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Course Outcomes

* Learn how to think mathematically.

« Grasp the basic logical and reasoning mechanisms of
mathematical thought.

« Acquire logic and proof as the basics for abstract thinking.

* Improve problem-solving skills.

» Grasp the basic elements of induction, recursion, combination
and discrete structures.

« Summarize the basic concepts of mathematical logic.

King Saud University- College of Science Mathematics Department
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Basic and support material to be covered
(4) Logic: Proposition calculus and connectives,
(5) Logic: Truth tables, Propositional Equivalence.
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Introduction to Propositional Logic (1/4)

What is Logic?

 Logic is the discipline that deals with the methods
of reasoning.

* On an elementary level, logic provides rules and
techniques for determining whether a given
argument is valid.

 Logical reasoning Is used in mathematics to prove
theorems.
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Introduction to Propositional Logic (2/4)

 The basic building blocks of logic iIs Proposition

* A proposition (or statement) Is a declarative sentence
that Is either true or false, but not both.

* The area of logic that deals with propositions is called
propositional logics.

Propositions

v
@ Compound

King Saud University- College of Science Mathematics Department
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Introduction to Propositional Logic (3/4)

Examples:
2+3=5 True
5—-2=1 False
Today is Friday False
forx =4x+3 =7, True
Cairo is the capital of Egypt True
What time is it? Not propositions
Read this carefully. Not propositions
x+3=7 Not propositions
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Introduction to Propositional Logic (4/4)

« We use letters to denote propositional variables

p,qrs,..

* The truth value of a proposition is true, denoted by T, If
It IS a true proposition and false, denoted by F, if it Is a
false proposition.

King Saud University- College of Science Mathematics Department
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Compound Proposition

 Compound Propositions are formed from existing
propositions using logical operators.

Propositions

Primitive

King Saud University- College of Science Mathematics Department
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. Compound Propositions (2/23
Negation R R ( )

DEFINITION 1

Let p be a proposition. The negation of p, denoted by —p (also denoted by p), is the statement
“It 1s not the case that p.”

The proposition —p 1s read “not p.” The truth value of the negation of p, —p, 1s the opposite
of the truth value of p.

Other notations you might see are ~p, —p, p’, Np, and !p.
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Compound Propositions (3/23)

Example
Find the negation of the proposition

p: “Calro Is the capital of Egypt”

P: Riyadh is the capital of Saudi Arabia
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Example: Solution

Find the negation of the proposition
p: “Cairo Is the capital of

Egypt” The negation is
[ 1S ) ]C(;\" I; . . .
Lp: ¥t i ot the Case that Cairo is the capital of

Egypt”

This negation can be more simply expressed as

—p: “Cairo Is not the capital of Egypt”
D OEOEBEOERERERERERESBR
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Compound Propositions (5/23
Truth Table R R ( )

« Truth Table: is a table that gives the truth values of a compound
statement.

The Truth Table for the Negation of a Proposition

/-
Proposition

Truth \Values /
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Truth Table

« Truth Table: is a table that gives the truth values of a compound
statement.

The Truth Table for the Negation of a Proposition

/-
Proposition

F

Truth \Values / T
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Negation

Compound Propositions (6/23)

TABLE 1 The
Truth Table for
the Negation of a
Proposition.

p 4

T F
F T
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L_ogical Connectives

DEFINITION 2

Let p and g be propositions. The conjunction of p and g, denoted by p A g, 1s the proposition
“p and ¢g.” The conjunction p A g 1s true when both p and g are true and is false otherwise.

Example

p: Today is Friday.
q: [t is raining today.

p A q: Today is Friday and
it is raining today.

TABLE 2 The Truth Table for
the Conjunction of Two
Propositions.

oo S
I e s B I~
oo -~
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L_ogical Connectives

DEFINITION 3

Let p and g be propositions. The disjunction of p and g, denoted by p V g, 1s the proposition
“p or q.” The disjunction p V ¢ 1s false when both p and ¢ are false and 1s true otherwise.

Example

p: Today is Friday.
q: [t is raining today.

p V q: Today is Friday or
it is raining today.

TABLE 3 The Truth Table for
the Disjunction of Two
Propositions.

PVvVq

oo e o I RS I -
o IS B o I I
o= = -
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L_ogical Connectives

DEFINITION 4

Let p and g be propositions. The exclusive or of p and g, denoted by p @ g (or p XOR g), 1s
the proposition that is true when exactly one of p and ¢ 1s true and 1s false otherwise.

