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Answer the following questions.
Q1: [4+4]

Compute the system reliability for the following configuration diagram where each component has
the indicated reliability

a
( ) 0.90
0.97
- 0.95 0.90
0.92
(b) 0.95
0.90 0.95
0.98
0.90 0.95
Q2: [4+4]
(a) Using the differential equations
dp,(t)
=-A t 1
le'g_}(@:/lp,,,l(t)—/lp,,,(t), n=123, .. (2)

where all birth parameters are the same constant A with initial condition X(0)=0,



ﬂt n _—At
Show that p,,(t) :%, n=012,..
n!

(b) Messages arrive at a telegraph office as a Poisson Process with mean rate of 3 messages per
hour.

(i) What is the probability that no messages arrive during the morning hours 8:00 A.M. to noon?

(ii) What is the distribution of the time at which the first afternoon message arrives?

Q3: [4+4]
If X is the life of an item of a product. Find the mean time to failure MTTF, the median z,.,, the
failure rate at 500 hours A(500), and also, determine the probability that the item will survive

until age 500 hours, in each of the following cases.
(a) X ~ Weibull(#, 8) where =15, n=1000

(b) X ~ Lognormal(z, o*) where u=6.908, o =0.317

Q4: [4+4]
(a) For the Markov process {Xt}, t=0,1,2,..,n with states ly, %1l w13, 117,

Prove that: Pr{XO :iO’Xl :7;1,X2 :7;2, ,X" :Zn} P 3 where pjo = Pr{XO :iO}

=P P B B

(b) The random variables &,&,,...are independent and with the common probability mass

function

k= 0 1 2 3
Pric=kl= 01 03 02 04

Set X, =0, and let X = max{gl,...,gn} be the largest & observed to date. Determine the transition

probability matrix for the Markov chain {Xn}

Q5: 8]

A company produces two types of mobile phones, Model A and Model B and that it takes 5 hours
to produce a unit of Model A and two hours to produce a unit of Model B, knowing that the
number of working hours is 900 hours per week. Consider that the unit cost of Model A is $8, and
the unit cost of Model B is $10 and the budget for production per week is $2800. If the profit per
unit of Model A is $3 and the profit per unit of Model B is $2, how many mobiles of each model
are needed to produce per week to make the maximum profit?




Table 1

Standard Normal Cumulative Probability Table

Cumutative probabliities for POSITIVE z-valuss are shown In the following table:

zZ_ | OO0 00T 002z 003 004 005 008 007 008 009

0.7 07530 07511 07642 07673 07704 07734 07764 07794 07823 07852
08 07831 07910 07933 07957 0795 0B023 08051 08078 08105 08133
0.5 051589 03186 08212 068238 03264 0QB203 08315 08340 08365 05388

1.0 08413 03438 08451 08436 03506 08531 08554 03577 08899 Q&1

12 08843 03969 08883 08907 08325 0844 08952 08960 08897 02015
1.3 09032 09045 09066 0932 09039 09115 09131 09147 05162 09177
14 09192 09207 0%222 093 09251 0%65 09279 02 005 0519

15 09332 09345 08357 0970 09382 05394 05406 059418 05429 (Dot
18 09452 09465 09474 09434 09485 09505 09515 09525 08535 (09s4s
17 09554 09564 09573 09532 09591 09599 0908 09516 09625 0933
18 09641 09545 09656 09564 09571 0%78 09636 096553 09693 09706
1.9 09713 09719 Q9726 09732 09738 0974s 09750 09756 05761 O9ms7

20 09772 09778 09783 09788 09723 0998 09803 09808 056812 09617
21 09521 09326 0%630 0934 09338 05842 0S846 03350 085688 057
22 09851 09864 (09668 09671 09375 095878 09881 09884 (05687 09690
23 09533 093% 09695 0901 09904 0%€05 09909 09911 02913 09916
24 09918 09920 0922 0925 09327 0929 09331 09332 09834 09936

