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Question 1:  

i) State the definition of continuous function at a point c. [Definition 6.1] 

ii) State the definition of a right hand limit of a function f at a point c. 

[Definition 5.2] 

iii) Give an example of two functions one of which is not continuous at c 

but the composition is continuous at c. 

Question 2: 

i) Let 𝑓: 𝐷 → ℝ and 𝑐 ∈ 𝐷̂.  Prove that if for any sequence (𝑥𝑛) in 𝐷, 𝑥𝑛 ≠

𝑐 and 𝑥𝑛 → 𝑐 satisfy 𝑓(𝑥𝑛) → 𝑙, then 𝐥𝐢𝐦
𝒙→𝒄

𝒇(𝒙) = 𝒍.  [Theorem 5.1]. 

ii) Let 𝑓: ℝ → ℝ satisfy the relation 𝑓(𝑥 + 𝑦) = 𝑓(𝑥) + 𝑓(𝑦) for all 𝑥, 𝑦.  If 

𝐥𝐢𝐦
𝒙→𝒄

𝒇(𝒙) = 𝒍 for some 𝑐 ∈ ℝ. Prove that f has a limit at every point in 

ℝ. [ Exercise 9 in section 5.2] 

Question 3: 

i) Prove that 𝐥𝐢𝐦
𝒙→𝟎

𝒔𝒊𝒏(𝒙) = 𝟎. [Example 5.8] 

ii) Let 𝑓: 𝐷 → ℝ, 𝑐 an isolated point in 𝐷. Show that 𝒇 is continuous at 𝒄. 

[Note after Definition 6.1] 

iii) Prove that if a function 𝑓 is continuous at a point 𝑐, then so is the 

function √𝑓(𝑥). [Example 6.11]. 

 

Question 4:  

a) Find the limit if it exists. Write all the details 

i) 𝐥𝐢𝐦
𝒙→∞

𝒄𝒐𝒔(𝝅𝒙). 

ii) 𝐥𝐢𝐦
𝒙→𝟎

𝒇(𝒙), where  𝑓(𝑥) = {
𝑥,      𝑥 ∈ ℚ

−𝑥,    𝑥 ∉ ℚ 
. [exercise 5 in section 5.1] 



b) Explain why we cannot find two functions 𝑓, 𝑔: 𝐷 → ℝ for which 𝑓 is 

continuous at 𝑐 but 𝑔 is not continuous at 𝑐. But the sum 𝒇 + 𝒈 is 

continuous at 𝒄. 

c) Explain why we cannot find two functions both are continuous at c, but the 

composition is not continuous at c. 

 


