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[Solution Key]                   KING SAUD UNIVERSITY 
COLLEGE OF SCIENCES 

 DEPARTMENT OF MATHEMATICS 
Semester 461 / MATH-244 (Linear Algebra) / Mid-term Exam 1 

 Max. Marks: 25                                                                                                                     Max. Time:1
𝟏

𝟐
 hrs.    

___________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________ 

Question 1: [Marks: 5]  
  Determine whether the following statements are true or false and justify your answer: 

(i)  If A and B are symmetric matrices compatible for the product AB, then AB is  also symmetric. 

  False: for example, 𝐴 = ቂ
1      1
1 − 1

ቃ , 𝐵 = ቂ
2     3
3     2 

ቃ are symmetric but 𝐴𝐵 = ቂ
   5     5
−1     1

ቃ is not symmetric. 

(ii)  If the matrix A2 is invertible, then A itself is invertible. 
 True: A is not invertible ⇒ |𝐴| = 0 ⇒ |𝐴ଶ| = |𝐴|ଶ = 0 ⇒ 𝐴ଶ is not invertible. 

(iii)  If the matrix ൥
−4 − 3  − 3
   1       0       1

    4       4       𝑥 
൩ is its own adjoint, then 𝑥 = 3. 

 True: 𝑎𝑑𝑗 ൭൥
−4 − 3  − 3
   1       0       1

    4       4       𝑥 
൩൱ = ൥

−4 − 3  − 3
   1       0       1

    4       4       𝑥 
൩ ⇒ 𝑥 = 𝑐ଷଷ = (−1)ଷାଷ𝑀ଷଷ = ቚ

−4 − 3
   1      0

ቚ = 3. 

(iv)  If square matrices A and B are compatible for the product AB, then |AB| = |BA|. 
 True: |𝐴𝐵| = |𝐴||𝐵| = |𝐵||𝐴| = |𝐵𝐴|. 

(v)  If 𝐴 = ቂ
   1    2
−5    1

ቃ, then (−
ଵ

ଵଵ
,

ଶ

ଵଵ
) is a solution of the equation 𝐴ିଵ = 𝑥𝐴 + 𝑦𝐼ଶ.  

True: 𝐴ିଵ =
ଵ

|஺|
𝑎𝑑𝑗((𝐴) =

ଵ

ଵଵ
ቂ
1  − 2
5       1

ቃ = −
ଵ

ଵଵ
ቂ

  1        2
−5        1 

ቃ +
ଶ

ଵଵ
ቂ
1       0
0       1

ቃ = 𝑥𝐴 + 𝑦𝐼ଶ. 

Question 2: [Marks: 4 + 3 + 3]  

(a) Find the matrix 𝐴 if 𝐴ିଵ =
ଵ

ଶ
൥ 

 1   − 1      1
−1        3      1  
  1        1 − 2

൩. 

Solution: 𝑨 = (𝐴ିଵ)ିଵ = 2 ൥ 
 1   − 1      1

−1        3      1  
  1        1 − 2

൩

ିଵ

=
ଵ

ହ
൥
7     1        4 
1     3        2
4     2  − 2

൩. 

(b) Show that อ
1                               1                                 1

𝑏 + 𝑐                        𝑐 + 𝑎                         𝑎 + 𝑏
−(𝑏 + 𝑐 − 𝑎)      − (𝑐 + 𝑎 − 𝑏)       − (𝑎 + 𝑏 − 𝑐)

อ = 0. 

Solution:   อ
1                               1                                 1

𝑏 + 𝑐                        𝑐 + 𝑎                         𝑎 + 𝑏
−(𝑏 + 𝑐 − 𝑎)      − (𝑐 + 𝑎 − 𝑏)       − (𝑎 + 𝑏 − 𝑐)

อ = อ
1             1             1 

𝑏 + 𝑐     𝑐 + 𝑎     𝑎 + 𝑏
𝑎            𝑏             𝑐

อ 

                             = อ
 1                    1                     1 

𝑎 + 𝑏 + 𝑐     𝑏 + 𝑐 + 𝑎     𝑐 + 𝑎 + 𝑏
𝑎                   𝑏                     𝑐

อ = (𝑎 + 𝑏 + 𝑐) อ
1     1     1
1     1     1
𝑎     𝑏      𝑐

อ = 0. 

