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Q1: Prove or disprove the following:   

I. Let 𝑋𝑋 = {(𝑥𝑥, 𝑦𝑦):𝑦𝑦 = 0} ∪ �(𝑥𝑥,𝑦𝑦):𝑦𝑦 = 1
𝑥𝑥

, 𝑥𝑥 > 0� be a subset of ℝ2 with standard topology. 𝑋𝑋 is 
not connected. 

o True  
o False  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

II. Any subspace of a path connected space is path connected.  
o True  
o False  
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III. The component of any space is closed. 
o True  
o False  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
IV. If a space 𝑋𝑋 has a basis consisting of connected subsets, then 𝑋𝑋 is locally connected. 

o True  
o False  
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V. Any locally path connected space is path connected. 
o True  
o False  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
VI. Let 𝐴𝐴 = (ℝ × 0) ∪ ([0,∞) × ℝ) be a subset of  ℝ2 with standard topology, and 𝑓𝑓:𝐴𝐴 → ℝ be a 

function defined by 𝑓𝑓(𝑥𝑥,𝑦𝑦) = 𝑥𝑥. 𝑓𝑓 is a quotient function but neither open nor closed.  
o True  
o False  
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VII. Let 𝑋𝑋 be a Hausdorff topological space and 𝑋𝑋∗ is the partition of 𝑋𝑋 into disjoint subsets whose 
union is 𝑋𝑋. Then 𝑋𝑋∗ is Hausdorff. 

o True  
o False  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

VIII. ℝ with discrete topology satisfies the first countability  axiom but not the second. 
o True  
o False  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Page 5 of 10 
 

IX. Every normal space is a regular space. 
o True  
o False  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
X. If 𝑓𝑓:ℝ𝑛𝑛 → ℝ𝑚𝑚 is a linear transformation (𝑛𝑛,𝑚𝑚 ∈ ℕ), then for all  𝑝𝑝 ∈ ℝ𝑛𝑛, 𝐷𝐷𝑝𝑝𝑓𝑓 = 𝑓𝑓. 

o True  
o False  
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Q2: 

Let 𝑴𝑴 be an 𝒏𝒏 −dimensional manifold and 𝑵𝑵 be non-empty open subset of 𝑴𝑴. Prove that 𝑵𝑵 is 
an 𝒏𝒏 −dimensional manifold. 
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Q3: 

Let  𝒇𝒇:𝑺𝑺𝟐𝟐 → ℝ  defined by 𝒇𝒇(𝒙𝒙,𝒚𝒚, 𝒛𝒛) = 𝒙𝒙 + 𝒚𝒚 + 𝒛𝒛. Show that 𝒇𝒇 is a smooth function at 𝒑𝒑 =
( 𝟏𝟏
√𝟐𝟐

, 𝟏𝟏
√𝟐𝟐

,𝟎𝟎)  and find all partial derivatives of 𝒇𝒇 at 𝒑𝒑. 
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Q4: 

Let 𝒇𝒇:𝑴𝑴 → 𝑵𝑵 and 𝒈𝒈:𝑵𝑵 → 𝑳𝑳 be smooth functions. Prove that for 𝒑𝒑 ∈ 𝑴𝑴,  𝒈𝒈 ∘ 𝒇𝒇 is  a smooth 
function and, 

𝒅𝒅𝒑𝒑(𝒈𝒈 ∘ 𝒇𝒇) = 𝒅𝒅𝒇𝒇(𝒑𝒑)𝒈𝒈 ∘ 𝒅𝒅𝒑𝒑𝒇𝒇. 
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Q5: 

Let 𝒇𝒇:ℝ𝟒𝟒 → ℝ𝟐𝟐 be a function defined by 𝒇𝒇(𝒙𝒙,𝒚𝒚, 𝒛𝒛,𝒘𝒘) = (𝒙𝒙 + 𝒚𝒚, 𝒛𝒛 − 𝒘𝒘). Show that 𝒇𝒇 is a 
submersion. 
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Q6: 

Let 𝒇𝒇:𝑴𝑴 → 𝑵𝑵 be smooth function and 𝒑𝒑 ∈ 𝑴𝑴. If 𝒅𝒅𝒑𝒑𝒇𝒇:𝑻𝑻𝒑𝒑𝑴𝑴 → 𝑻𝑻𝒇𝒇(𝒑𝒑)𝑵𝑵 is an isomorphism. 
Prove  that there exist open subsets 𝑼𝑼 of 𝒑𝒑 and  𝑽𝑽 of 𝒇𝒇(𝒑𝒑), respectively such that 𝒇𝒇:𝑼𝑼 → 𝑽𝑽 is 
a diffeomorphism.  

 


