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[Solution Key] KING SAUD UNIVERSITY
COLLEGE OF SCIENCES
DEPARTMENT OF MATHEMATICS
Semester 461 / MATH-244 (Linear Algebra) / Mid-term Exam 1

Max. Marks: 25 Max. Time: 1% hrs.
Question 1: [Marks: 5]

Determine whether the following statements are true or false and justify your answer:
(i) IfA4 and B are symmetric matrices compatible for the product 4B, then 4B is also symmetric.

1 11 ,_12 3 . [ 5 5]. .
1— 1] ,B = [3 2] are symmetric but AB = [_1 1] 1s not symmetric.
(ii)  If the matrix 4% is invertible, then 4 itself is invertible.

True: 4 is not invertible = |A| = 0 = |A4%| = |A|?> = 0 = A? is not invertible.

False: for example, A = [

—4 -3 -3
(iii) Ifthematrix [ 1 0 1 |isits own adjoint, then x = 3.
4 4 x
-4 -3 -3 -4 -3 -3
True:adj([ 1 0 1 >=[ 1 0 1]:x=c33=(—1)3+3M33=|‘i‘ ‘3|=3.
4 4 x 4 4 x

(iv) If square matrices 4 and B are compatible for the product AB, then |4B| = |BA|.
True: |AB| = |A||B| = |B||A| = |BA|.
12

v) Ifd= [_é ﬂ, then (——,=) is a solution of the equation A™! = xA + ylI,.

11711
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Question 2: [Marks: 4 + 3 + 3]

L 1 -1 1
(a) Find the matrix Aif A= = s [ -1 3 1 ]
1 1-2

1 -1 17" 7 1 4]
Solution: 4 = (A"1)"1 =2 [ -1 3 1 ] =§[1 3 2|
1 1-2 4 2 =21
1 1
(b) Show that b+c c+a a+b =0.
—(b+c—a) —-(c+a-b) —(a+b-c)
1 1 1 1 1
Solution:‘ b+c ct+a a+b =|b+c c+a a+b
—(b+c—a) —(c+a-b) —(a+b—-0) a b c
1 1 1 1 1 1
=la+b+c b+c+a c+a+b|l=(@+b+c)f1 1 1|=0.
a b c a b ¢
(¢) LetA be a square matrix of size n with |4| = 3 and |adj(4)| = 27. Findn.

Solution: adj(4) = |A|A™ = |adj(A)| = |A|"™ . Hence, 3% =27 =3""1givesn=3+1=4.

Question 3: [Marks: 3 +3 + 4]

1 2 -1 -2 1 1
(a) Solve the matrix equation: XA = B, where A=| 2 -1 —1 |andB=| 8 1 -5 ]
-4 0 3 4 3 -3
-2 1 1 363 0-10
Solution: Since |[A| = —3, A 'exists. XA =B =X =BA™! = [ 8 1 -5 <§ [2 1 1]) = [2 3 0].
4 3 -3 4 85 2 10

(b) Solve the following system of linear equations by using Cramer’s Rule:
x+3y+3z= 1
x+3y+5z=-1
x+2y —z = 2.

13 3 13 3 1 1 3 13 1
Solution: |[A| = |1 3 5|=2, |4 =|-1 3 5|=-10,]4,] =[1 —1 5[=6and |4,|=|1 3 —1|=-2.
12-1 2 2-1 1 2—-1 12 2
Henceix:‘AXl:—E:—S,y:ﬂ:9:3andz:‘AZl:—E:—l.
14l 2 14| 2 |4l 2

(c) Find the value of m for which the following system of linear equations admits a unique solution and then find
this uniquely existing solution.
x+y+z=1
x+y+2z=0
2x—y—z=-1
x—2y+z=m.

1 1 1:1 1 1 1:1
Solution: [4: B] = 21 _i _i '_(i ~ (()) }) i _11 . So, m = =5 gives a unique solutionx = 0,y = 2,z = —1.
1 -2 1:m 0 0 0:m+5
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Question 1: [Marks: 5]
Determine whether the following statements are true or false:
(i) If A4 is a square matrix and 42=0, then (/ + 4) '=1 — A. [True]

[Mark 1]
(ii) If A and B are row equivalent square matrices, then |4] = |B|. [False] [Mark 1]
300
(ii)) If Aadj(4) =10 3 0], then |A] = 9. [False] [Mark 1]
0 0 3
(iv) There is a homogeneous linear equation for which (1, 0, 2) is a solution but
not (2,0,—4). [True] [Mark 1]
(v) If RREF(A) has a zero row, then AX = B must have infinitely many solutions. [False] [Mark 1]
Question 2: [Marks: 4 + 3 + 3]
200
(a) Find inverse of the matrix A = [0 1 0] and find the matrix B satisfying the equation BA = A% + 5A.
003 .
200:100 100:500 2 00
Solution: [A|I] = [O 10:01 0]~ 010:010 |,andsod™'= [0 0 [Marks 2]
003:001 001:004% 0 L
3 3
700
Next, B = (BA)A™' = (42 +54)A™'=A+5I=|06 0]. [Marks 2]
008

(b) Let 4 be an invertible matrix. Show that (adj(4)) ' = adj(A™").
Solution: adj(A) = |A| A" = (adj(A™")) ' = (A" A)Y'= |A| 47" = adj(A) = (adj(A)) ' = adj(A™).