(c) Let A be a square matrix of size  𝑛  with |𝐴| = 3  and |𝑎𝑑𝑗(𝐴)| = 27.  Find 𝑛. 
Solution: 𝑎𝑑𝑗(𝐴) = |𝐴|𝐴ିଵ ⇒ |𝑎𝑑𝑗(𝐴)| = |𝐴|௡ିଵ.  Hence,  3ଷ = 27 = 3௡ିଵ gives 𝑛 = 3 + 1 = 4. 

 
Question 3: [Marks: 3 + 3 + 4]  

(a) Solve the matrix equation: 𝑋𝐴 = 𝐵, where 𝐴 = ൥
1      2  − 1
2 − 1  − 1

−4      0       3   
൩ and 𝐵 = ൥

−2     1       1    
8     1  − 5
4     3  − 3

൩. 

Solution: Since |𝐴| = −3, 𝐴ିଵ exists. 𝑋𝐴 = 𝐵 ⇒ 𝑋 = 𝐵𝐴ିଵ = ൥
−2     1       1    

8     1  − 5
4     3  − 3

൩ ൭
ଵ

ଷ
൥
3   6   3
2   1   1
4   8   5

൩൱ =  ൥
0 − 1    0
2      3    0
2      1    0

൩.  

(b) Solve the following system of linear equations by using Cramer’s Rule:     
                                             𝑥 + 3y + 3z =    1                                            

                                               𝑥 + 3𝑦 + 5z = −1                                                   
                                                𝑥 + 2𝑦 − 𝑧 =    2.                                                   

Solution: |𝐴| = อ
1   3      3
1   3      5
1   2 − 1

อ = 2,  |𝐴௫| = อ−
1   3     3
1   3     5
2   2 − 1

อ = −10,  |𝐴௬|  = อ
1       1     3
1  − 1     5
1       2 − 1

อ = 6 and  |𝐴௭| = อ
1   3         1
1   3   − 1
1   2        2

อ = −2.    

                 Hence. 𝑥 =
 |஺ೣ|

|஺|
= −

ଵ଴

ଶ
= −5, 𝑦 =

 |஺೤|

|஺|
=

଺

ଶ
= 3 and 𝑧 =

 |஺೥|

|஺|
= −

ଶ

ଶ
= −1. 

(c) Find the value of m for which the following system of linear equations admits a unique solution and then find 
this uniquely existing solution. 

𝑥 + 𝑦 + 𝑧 =  1 
         𝑥 + 𝑦 + 2𝑧 =  0   

 2𝑥 − 𝑦 − 𝑧 = −1        
                                                                         𝑥 − 2𝑦 + 𝑧 = 𝑚.   

Solution: [𝐴: 𝐵] = ൦

1       1       1  ∶   1 
1       1       2 ∶    0
2  − 1  − 1 ∶ −1
1  − 2       1 ∶   𝑚

൪ ~ ൦

1     1     1  ∶   1           
0     1     1 ∶    1          
0     0     1 ∶ −1         
0     0      0 ∶   𝑚 + 5

൪. So, 𝑚 = −5 gives a unique solution 𝑥 = 0, 𝑦 = 2, 𝑧 = −1. 

***/ 
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Question 1: [Marks: 5]  
  Determine whether the following statements are true or false: 

(i)  If A is a square matrix and A2 = 0, then (I + A) −1 = 𝐼 − 𝐴. [True]   [Mark 1] 
(ii)  If A and B are row equivalent square matrices, then |A| = |B|.   [False]  [Mark 1] 

(iii)  If 𝐴𝑎𝑑𝑗(𝐴) =  ൥
3    0    0
0    3    0
0     0    3

൩, then |𝐴| = 9.    [False]    [Mark 1] 

(iv) There is a homogeneous linear equation for which (1, 0, 2) is a solution but 
 not (2, 0, −4).   [True]       [Mark 1] 

(v) If RREF(A) has a zero row, then 𝐴𝑋 = 𝐵 must have infinitely many solutions. [False] [Mark 1]  

Question 2: [Marks: 4 + 3 + 3]  

(a) Find inverse of the matrix 𝐴 = ൥
2   0   0
0   1   0
0   0   3

൩ and find the matrix B satisfying the equation 𝐵𝐴 = 𝐴ଶ + 5𝐴. 