TABLE 4 The Truth Table for
Example the Exclusive Or of Two
Propositions.
They are parents.p:
i p q Pp®q
They are children.g:
T T F
pP® g:They are parents or T P T —t
children but not both. F T T e—1—
F F F
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L_ogical Connectives

DEFINITION 5

Let p and g be propositions. The conditional statement p — g 1s the proposition “if p, then
q.” The conditional statement p — ¢ is false when p 1s true and ¢ is false, and true otherwise.
In the conditional statement p — g, p 1s called the hypothesis (or antecedent or premise) and
q 1s called the conclusion (or consequence).

“rI p, theng”

“if D, q”

“p 1s sufficient for g”

‘6q ifp')’

“q when p”

“a necessary condition for p is g”
.“q unless —p”

TABLE 5 The Truth Table for
the Conditional Statement

p—q.

Mmoo S
oI B o B S
- = =

“p implies g”’

“p only if g”

“a sufficient condition for g is p”
“g whenever p”

“g 1s necessary for p”

“g follows from p”
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L_ogical Connectives

DEFINITION 5

Let p and g be propositions. The conditional statement p — g 1s the proposition “if p, then
q.” The conditional statement p — ¢ is false when p 1s true and ¢ is false, and true otherwise.
In the conditional statement p — g, p 1s called the hypothesis (or antecedent or premise) and
q 1s called the conclusion (or consequence).

“rI p, theng”

“if D, q”

“p is sufficient for g”

‘6q ifp9’

“q when p”

“a necessary condition for p is g”
.“q unless —p”

TABLE 5 The Truth Table for
the Conditional Statement

p—q.

P
T
T
F
F

oA R
\11/

“p implies g”’

“p only if g”

“a sufficient condition for g is p”
“g whenever p”

“g 1s necessary for p”

“g follows from p”
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L_ogical Connectives

EXAMPLE 1

“If you get 100% on the final, then you will get an A.”

If you manage to get a 100% on the final, then you would expect to receive an A. If you do not
get 100% you may or may not receive an A depending on other factors. However, if you do get
100%, but the professor does not give you an A, you will feel cheated.
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L_ogical Connectives

EXAMPLE 2

Let p be the statement “Maria learns discrete mathematics” and g the statement “Maria will
find a good job.” Express the statement p — g as a statement in English.
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Logical Connectives

EXAMPLE 2

Let p be the statement “Maria learns discrete mathematics” and g the statement “Maria will
find a good job.” Express the statement p — g as a statement in English.

“If Maria learns discrete mathematics, then she will find a good job.”

“Maria will find a good job when she learns discrete mathematics.”
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Logical Connectives
EXAMPLE3

“If today 1s Friday, then2 43 = 6.”
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Logical Connectives

EXAMPLE

“If today 1s Friday, then2 43 = 6.

is true every day except Friday, even though 2 + 3 = 6 is false.
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L_ogical Connectives

DEFINITION 6

Let p and g be propositions. The biconditional statement p < g 1s the proposition “p if and
only if g.” The biconditional statement p < ¢ 1s true when p and g have the same truth values,
and 1s false otherwise. Biconditional statements are also called bi-implications.

TABLE 6 The Truth Table for the
Biconditional p < q¢.

“p 1s necessary and sufficient for g”
(1 29 p q p « q
if p then ¢, and conversely
“p iff g.” “p exactly when g.” T T I =
T F F
F T F
F F T —1

“You can take the flight if and only if you buy a ticket.”
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Truth Tables of Compound Propositions
EXAMPLE

1
Construct the truth table of the compound proposition

(pV —q) — (pAg).
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Truth Tables of Compound Proeqsgﬁ:; )

EXAMPLE

Construct the truth table of the compound proposition
(pV —q) = (pN9g)

TABLE 7 The Truth Tableof (p V —q) — (p A g).

—q PV q ) AY | (pV—q)—(pNg)

o= = |
o L S RS R I
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Truth Tables of Compound Propositions

EXAMPLE 1

Construct the truth table of the compound proposition
(pV —q) = (pN9g)

TABLE 7 The Truth Tableof (p V —¢q) — (p A g).
p q —q pNY g PNq pV—q)— @AY
+ +
T T F
T F T
F T F
F F T
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Truth Tables of Compound Propositions

EXAMPLE 1
Construct the truth table of the compound proposition
(pV —q) = (pN9g)

TABLE 7 The Truth Tableof (p V —q) — (p A\ q).

