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Problem 1 [4 marks]:

An insurance company classifies its claims as low if they are under $12000, and high

otherwise. During the year, 80% of its policyholders filed no claims, 16% filed low

claims, and 4% filed high claims. If a policyholder filed a claim, what is the probability

that it was a high claim?

Problem 2 [3 marks]:

Policyholders of an insurance company file claims at an average rate of 0.4 per year.

If the company pays $7500 for each claim, what is the mean claim amount for a

policyholder in a year?

Problem 3: [6 marks]

Let X and Y be two random variables with joint density function:

fXY (x, y) =

⇢
↵xy, for 0  y  x  1,
0, otherwise.

1. Find the value of the constant ↵ so that fXY defines a joint density function.

2. Calculate the joint probability P
�
X  1

2 , Y � 1
4

�
.

3. Find the marginal densities fX(x) and fY (y).

4. Are X and Y independent?

5. Calculate the conditional expectation IE[Y |X = x].

Problem 4 [6 marks]:

Suppose that ⇠1, ⇠2, . . . , are independent identically distributed (i.i.d.) random

variables with common distribution P(⇠i = 1) = p > 0 and P(⇠i = �1) = 1 � p = q,
and consider their partial sum defined by:

8
><

>:

S0 := 0

Sn :=

nX

j=1

⇠j, n � 1.

1. Show that the stochastic process Rn =

⇣
q
p

⌘Sn

defines a martingale, where

(Sn)n�0 is as above. (Justify your answer).

2. Consider the stochastic process Yn := S2
n � ↵n, where (Sn)n�0 is as above but

now with p =
1
2 . Determine for which values of ↵ � 0 this process Yn defines a

martingale.
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Problem 5: [6 marks]

A company manufactures engines. Specifications require that the length of a certain

rod in this engine be between 8.48 cm. and 8.52 cm. The lengths of the rods produced
by their supplier have a normal distribution with a mean of µ = 8.505 cm. and a

standard deviation of � = 0.01 cm.

1. What is the probability that one of these rods meets these specifications?

2. If a worker selects 5 of these rods at random, what is the probability that at

least 4 of them meet these specifications?

3. Suppose that, for some technical reason, the lengths’ distribution of rods has to

be skewed to follow a log-normal distribution with “log-normal” mean 8.50 and

standard deviation 0.012. What is the probability that such a rod meets the

above required specifications? [Hint: recall that if V = eX , whereX ⇠ N(µ, �2
),

then IE[V ] = eµ+
�2

2 and Var(V ) = e2µ+�2
⇣
e�

2 � 1

⌘
].

For negative values use �(�x) = 1� �(x).

### Good Luck ###

2