Solution: [𝑨|𝑰] = ൥
2   0   0 ∶   1  0  0
0   1   0 ∶   0  1  0
0   0   3 ∶   0  0  1

൩ ~ ൦

1   0   0 ∶  
ଵ

ଶ
   0   0

    0   1   0 ∶   0   1   0   

  0   0   1 ∶   0   0  
ଵ

ଷ

൪, and so 𝐴ିଵ  =   ൦

ଵ

ଶ
    0    0

 0    1    0 

0    0   
ଵ

ଷ

൪. [Marks 2] 

                Next, 𝐵 = (𝐵𝐴)𝐴ିଵ = (𝐴ଶ + 5𝐴)𝐴ିଵ = 𝐴 + 5𝐼 = ൥
7   0   0
0  6   0
0   0   8

൩.   [Marks 2]           

 
(b) Let A be an invertible matrix. Show that (adj(A)) −1  =  adj(A−1).  

Solution: adj(A) = |A| A−1 ⟹ (adj(A−1)) −1  = (|A|-1 A)-1 =  |A| A−1 = adj(A) ⟹  (adj(A)) −1  =  adj(A−1).  
           [Marks 1+1+1]  

 

(c) Show that the matrix ൥
1   0   1 + 𝑥
1   1       0   

−𝑥   0      1     
൩ is invertible for all 𝑥𝜀ℝ, where ℝ denotes the set of real numbers. 

Solution: Since อ
1   0   1 + 𝑥
1   1       0   

−𝑥   0      1     
อ = 𝟏 + 𝒙(𝒙 + 𝟏) ≠ 𝟎 for all 𝑥𝜀ℝ, ൥

1   0   1 + 𝑥
1   1       0   

−𝑥   0      1     
൩ is invertible for all 𝑥𝜀ℝ. 

              [Marks 2+1] 

Question 3: [Marks: 2 + 4 + 4]  
(a) If E is an elementary matrix, then show that the linear system 𝐸𝑋 = 𝑂 has only the trivial solution. 

Solution: Since E being an elementary matrix is invertible, 𝑋 = 𝐸ିଵ(𝐸𝑋) = 𝐸ିଵ𝑂 = 𝑂; only trivial solution. 
               [Marks 1+1] 

(b) Solve the following system of linear equations:     
 𝑥 +  𝑦 =   1                                                                  

 𝑥 +  2𝑦 + z = −1                                                                         
𝑥 + 3𝑦 − 𝑧 =   2.                                                                        

Solution: Observe that |A|= ተ

1   1       0   
1   2       1  
1   3  − 1  

  

ተ = −𝟑 ≠, |𝑨𝒙| =  ተ

    1   1       0   
−1   2       1  
    2   3  − 1  

  

ተ = −𝟒, ห𝑨𝒚ห =  ተ

1       1         0 
1 − 1         1
1       2   − 1

  

ተ = 𝟏,    

                and   |𝑨𝒛| =  ተ

1   1        1
1   2   − 1
1   3        2

  

ተ = 𝟓. So, by Cramer’s Rule, 𝒙 =
|𝑨𝒙|

|𝐀|
=

𝟒

𝟑
, 𝒚 =

ห𝑨𝒚ห

|𝐀|
=

ି𝟏

𝟑
, 𝒛 =

|𝑨𝒛|

|𝐀|
=

ି𝟓

𝟑
. 

       [Marks 1+1.5+1.5] 

(c) What conditions must a, b, c, and d satisfy for the following system to be consistent?  
𝑥ଵ + 𝑥ଶ − 𝑥ସ =  𝑎 

𝑥ଶ − 𝑥ଷ − 2𝑥ସ =  𝑏   
2𝑥ଵ + 2𝑥ଷ + 2𝑥ସ =  𝑐        

 2𝑥ଵ + 𝑥ଶ + 𝑥ଷ =  𝑑.   