P q g PV q ) AY | (pV—q)—(pNq)
T T F T
T F T T
F T F F
F F T T
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Truth Tables of Compound Propositions

EXAMPLE 1
Construct the truth table of the compound proposition
(pV —q) = (pN9g)

TABLE 7 The Truth Tableof (p V —q) — (p A g).
p q —q pyY q PNgq (pV—q)—(PAN9
T T F T T
T F T T F
F T F F F
F F T T F
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Truth Tables of Compound Propositions

EXAMPLE 1
Construct the truth table of the compound proposition
(pV —q) = (pN9g)

TABLE 7 The Truth Tableof (pV —¢q) — (p A q).
P q —q pN g PNq (pV—q)— (pANg)
T T F T T T
T F T T F F
F T F F F T
F F T T F F
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Precedence of Logical Operators

TABLE 8
Precedence of
Logical Operators.

Operator | Precedence

- |

A 2
V 3
— 4
— 5
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Truth Tables of Compound Propositions

EXAMPLE 2

Construct the truth table of the compound proposition (p A =q) = r
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Truth Tables of Compound Propositions

EXAMPLE 2

Construct the truth table of the compound proposition (p A =q) = r
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Truth Tables of Compound Propositions

EXAMPLE 2

Construct the truth table of the compound proposition (p A =q) = r

T R R I S R
R B R R
I R R R R
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Truth Tables of Compound Propositions

EXAMPLE 2

Construct the truth table of the compound proposition (p A =q) = r

T R T R e R T
e T L I R R I B
ol Bl BN BN
— =] T T =] =] T T
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Truth Tables of Compound Propositions

EXAMPLE 2

Construct the truth table of the compound proposition (p A =q) = r

I I BN SR (SR

R T R R R
o = = o =]
o= o o= o =]
= = T om o= = T
oM T T ] ] T
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Truth Tables of Compound Propositions

EXAMPLE 2

Construct the truth table of the compound proposition (p A =q) = r

I I BN SR (SR

T R R I S R
R B R R
I R R R R
= = m om o= = om
oM T T ] ] T
S = IS R e
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Logic and Bit Operations

« Computers represent information using bits. A bit Is a
symbol with two possible values, namely, 0 (zero) and 1
(one).

Truth Value | Bit

King Saud University- College of Science Mathematics Department
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Computer Bit Operations

« We will also use the notation OR, AND, and XOR for
the operators v, A, and &, as Is done In various
programming languages.

TABLE 9 Table for the Bit Operators OR,
AND, and XOR.

X y xXVy XAy xPy
0 0 0 0 0
0 1 1 0 1
1 0 1 0 1
1 1 1 1 0

King Saud University- College of Science Mathematics Department
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it Strings {22/23

 [nformation is often represented using bll) strings, which
are lists of zeros and ones. When this Is done, operations
on the bit strings can be used to manipulate this

Information.

A bit string 1s a sequence of zero or more bits. The length of this string is the number of bits

in the string.

101010011 1is a bit string of length nine.




-" Compound Propositions (23/23)

Example

 FiInd the bitwise OR, bitwise AND, and bitwise XOR of
the bit strings 01 1011 0110 and 11 0001 1101

01 1011 0110
11 0001 1101

11 1011 1111 bitwise OR
01 0001 0100 bitwise AND
10 1010 1011 bitwise XOR
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-" Propositional Logic

Introduction

A IS a declarative sentence (a sentence that declares a
fact) that is either true or false, but not both.

* Are the following sentences propositions?
*Riyadh is the capital of Saudi Arabia. (ves)
*Read this carefully. (No)

*1+42=3 (Yes)
*x+1=2 (No)
*What time is it? (o)

48



DEFINITION

Let p be a proposition. The negation of p, denoted by —p, is the statement
“It is not the case that p.”

The proposition —p is read “not p.” The truth value of the negation of p, —p is the
opposite of the truth value of p.

*Example

* Find the negation of the proposition “Today is Friday.” and express this
In simple English.
Solution: The negation is “It is not the case that today is Friday.”
In simple English, “Today is not Friday.” or “It is not
Friday today.”