[Marks 1+1+1]

10 1+x
(c) Show that the matrix [ 11 0 is invertible for all xeR, where R denotes the set of real numbers.
-x 0 1

10 1+x 10 1+x

Solution: Since [ 1 1 0 =1+x(x+1)#0forallxsR,[ 1 1 0 is invertible for all xeR.
-x 0 1 -x 0 1
[Marks 2+1]

Question 3: [Marks: 2 + 4 + 4]

(a) If Eis an elementary matrix, then show that the linear system EX = O has only the trivial solution.
Solution: Since E being an elementary matrix is invertible, X = E~'(EX) = E~'0 = 0; only trivial solution.

[Marks 1+1]
(b) Solve the following system of linear equations:
x+y=1
x+ 2y+z=-1
x+3y —z = 2
11 0 11 0 1 1 0
— : _jt2 1|__ _ |12 1 |_ _ -1 1 _
Solution: Observe that |A| 13 -1 3 #, |A 05 4,4, 1 2 _1|71V
11 1
_ 12 —1]_ AP _lAd 4 4l -1 Al _ -5
and |4,| = 13 2 = 5. So, by Cramer’s Rule, x = A =3¥= TR

[Marks 1+1.5+1.5]
(c) What conditions must a, b, ¢, and d satisfy for the following system to be consistent?

X1 tX,—x4= a
X, —X3—2X4,= b
2x; +2x3+2x,= ¢

2x1 + x5 +x3 = d.

1 1 0-1:a 1 1 0-1:a
L _lo1-1-2:b| |0 1-1-2:b e et )
Solution: Since [A|I] = 20 9 o . 00 0 0: ce2at2bl the given system would be
21 1 0 d 0 0 0 O0:d—2a+b

consistent for real numbers a, b, ¢, d satisfying the conditions ¢ = 2(a — b);d = c + b. [Marks 2+2]

xRk
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Question 1: [Marks: 3 +4 + 3]

1 2 2
(a). Let A = [2 —2 1. Compute A% and then use A? to find A™%.
2 1 -2
900 ; ; 1 2 2
Solution: A2 = [0 9 0] =9landso A7t = SA=S12 -2 1) (Marks 1 +2)
009 2 1 -2
1 1-1-2
|11 0-2|g -1 -1 .
(b). Let A = 10 1 1 Find A™" and then use A™" to find adj(A).
2 0 0 1
1 1-1-2|10 00 10001 -1 1-1 1 -1 1-1
PN |/t 1 0-210100_ _|10100]|3-2 33— -1_|3 -2 3 -1
Solution: [A|l] = 10 1 1loo1ol™ 0o010l-1 1 o and so 4 11 0 o ((Marks 1.5)
2 0 0 110001 0001 2 -2 2 -1 2 -2 2 -1
1 - 1 -1
Next, det(A) = 1. Hence, adj(A) = det(A)A™! = l 3 1 ?) _(1) ] (Marks 1 +1.5)
2 -2 2 -1
(c). Let A be a 3 x 3 matrix with det(A) = 2. Evaluate det(adj(A)).
Solution: det(adj(A)) = det(det(A)A™Y) = (det(A))*(det (A))™! = 4. (Marks 1 + 1.5+ 0.5)
Question 2: [Marks: 4 + 4]
_ 12 17 4 . Xy
(a). LetA = [1 _ 1]. Find all matrices M = [z t] such that
y—z=0
Solution: AM = MA implies{x — 3z — t = 0 This system of linear equations has solution set (Mark 1.5)

x—3y—t=0.

{3z+t,z,21t)| t,z € R}. Hence, M = [32 tt f] forallt,z € R. (Marks 2 +0.5)

(b). Find the values of a, b and c so that (1,~2,3) is the solution of following
system of linear equations:
ax+2by+tcz= 6
ax +6by +cz=-2
3ax +4by + cz=-8.
Solution: Since (1,—2,3) is the solution of the above given system, we get the following system of linear

equations:
a-4b+3c= 6
a-12b+3c=-2
3a- 8b+3c=-8. (Marks 2)
Which has the unique solution a = -5, b =1 and ¢ =5. (Marks 2)