Solution: Since  [𝑨|𝑰] = ൦ 

1     1      0 − 1 ∶   𝑎 
0    1 − 1 − 2 ∶   𝑏 
2     0      2      2 ∶   𝑐 
2     1      1      0 ∶   𝑑

൪ ~ ൦  

1     1      0  − 1 ∶   𝑎                       
0     1 − 1 − 2 ∶   𝑏                       
0     0      0      0 ∶    𝑐 − 2𝑎 + 2𝑏 
0     0      0      0 ∶   𝑑 − 2𝑎 + 𝑏   

൪, the given system would be 

consistent for real numbers 𝑎, 𝑏, 𝑐, 𝑑 satisfying the conditions 𝑐 = 2(𝑎 − 𝑏); 𝑑 = 𝑐 + 𝑏. [Marks 2+2] 
***! 
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Question 1: [Marks: 3 + 4 + 3]  

(a). Let 𝐴 =  ൥
 1        2        2 
2   − 2        1
2        1   − 2

൩. Compute 𝐴ଶ and then use  𝐴ଶ to find 𝐴ିଵ. 

Solution: 𝐴ଶ =  ൥
9   0   0
0   9   0
0   0   9

൩ = 9𝐈 and so 𝐴ିଵ =
ଵ

ଽ
 A= 

ଵ

ଽ
 ൥

 1        2        2 
2   − 2        1
2        1   − 2

൩.                                                                          (Marks 1 + 2) 

(b). Let 𝐴 =  ൦

   1     1 − 1  − 2
   1     1      0  − 2
−1     0      1      1 

 −2     0      0      1  

൪. Find 𝐴ିଵ and then use 𝐴ିଵ to find adj(A). 

Solution: [𝐴|I] = ൦

   1     1 − 1  − 2
   1     1      0  − 2
−1     0      1      1 

 −2     0      0      1  

 ተ

1   0    0   0
0   1    0   0
0   0   1   0
0   0   0   1

൪ ~ … ~  ൦

1   0    0   0
0   1    0   0
0   0   1   0
0   0   0   1

 ተ

1  − 1      1  − 1
  3  − 2      3  − 1  
−1     1       0       0  
2  − 2      2  − 1

൪  and so 𝐴ିଵ = ൦

1  − 1      1  − 1
  3  − 2      3  − 1  
−1     1       0       0  
2  − 2      2  − 1

൪ .    ((Marks 1.5) 

                    Next, det(𝐴) = 1. Hence, adj(A) = 𝑑𝑒𝑡(𝐴)𝐴ିଵ = ൦

1  − 1      1  − 1
  3  − 2      3  − 1  
−1     1       0       0  
2  − 2      2  − 1

൪.                                                              (Marks 1 + 1.5) 

             (c). Let 𝐴 be a 3 × 3 matrix with det(𝐴) = 2. Evaluate det(𝑎𝑑𝑗(𝐴)). 
Solution:  det(𝑎𝑑𝑗(𝐴)) = 𝑑𝑒𝑡(𝑑𝑒𝑡(𝐴)𝐴ିଵ) = (𝑑𝑒𝑡(𝐴))ଷ(det (𝐴))ିଵ = 4.                                                         (Marks 1 + 1.5 + 0.5) 
 

Question 2: [Marks: 4 + 4]  

(a). Let 𝐴 =  ቂ
2      1
1 − 1

ቃ. Find all matrices 𝑀 =  ቂ
𝑥      𝑦
𝑧      𝑡

ቃ such that  

Solution: 𝐴𝑀 = 𝑀𝐴 implies ൝
𝑦 −  𝑧 =  0

𝑥 −  3𝑧 −  𝑡 =  0
𝑥 −  3𝑦 −  𝑡 =  0.

  This system of linear equations has solution set                                   (Mark 1.5) 

             {(3𝑧 + 𝑡, 𝑧, 𝑧, 𝑡)| 𝑡, 𝑧 ∈ ℝ}. Hence, 𝑀 =  ቂ
3𝑧 + 𝑡      𝑧
      𝑧         𝑡

ቃ for all 𝑡, 𝑧 ∈ ℝ.                                                             (Marks 2 + 0.5) 

(b). Find the values of 𝑎, 𝑏 and 𝑐 so that (1,−2,3) is the solution of following  
       system of linear equations: 

