |V ] :/ zf(z) de— g(y)

XY=y
EX|Y]=9(Y) Var(X | Y] = E[X?| Y] — E[X|Y]?

EX|= E[EX|Y]] Var[X] = E[Var[X | Y]] + Var[E[X | Y]]