49
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* Note: Always assume fixed times, fixed places, and particular people unless
otherwise noted.

*Truth table: The Truth Table for the
Negation of a Proposition.
P P
T F
F T
*

are used to form new propositions from two or more
existing propositions. The logical operators are also called

50
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DEFINITION

Let p and q be propositions. The conjunction of p and g, denoted by
P A Q, is the proposition “p and q”. The conjunction p A g is true when both p
and q are true and is false otherwise.

*Example

*Find the conjunction of the propositions p and q where p is the
proposition “Today is Friday.” and g is the proposition “It is raining
today.”, and the truth value of the conjunction.

Solution: The conjunction is the proposition “Today is Friday and it is
raining today.” The proposition is true on rainy Fridays.

51




DEFINITION

Let p and q be propositions. The disjunction of p and g, denoted by
p v q, is the proposition “p or g”. The conjunction p v q is false when both p
and q are false and is true otherwise.

* Note:

* E.g. “Students who have taken calculus or computer science can take this class.” —
those who take one or both classes.

* E.g. “Students who have taken calculus or computer science, but not both, can
take this class.” — only those who take one of them.

52
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DEFINITION

Let p and q be propositions. The exclusive or of p and g, denoted by p g, is the
proposition that is true when exactly one of p and g is true and is false otherwise.

S

The Truth Table for The Truth Table for
the Conjunction of the Disjunction of
Two Propositions. Two Propositions.
P 4 pPNGg P q PV {4
T T T T T T
T F F T F T
F T F F T T
F F F F F F

53
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DEFINITION

Let p and q be propositions. The conditional statement p — q, is the
proposition “if p, then g.” The conditional statement is false when p is true
and q is false, and true otherwise. In the conditional statement

p — q, p is called the hypothesis (or antecedent or premise) and q is called
the conclusion (or consequence).

Conditional Statements

® A conditional statement is also called an implication.
® Example: “If | am elected, then | will lower taxes.” P—(Q

elected, lower taxes. T T |T

not elected, lower taxes. F T |T
not elected, not lower taxes. F F |T
elected, not lower taxes. T F | F

54



*Example:

* Let p be the statement “Omar learns discrete mathematics.” and q the
statement “Omar will find a good job.” Express the statement p — q as a
statement in English.

Solution: Any of the following -

“If Omar learns discrete mathematics, then he will find a
good job.

“Omar will find a good job when he learns discrete
mathematics.”

“For Omar to get a good job, it is sufficient for him to
learn discrete mathematics.”

“Omar will find a good job unless he does not learn
discrete mathematics.”

55
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*Other conditional statements;
* of p—>q:qg—p
ofp—>q:mg——p
p—q:~p——4q

*

*

56
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DEFINITION

Let p and q be propositions. The biconditional statement p < q is the
proposition “p if and only if g.” The biconditional statement p < q is true
when p and q have the same truth values, and is false otherwise.
Biconditional statements are also called bi-implications.

*p © g has the same truth value as (p — q) A (q — p)

*«if and only if’ can be expressed by “iff”
* Example:

* Let p be the statement “You can take the flight” and let q be the statement
“You buy a ticket.” Then p < q Is the statement

“You can take the flight if and only if you buy a ticket.”

If you buy a ticket you can take the flight.
If you don’t buy a ticket you cannot take the flight.

57



The Truth Table for the
Biconditional p <> g¢.

P q p<> q

T

oo
< T

F
F
T

58
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Truth Tables of Compound Propositions

*We can use connectives to build up complicated compound propositions
involving any number of propositional variables, then use truth tables to
determine the truth value of these compound propositions.

* Example: Construct the truth table of the compound proposition

(Pv™q) —(pAQ).
The Truth Table of (v 7q) — (P A q).

p q | °q | pvrg | pAg | (pv7g —(PAQ)
T T = T T T
T F T T F F
F T F F F T
F F T T F F

59
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Translating English Sentences

*English (and every other human language) is often ambiguous. Translating
sentences into compound statements removes the ambiguity.

* Example: How can this English sentence be translated into a logical
expression?

“You cannot ride the roller coaster if you are under 4 feet
tall unless you are older than 16 years old.”

Solution: Let g, r, and s represent “You can ride the roller coaster,”
“You are under 4 feet tall,” and ““You are older than
16 years old.” The sentence can be translated into:

(ra—s)——q.