     𝑎𝑥 + 2𝑏𝑦 + 𝑐𝑧 =   6 
      𝑎𝑥 + 6𝑏𝑦 + 𝑐𝑧 = −2 

                   3𝑎𝑥 + 4𝑏𝑦 + 𝑐𝑧 = −8. 
Solution: Since  (1,−2,3) is the solution of the above given system, we get the following system of linear  

equations: 
        𝑎 - 4𝑏 + 3𝑐 =   6 
      𝑎 - 12𝑏 + 3𝑐 = −2 

                     3𝑎 -   8𝑏 + 3𝑐 = −8.                                                                      (Marks 2) 
  Which has the unique solution 𝑎 = -5,  𝑏 =1 and  𝑐 =5.                       (Marks 2) 
 

Question 3: [Marks: 3 + 4]  
(a). Use the Gauss-Jordan elimination method to solve the linear system AX = B,  
       where: 

A = ൥
2 − 1 − 4   3
3 − 2 − 5   4
3 − 3 − 2   0

൩,  X = ቎

𝑤
𝑥
𝑦
𝑧

቏    and  B = ൥
1
1
1

൩. 

Solution: [𝐴|I] = ൦

   
 2   − 1  − 4      3
 3   − 2  − 5      4
 3   − 3  − 2      0

  

 อ
1
1
1

൪ ~ ... ~ ൦

   
 1   0   0   − 7
0   1   0  − 5

 0   0   1   − 3
  

 อ
4
3
1

൪ (RREF).                                                                    (Marks 1.5) 

                Hence, solution set of the given linear system is {(4+7t, 3+5t, 1+3t, t) |  t ∈ ℝ}.                                                  (Marks 1.5) 
(b). Find all the non-trivial solutions of the following homogeneous system: 

      2𝑥 + 2𝑦 + 4𝑧 = 0 
           w - 𝑦 -  3𝑧 = 0 

                                                                                         2w + 3𝑥 + y +  𝑧 = 0 
                -2w + 𝑥 + 3y - 2𝑧 = 0. 

Solution: [𝐴|I] = ൦

   0     2       2         4   
 1     0  − 1    − 3
 2     3      1          1

 −2     1      3     − 2  

 ተ

0
0
 0
0

൪  ~ ...  ~  ൦

1     0   − 1   − 3
0     1        1   − 8
0     0        0        1

  0      0        0       0 

 ተ

0
0
 0
0

൪.                                       (Marks 1.5) 

                 
 Hence, the set of non-trivial solutions of the given linear system is {(t, - t, t, 0) |  0 ≠ t ∈ ℝ.                     (Marks 2 + 0.5) 

 

***! 
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Question 1: [Marks: 4+2+3]:  

a) Find the reduced row echelon form of the matrix 

1 0 3 0

1 2 3 1

0 2 0 0

0 0 0 2

A

 
    
 
  

 and use it to find 

non-trivial solutions of the linear system 𝐴𝑋 = O, where O = [0   0   0   0]𝐓 . 

Solution: 𝐴 =   ቎

 1     0        3       0
−1    2  − 3  − 1
 0 − 2       0       0

  0       0       0  − 2

቏ ~ ቎

 1       0       3       0
  0       2      0   − 1
   0  − 2      0        0 
  0       0       0  − 2

቏ ~ ቎

 1       0       3       0
  0       2      0   − 1
  0       1      0       0 
 0       0      0       1

቏ ~ ቎

1  0  3  0
0  1  0  0
0  0  0  1
0  0  0  0

቏  (REF). [2 marks]         

      Hence, (−3𝑡, 0, 𝑡, 0), ∀ 0 ≠ 𝑡 ∈ ℝ, is a non-trivial solution of the system 𝐴𝑋 = O. [2 marks] 
b) Let B be a 3 3  matrix with det(B) = 2. Compute det(B -1 + adj(B)). 

Solution: det(B -1 + adj(B)) = det(B -1 + det(B) B -1) = det(B -1 + 2B -1) = det(3B -1) = 
ଷయ

ௗ௘௧(஻)
=  

ଶ଻

ଶ
. [2 marks] 

c) Let 

1 1 0

1 2 1

1 3 1

P

 
   
  

. Compute adj(P) and use it to find 1P . 