Question 3: [Marks: 3 +4]
(a). Use the Gauss-Jordan elimination method to solve the linear system AX = B,

where:
2-1-43 M 1
A=|3 —2 =5 4|, X= and B=
3-3-20 Y 1
z
2 -1 -4 391 100 =74
Solution: [A]I]=|3 —2 =5 4|1|[~..~[0 1 0 =5 |3[(RREF). (Marks 1.5)
3 -3 -2 0| 001 —-3|;
Hence, solution set of the given linear system is {(4+7t, 3+5t, 1+3t,t) | t € R}. (Marks 1.5)
(b). Find all the non-trivial solutions of the following homogeneous system:
2x+2y+4z=0
w-y-3z=0
2w+3x+y+ z=0
2w+ x+3y-2z=0.
0 2 2 4 10 1 0 -1 =3 |0
. | 1 0-1 =3 |0 01 1 -81|0 L
Solution: [A|I] = 2 3 1 1o 0 0 0 1 ol (Marks 1.5)
-2 1 3 =210 0 0 0 o010
Hence, the set of non-trivial solutions of the given linear system is {(t,-t,t, 0)| 0 #t € R. (Marks 2 +0.5)

e
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Question 1: [Marks: 4+2+3]:

1 0 3 0
. i -1 2 3 -
a) Find the reduced row echelon form of the matrix A= 0 2 0 and use it to find
0 0
non-trivial solutions of the linear system 4X = O, where O = [0 00 0]T .
1.0 3 0 1 0 3 0 1 0 3 0 1030
b, -1 2 -3 -1 0 2 0 -1 0 2 0 -1|_Jlo100
Solution: 4 = 0o—3 o ol~lo=5 o o o 1 0 ol~1ooo1| ®REP.[2marks]
0 0 0 -2 0 0 0 -2 0 0 0 1 0000

Hence, (—3t,0,t,0),V 0 # t € R, is a non-trivial solution of the system 4X = O. [2 marks]
b) Let B bea 3x3 matrix with det(B) = 2. Compute det(B "' + adj(B)).

Solution: det(B ' + adj(B)) = det(B ' + det(B) B ") = det(B "' + 2B ") = det(3B ') —d ) 27. [2 marks]
1 1 0
¢) Let P=|1 2 1 |.Compute adj(P) and use it to find P".
1 3 -1
-5 11 O
Solution: adj(P) = cT = [ 1- 1 - 2] [ 2— 1 - 1] det(P)=11 2 1| = —3.[1.5+.5 marks]
1-1 1 1 3-1

ad](P)—i[ 2—1 —1.
1-2 1

Hence, P'=

[1 mark]

de t(P)

Question 2: [Marks: 2+3+3]:

a) Give example of an invertible matrix 4 with tr(4)=0.

. . —X Xx7. . .
Solution: For any non-zero real number x, the matrix 4 = [ X x] is invertible because  [1 mark]

|A] = —2x2% # 0. However, tr(4 ) = 0. [.5+.5 mark]
1 1 1
b) Find the values of A for which the matrix C = | 1 2 A is not invertible.
1 -1 3-2

Solution: Since det(C)= 0 for any real value of A, the matrix C is non-invertible for all A € R. [1+2 marks]
¢) Solve the matrix equation AZ = X +Y for Z, where A is an invertible matrix of size 3,

-1 5
x=|2 ] y=|0 |, AX=2X and AY =Y.
3 —4
) -3 . 10
Solution: AX :EX gives A4 X=3X=| 6 ]; similarly, AY =Y gives 4 "Y[ 0 ] [2 marks]
9 -8
-3 10 7
Hence, AZ=X+Y impliesZ=4"'X+A4'Y=| 6 [+]| 0 | = [6] [1 mark]
9 -8 1

Question 3: [Marks: 4+4]
a) Find the values of § for which the following linear system of equations
x+ y+z+ t =4
x+8y+ z + t =4
x+ y+6z+(B3-8)t=6
2x+2y+2z+(6—-5)t=6
has: (i) no solution (ii) infinitely many solutions.

12|Page



111 1 14 1 1 1 1 : 4

s : . 16 1 1 14 06-1 0 O 0 0
Solution: Augmented matrix of the given system 1163-5:6 0 0 85-1-—5: ol [2 marks]

2228-5:6 0 0 0 &6-7:-2

Hence, the system has no solution if § € {1,7}; and infinitely many solutions if § € { }. [2 marks]
b) Use Cramer’s rule to solve the following linear system of equations:

x+ y = 1
x+2ytz=-1
x+3y—z= 2.
11 0
Solution: Let 4 denote the matrix of coefficients. Then, |[4|= |1 2 1| = —3. So, the
13-1
Cramer’s is applicable on the given system. Therefore, [1 mark]
110 110 11 1
|7121‘ B |171 1| B |1271| B
x=tz23=al 2t el Lol =018 210 228 hang
4] -3 3 4] -3 3 4] -3 3
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