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Question I:  [2+3=5 points] 

A. Define a regular curve.

B. Decide which of the following curves is regular, justify your answer.

rregular curve.

(i)

.

(i) 𝛼: (0, ∞) → 𝑅3, defined by 𝛼(𝑡) = (1, ln 𝑡 , 𝑡3).

 

(ii) 𝛽: 𝑅 → 𝑅3, defined by 𝛽(𝑡) = (𝑐𝑜𝑠 𝑡 ,  𝑡2, 𝑡 − 𝑒𝑡).

Question IA IB IIA IIB III 

(i,iii,iv) 

III(ii) IIIC IV Total 

Mark 
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Question II: [4+2=6  points] 

A. Reparametrize the regular curve 𝛼 by its arc length, where  𝛼: (−1,1) → 𝑅3  is defined by

 𝛼(𝑡) = ( 
𝑡

√2
, √1 − 𝑡2,

𝑡

√2
). 

B. Let 𝛼 be a unit speed curve with Frenet-Serret apparatus {𝑘, 𝜏, 𝑇, 𝑁, 𝐵}. Prove that the tangent spherical image

of 𝛼 is a constant curve if and only if 𝛼 is a straight line.
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Question III:  [5.5+2+1.25+1.25= 10 points] 

Let 𝛼: 𝑅 → 𝑅3 be a unit speed curve defined by 

 

𝛼(s) =
1

√3
(sin s +  cos s , cos s −  sin s , s) . 

Then answer the following:  

(i) Compute its Frenet-Serret apparatus. 
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(ii) Deduce that the curve 𝛼 a helix. Find its axis and pitch.

(iii) Find the equation of the rectifying plane to 𝛼(𝑠) 𝑎𝑡 𝑠 = 0.

(iv) Write the vector 𝑣 = (1,0,1) in terms of 𝑇, 𝑁, and 𝐵.
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Question IV: [4 points] 

A. A. Let 𝛼(𝑠) be a unit speed curve with Frenet Serret apparatus {𝑇, 𝑁, 𝐵, 𝑘, 𝜏}. For  𝑘 ≠ 0.  Prove that if the image of 

𝛼 lies in a plane, then the binormal vector field 𝐵 is a constant vector. 
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B. Prove that if 𝛼(𝑠) is a unit speed curve with 𝑘 ≠ 0, 𝜏 ≠ 0,  lying on a sphere, then

 𝜏𝜌 = − [
𝜌′

𝜏
]

′

. 

(Hint: Recall the radius 𝑟 is given by 𝑟2 = 𝜌2 + (𝜌′𝜎)2, 𝑤here 𝜌 is the radius of curvature and 𝜎 is the radius of

torsion). 

          Good Luck 
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