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Question 1. [8] Let 𝒯𝑐𝑜𝑓 = {𝑈 ⊆ ℝ | ℝ − 𝑈 is finite} ∪ {∅}.  

1. Show that 𝒯𝑐𝑜𝑓 is a topology on ℝ.  [3] 

2. Describe the closed subsets of (ℝ, 𝒯𝑐𝑜𝑓).      [2] 

3. Is (ℝ, 𝒯𝑐𝑜𝑓) Hausdorff? Justify your answer.     [2] 

4. Is (ℝ, 𝒯𝑐𝑜𝑓) metrizable? Justify your answer.    [1] 

Question 2. [6=6x1] Consider ℝ with the half-closed interval topology ℋ and let 𝐴 = {0,1} and 

𝐵 = [0,1]. Find 𝐶𝑙(𝐴), 𝐶𝑙(𝐵), 𝐼𝑛𝑡(𝐴), 𝐼𝑛𝑡(𝐵), 𝐴′, and 𝐵′.  

Question 3. [6] 

1. Give the definition of a continuous function, an open function, a closed function, and a 

homeomorphism.  [2] 

2. Let 𝑓: ℝ → ℝ be defined by 𝑓(𝑥) = {
1, 𝑥 > 2
𝑥, 𝑥 ≤ 2

     

i. Is 𝑓  𝒰 − 𝒰 continuous? Why.  [2] 

ii. Is 𝑓  𝒰 − 𝒰 open? Why.  [2] 

Question 4. [6] 

1. Show that having a proper nonempty subset that is open and closed is a topological property. 

[2] 

2. Show that (ℝ, 𝒰) is not compact.   [2] 

3. Let 𝑋 = {𝑎, 𝑏, 𝑐} with the topology 𝒯 = {𝑋, ∅, {𝑎, 𝑏}, {𝑐}}. Find a base for the product 

topology on 𝑋 × 𝑋.  [2] 

Question 5. [6] Let 𝑑 be the usual metric for ℝ given by 𝑑(𝑥, 𝑦) = |𝑥 − 𝑦| and define 

𝑒: ℝ × ℝ → ℝ by 

𝑒(𝑥, 𝑦) = min {𝑑(𝑥, 𝑦), 1} 

1. Show that 𝑒 is a metric for ℝ.  [3] 

2. Find 𝐵1
𝑒(1) and 𝐵3

𝑒(2).  [2] 

3. Is 𝑒 bounded? Why?   [1] 

 



Question 6. [8] 

1. Explain what it means for a topological space to be sequentially compact and to be limit-

point compact.  [2] 

2. Show that every sequentially compact space is limit point compact.  [3] 

3. Let ℬ = {{1,2}, {3,4}, {5,6}, … , {𝑛, 𝑛 + 1}, … } and let 𝒯(ℬ) be the topology on ℕ 

generated by ℬ. 

i. Show that (ℕ, 𝒯(ℬ)) is not compact. [1.5] 

ii. Show that (ℕ, 𝒯(ℬ)) is limit-point compact.  [1.5] 


