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Question 1  

1. Find 𝛼 so that the set of functions {1, 𝑥 − 1, (𝑥 − 1)2 +  𝛼} is orthogonal on [0,2], and obtain the 

orthonormal set. 
2. Find the pointwise limit of the sequence 

𝑔𝑛(𝑥)  = {
√𝑛, 0 ≤ 𝑥 <

1

𝑛

0,
1

𝑛
≤ 𝑥 ≤ 1

  . 

What about limit of 𝑔𝑛(𝑥) in the space 𝐿²[0,1] ? 

Question 2 Consider the boundary value problem 
𝑥2𝑢′′ + 𝜆𝑢 =  0, 𝑥 ∈  [1, 𝑒],   𝑢(1) = 𝑢( 𝑒) = 0. 

Write the equation in the above problem in Sturm–Liouville form, then find its eigenvalues and 

eigenfunctions on [1, 𝑒] subject to the boundary conditions. Show that the eigenfunctions are orthogonal 

in the space 𝐿² 1

𝑥2
[1, 𝑒]  

 

Question 3  Consider the piecewise defined 𝑓(𝑥): 

𝑓(𝑥)  =   {
𝑥 +

𝜋

2
, −𝜋 <  𝑥 ≤  0

−𝑥 +
𝜋

2
,  0 ≤  𝑥 <  𝜋 

,      𝑓(𝑥 +  2𝜋)  =  𝑓(𝑥), 𝑥 ∈  ℝ. 

(a) Sketch the function 𝑓 on the interval [−3𝜋, 3𝜋]. 
(b) Find the Fourier series representation of 𝑓. 

(c) Find ∑
1

(2𝑛−1)2
∞
𝑛=1  . 

 

Question 4  Consider the function 𝑓(𝑥) = 𝑒−𝑎|𝑥|, 𝑥 ∈  ℝ   
a) Show that 𝑓 ∈  𝐿¹(ℝ)⋂ 𝐿2 (ℝ). 

b) Find the Fourier integral of 𝑓. 

c) Using part b) to find ∫
cos (𝜉𝑥) 

𝑎2+𝜉2

∞

0
 𝑑𝜉. 

Question 5   

a) Prove that the set {𝑃𝑛: 𝑛 ∈ ℕ} is orthogonal in the space 𝐿2([−1,1]) and find ‖𝑃𝑛‖, where. 

𝑃𝑛(𝑥) =
1

2𝑛𝑛!

𝑑𝑛

𝑑𝑥𝑛
((𝑥2 − 1)𝑛), 𝑛 = 0,1,2, … 

b) Expand the function 𝑥2 in terms of Legendre polynomials on the interval [−1,1]. 

c) Consider the Bessel function of the first kind of order 𝜈 

𝐽𝜈(𝑥) = (
𝑥

2
)

𝜈

∑
(−1)𝑚

𝑚! 𝛤(𝑚 + 𝜈 + 1)
(

𝑥

2
)

2𝑚

, 𝑥 > 0.

∞

𝑚=0

 

Show that  
𝑑

𝑑𝑥
(𝑥𝜈𝐽𝜈(𝑥)) = 𝑥𝜈𝐽𝜈−1(𝑥),     𝑥 > 0, 𝜈 ≥ 0. 