25 09938 09540 09541 09843 09345 0945 09228 09349 09851 Q9as2
26 09853 093SS 0956 0957 09959 0960 099651 09962 0963 0.9954
27 09955 09966 0967 0958 0969 0970 0971 09972 09973 09974
28 09974 09975 Q%76 0977 09977 0978 0972 09979 0980 09331
29 09931 09982 09982 09833 09384 (0962 09935 09985 0985 0936

3.0 09937 09987 0987 0938 0968 0989 09339 09969 0.9090 0.9930
31 09930 09991 0991 0991 09982 0992 09932 0992 0993 09933

33 | 0ooas 09995 0995 0999 099% 09995 09996 099% 09995 09997
34 | 09997 09997 02097 09997 09997 09997 09997 09997 09997 09998




Table 2

B,—Bi=T(Q2/B+1)-T*(1/B+1)asa

Function of the Shape Parameter

p B, B, - B
1.0 1.0000 1.0000
1.1 0.9649 0.7714
1.2 0.9407 0.6197
1.3 0.9336 0.5133
1.4 0.9114 0.4351
1.5 0.9027 0.3757
1.6 0.8966 0.3292
1.7 0.8922 0.2919
1.8 0.8893 0.2614
1.9 0.8874 0.2360
2.0 (.8862 0.2146
2.5 0.8873 0.1441
3. 0.8930 0.1053
3.: 0.8997 0.0811
4.0 0.9064 0.0647
5.0 0.9182 0.0442




Model Answer
Q1: [4+4]
(a)

R,, =[1-(1-0.97)(1-0.92)](0.95)[L— (1 0.9)*(1 - 0.95)]
= 0.94725

(b)

We use the decomposition method and we take the component 3 of reliability 0.98 as a pivot
element.

R =[L-(1-0.9)*][L- (1- 0.95)]
=0.987525
R =1—(1-0.9x0.95)(1—0.9x0.95)
=0.978975
© R, =RR" +(L-R,)R"
=0.98x0.987525+0.02 x 0.978975

=0.9874
Q2: [4+4]
(a)
dpo(t) _
dpg_tt(t):/lpnl(t)—lpn(t), n=123, ... (2)

Let X(t) represents the size of the population, and the initial condition is

X(0)=0 = p,(0)=1

= (0)= 1 , n=0
P10 . otherwise



dpy (¢) _
(1)37— Apo(t)
. de(t)z—/Idt
po(t)
Ide(u)——ﬂjd
0 po(u) 0

[In po(“)]; =

In p, () —In p, (0) = -4t
Inp,(t)—Inl=-At, where p,(0) =1

L Inpy(t)=—-At = p,(t) = e 3)

@=28y 0-2p,0 =123 ..

y d]il’—]t(t) +Ap, (t)=Ap,,(t)

Multiply both sides by e*

| L2, 0] =200

g jt[e/“p (t)]=Ap, ., (t)e”

. By separation of variables and Integration from 0 to t, we get

jd e pn(x)] ﬂJ-p L (z)e*dx

[e¥p,(2)], =2 j p, (2)eds
e”pn(t) -p,(0) = ﬂj.pn_l(a:)e”da:, n=1273, ..

t
p, ()= ie’“J.pM(.av)ede, n=12,3 .. (4)
0

which is a recurrence relation



at n=1
t

(@)= p,(t) = 2e [ po(z)e*da
0

wpo(z) =€ fromeq. (3)

t
~p,(t) = ﬁe‘“je‘“e“dm
0

=leM j‘ dz
0
cpy(t) = Ate™ ()
at n=2
(4)=p,t)= ie’“jpl(fv)e“dx
0
“+p,(z) = Aze™™ from eq. (5)

t
~p,(t)=eM I Aze et dx
0
t
=1%" j rdz
0

2 t
() =A% [‘%}

0
(lt)Zefﬂt

T (6)

np,(8) =

lt n -t
From Egs (3), (5) and (6), we can deduce that p,(t) Z%, n=012,..
n!