60




* Example: How can this English sentence be translated into a logical
expression?

“You can access the Internet from campus only if you are a
computer science major or you are not a freshman.”

Solution: Let a, ¢, and f represent “You can access the Internet from
campus,” “You are a computer science major,” and “You are
a freshman.” The sentence can be translated into:

a— (cv—f).

61
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2.2 Logic and Bit Operations

* Computers represent information using bits.
* A bit is a symbol with two possible values, 0 and 1.

* By convention, 1 represents T (true) and O represents F (false).

* A variable is called a Boolean variable if its value is either true or false.
* Bit operation — replace true by 1 and false by 0 in logical operations.

Table for the Bit Operators OR, AND, and XOR.

X Yy | xvy | XAy Xey
0 0 0 0 0
0) 1 1 0 1
1 o) 1 0 1
1 1 1 ¥ 0)
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DEFINITION

A bit string is a sequence of zero or more bits. The length of this string is the
number of bits in the string.

* Example: Find the bitwise OR, bitwise AND, and bitwise XOR of the bit
string 01 1011 0110 and 11 0001 1101.

Solution:
01 1011 0110
11 0001 1101

11 1011 1111 bitwise OR
01 0001 0100 bitwise AND
101010 1011  bitwise XOR

63
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2.3 Logical Equivalences

DEFINITION

The compound propositions p and g are called logically equivalent if p <> g is a
tautology. The notation p = g denotes that p and q are logically equivalent.

* Compound propositions that have the same truth values in all possible cases
are called

* Example: Show that —p v q and p — q are logically equivalent.

Truth Tables for -pv gand p— ¢.
P q P pv g P—q
T T F T T
T F F F F
F T T T T
F | F T T " T
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* Example: Show that ~(p — q) and pA —q are logically equivalent.

Example: Show that (p A q) — (p v q) is a tautology.

65




DEFINITION 2: The compound propositions p and ¢ are called logically equivalent if

p <> ¢ 1s a tautology. The notation p = g denotes that p and ¢
are logically equivalent.

TABLE 1 Examples of a Tautology
and a Contradiction. - :
TABLE 2 De
P -p PV =p pPA=p Morgan’s Laws.
T F T F —~(pAg)=—pV—gq
F T T F —~(pVg)=—pA—g

66




Eqguivalence _

q Name
prT=p Identity laws
pvF=p
pvT=T Domination laws
pAnF=F
pvp=p Idempotent laws
pApP=Pp
—(-p)=p Double negation law
pvg=qVvp Commutative laws
pAg=qAp
(pvg)vr=pvigVvr) Associative laws

(pAg)Ar=palgAr)

pvigary=(pvg)alpvr) Distributive laws
pAalgvr)=(pag)vipAar)

—~(pAg)=—-pV—q De Morgan’s laws
—(pvVgl=—pAr—gq

pviprg)=p Absorption laws
prlpvg)=p

pv—-p=T Negation laws

pr—-p=F




p—>q=-pVg
P—>q=—q—>—p
pVg=—p—q
pAg=—(p—> —q)
~p>q9)=pr—gq
(p—=g)A(p—=r)=p—>(gAr)
(p—=>r)A(g—r)=(pvg)—r
(p—=q)v(p—=>r)=p—>(gVr)

(p—=>rIVig—=r)=(pArg)—r

peg=(p—>q9Arq—p)
P ="pty
peog=(pAqg)V(—pA—qg)
~pegq)=pe—q

68




-Decide whether the following propositions are tautology or a contradiction or a contingency .

1) (pAg) > (—p = q)

( By rules “ without using the truth tables” )
(pAg)=>(=p —=q) = a(pAqQ)V(p Vqg) ( Conditional Rule )
=-pV aq Vp V(Q ( DeMorgan’s Rule)
=(=pVp)V (g Vq) (Commutative and Associative Rules )

=T v T=T ( Negation Rule)

69




2) [-pA(pVq)] —q

( By rules « without using the truth tables )

[-p A(pVag)]l =q

—|[—|P A(p VQ)] Vq
=pVa(pVvg) Vg
=(pVvgq)V =(pVvq)
T

70

( Conditional Rule)
(DeMorgan’s Rule)
(Commuitative and Associative Riiles )

( Negation Rule )
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