
Math 343 – 14462, April 21, 2025 Midterm Exam 2 Time: 90 minutes 
Name: Student ID # 

 
Question 1 2 3 4 5 Total 
Grade        

 
 

1. Justify answers and show all work for full credit. 
2. Answer the questions in the space provided. If you run out of room continue on the back of the page.  

 
Q1: Determine whether each statement is true or false and justify your answer. (Choose 4 only)        [8pts] 

1. Every subgroup of 𝑆4 is normal. 
2. There exists a finite group 𝐺  of order 42 with subgroups 𝐻 and 𝐾 such that |𝐻| = 12, |𝐾| = 14 and 

|𝐻 ∩ 𝐾| = 2. 
3. There is a nonabelian group of order 11, 
4. If every proper subgroup of G is abelian then G must be abelian. 
5. The external direct product of cyclic groups must be cyclic. 
6. Let 𝐺 be a group of order 𝑝𝑞, where 𝑝 and 𝑞 are prime numbers, then every subgroup of 𝐺 is cyclic. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

1 False take H 1,1121 13H 431 1123 4113 1131,432

2 False Since I H 121 42 G

3 False Since agroupoforder
11 aprime must becyclic hence

abelian

4 False take G S
Proper Subgroup's

haveorders 1,2 or 3 andallare

cyclic Soabelian

5 Faine take 22 22

6 Falses take G S 15,1 2.3 and S S not cyclic
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Q2: (i) Let 𝐺 = 〈𝑎〉, where |𝑎| = 24. list all generators for the subgroup of order 8.   [3pts] 
        (ii) Show that a group 𝐺 that has more than 𝑝 − 1  elements of order 𝑝 cannot be cyclic. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

i G e a a a If H G and114 8 then H 9287 c a

andthegenerators one a a a's a

ii wewillprove the contrapositive If
G iscyclic thenthe

numberof elements

oforderp one atmost p 1

If pXG1 then Ghas
a zoo

elementsof orderPonddone If P
191 then

Ghas a unique
subgpoforder p and

hence it contains all elements
oforder

P So there will be
at most p i of them
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[3pts] Q3: (i)  Find all elements in 𝐴𝑢𝑡(ℤ24).   
      (ii) Find a cyclic subgroup of ℤ40⨁ℤ30 of order 12 and a non-cyclic subgroup of order 12. 
        

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

il Aut 224 U 24 1,5 7 11 13 17 19,23

1
Tum

Ii Acyclic subgroup of240 230
of order 12 is 10 10

Since 1101 4 in 2goand 1101 3 in 220
3 10,1011 1 c 4 3 12

A non cyclic subgroup of order 12 is given by 203 s

22 Zg It is not cyclic became gea 2,6 1
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[3pts] Q4: Let 𝜙 be a group isomorphism from a group 𝐺, to  a group �̅�, and let 𝐾 be a normal subgroup of �̅�. 
Show that: 

(i) 𝜙−1(𝐾) is a normal subgroup of 𝐺. 
(ii) 𝐾𝑒𝑟(𝜙) is a normal subgroup of 𝐺. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

i Since 9 G G isan isom Thu andK G then c G Thm

Q K G

Let 9eG e p k Tha 7 5EC and yek s t 9151 9
and

9cys x Now 9 5 gigsgig 9 s

9 gys
since 9 is an isom

Sine Kg G 5yg e k 9 5 yy e g k

i pi it soKalpl
Ole's e which is normal in G
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[3pts] Q5: Let 𝐺 be a group and let 𝐺′ be the subgroup of 𝐺 generated by the 

set 𝑆 = {𝑥−1𝑦−1𝑥𝑦|𝑥, 𝑦 ∈ 𝐺} 

(i)  Prove that 𝐺′  is normal in 𝐺. 

(ii) Prove that 𝐺/𝐺′ is Abelian. 

I G'sG fam gEG
and z x y xy then 9251g

x j xy g

g x g gy g gxg g g gx g gy 5 9 5 995

hasthesame form as Z
This generality for productsalso

since

92 Zi Eng 92,5 gag gang

where Zi sixy Eeah gzig is of the desired form

Ii Gi is abelian For any aG bG e GG we have

aG bG b G aGi abG ba G G 5 a ba G ba'batch

and this is true by def of G