Solution: adj(P) = 𝑐୘ = ൥
−5     2     1

   1 − 1   − 2
   1 − 1     1

൩

୘

= ൥
−5     1      1

     2 − 1  − 1
    1   − 2      1

൩. det(P) = อ
1   1      0
1   2      1
1   3 − 1

อ = −3. [1.5+.5 marks] 

 Hence, P -1 = 
ଵ

ୢୣ୲(௉)
𝑎𝑑𝑗(𝑃) =

ଵ

ିଷ
൥

−5      1      1
     2 − 1  − 1
    1 −  2      1

൩.                                               [1 mark] 

Question 2: [Marks: 2+3+3]:  
a) Give example of an invertible matrix A  with tr( ) 0A  . 

Solution: For any non-zero real number 𝑥, the matrix  𝑨 = ቂ
−𝑥    𝑥
   𝑥    𝑥ቃ is invertible because     [1 mark]     

              |𝐴| = −2𝑥ଶ ≠ 0. However, tr(𝐴 ) = 0.                   [.5+.5 mark]

  

b) Find the values of λ for which the matrix 𝐶 = ൥
1        1         1      
1        2         λ     
 1   − 1    3 − 2λ

൩ is not invertible. 

Solution: Since det(𝐶)= 0 for any real value of , the matrix 𝐶 is non-invertible for all  ∈ ℝ.   [1+2 marks] 
c) Solve the matrix equation 𝐴𝑍 = 𝑋 + 𝑌 for 𝑍, where 𝐴 is an invertible matrix of size 3,  

𝑋 = ൥
−1
2
3

൩,  𝑌 = ൥
5
0

−4
൩, 𝐴𝑋 = 

ଵ

ଷ
𝑋 and 𝐴𝑌 = 

ଵ

ଶ
𝑌. 

Solution:   𝐴𝑋 = 
ଵ

ଷ
𝑋  gives   A -1X = 3X =൥

−3
6
9

൩;  similarly,   𝐴𝑌 = 
ଵ

ଶ
𝑌  gives  A -1Y=൥

10
0

−8
൩.     [2 marks] 

 Hence, 𝐴𝑍 = 𝑋 + 𝑌 implies 𝑍 = A -1𝑋 + A -1 𝑌=൥
−3
6
9

൩ + ൥
10
0

−8
൩ = ൥

7
6
1

൩.                                   [1 mark] 

Question 3: [Marks: 4+4]  
a) Find the values of 𝛿 for which the following linear system of equations 

  𝑥 +   𝑦 +  z  +            𝑡  = 4 
  𝑥 + 𝛿𝑦 +  𝑧  +            𝑡  = 4 
  𝑥 +   𝑦 + 𝛿𝑧 + (3 − 𝛿) 𝑡 = 6 
2𝑥 + 2𝑦 + 2𝑧 + (𝛿 − 5) 𝑡 = 6 

has:               (𝑖) no solution               (𝑖𝑖) infinitely many solutions.  



 

2/2 | P a g e  
 

Solution: Augmented matrix of the given system ൦

  1   1    1     1       
1   δ    1     1     
1   1   δ   3 − δ
2   2   2   δ − 5

: 4
: 4
: 6
: 6

൪ ~ ൦

1       1         1        1    
0   δ − 1      0       0     
0      0       δ − 1  − 5

   0      0          0       δ − 7

:    4
:    0
:    0
: −2

൪.   [2 marks] 

             Hence, the system has no solution if 𝛿 ∈ {1,7}; and infinitely many solutions if 𝛿 ∈ { }.  [2 marks] 
b) Use Cramer’s rule to solve the following linear system of equations:  

             𝑥 +   𝑦         =     1 
            𝑥 + 2𝑦 + 𝑧  = − 1 
              𝑥 + 3𝑦 − 𝑧  =    2. 

Solution: Let A denote the matrix of coefficients. Then, |A| =  อ
1   1      0
1   2      1
1   3 − 1

อ = −3. So, the  

Cramer’s is applicable on the given system. Therefore,               [1 mark] 
 

𝑥 =
 ቤ

   1   1    0
−1   2    1
    2   3 −1

ቤ

|𝐴|
=

−4

−3
=

4

3
; 𝑦 =

 ቤ
1    1     0
1  −1    1
 1    2  −1

ቤ

|𝐴|
=

1

−3
=

−1

3
 and 𝑧 =

 ቤ
 1    1      1
  1   2   −1
 1   3     2

ቤ

|𝐴|
=

5

−3
=

−5

3
.[1+1+1 marks] 

  
 
  
 