(b)

(i) For Poisson Process {X t); t= O}, where X (t) is the random variable that represents the
number of messages that arrive at the telegraph office at any time t.
k _—At
Pr{X(s+1t)—X(s) =k} :%, k=012,..
C(@Bx4)’e
o
~6.1442x10°°

- Pr{X(12)- X(8) =0}



where A =3, t=12-8=4and k=0

(i) Consider T is the random variable that represents the time at which the first afternoon
message arrives. Afternoon is the period between 12:00 P.M. and 12:00 A.M. i.e. t € (12,24)

So, we can write
Pr(T > t) = Pr{The first afternoon message arrives after t units of time}

=Pr{X(#)- X(12) =0}
[3(t—12)] e
0!

_ o 312)

Which is the survival /reliability function.
Also,

Pr(T<t)=1-Pr(T > 1)
— 1_ e—3(t—12)

. Pr(T <t)=1-¢*, where x =t -12

which is the cumulative distribution function.

T~ exp(3)

i.e. T ~ exponential distribution with parameter equals 3.

Q3: [4+4]
(a)
For Weibull distribution

MTTF

MTTF =1q F(%H}

=1000 F(i +1j
1.5

=n B
=1000x0.9027
=902.7

The median X 0.50



1B
e
p 1_p
1 115
Tysp :(In (1_0 SOD %1000

=(In 2)"** x1000
=783.2198

The failure rate at 500 hours A(500),

ﬂ(x):f(x)

-
exp[-(%)’]

exp[—(%)"]
p-1

i
77
1.5 [ 500 T‘l

A(500) = =2 x| 22
1000 | 1000

15
—_ v 05 0.5
1000( )

=1.0607x10"° hours
The reliability at 500 hours R (500),

R(x)=exp[-(%)"]

7(@)1.5

— e 1000
=exp| —(0.5)"° |
=0.70219

(b)

For Lognormal distribution

MTTF

MTTF = e*' 12

_ e[6.908+0.5(0.317)2]

=1051.785526



The median X 0.50

z, =exp(u+2,0)

Toso = €XP(u+0x0)
= e

_ (0908

=1000.244751

The failure rate at 500 hours 1(500),

1 Inx —
o
:GX (o2
1_(1{Inx —,u}
O

1 1

g ~(nx —u)?/20?
_ oX 2ro

1_CD[Inx —,U}
(o2

7.258965119x10~*
®(2.19)

_ 7.258965119x107"

- 0.9857

=7.3643x10™* hours

A(500) =

The reliability at 500 hours R (500),

R(x):l—d{lnx_ﬂ}
(o2

_ 1_q{ln500—6.908}
0.317
=1-@[-2.19]
= ®(2.19)
~.R (500) = 0.9857

Q4: [4+4]

10



PI’{XO =ip, X, =1, X, =1y, ... X :in}

=Pr{X, =io, X, =i;,X, =i, .. X, =i, }.Pr{X, =i [X;=io, X, =i, X, =iy, . X, =i}
=Pr{X, =g, X, =i,,X; =iy, ... . X, ; =i,,{.P,_; Definition of Markov

By repeating this argument n —1 times

" Pr{X =ig, X, =i,X, =iy, .. X, =i}

=p; PP, P i P wherep, = Pr{X, =i,} is obtained from the initial distribution of the process.

77777

(b)
For transition probability matrix of a Markov chain

The elements of first row are given by

Pyo =Pr{X,=0}=p,=0.1
Py, =Pr{X,=1}=p,=0.3
Py, =Pr{X,=2}=p

Pys =Pr{X,=3}=p, =04

The elements of second row are given by

P, =0 where X  cannot decrease

P, =Pr{X, =1X, ,=1}=Pr{¢<1}=01+0.3=04
P, =Pr{X,=2X, =1 =Pr{£=2}=0.2
Ps=Pr{X,=3X, =1} =Pr{£=3}=04

The elements of third row are given by

P,,=P,, =0 where X | cannot decrease

P, =Pr{X,=2X,, =2} =Pr{&<2}=0.1+0.3+0.2=06
P =Pr{X,=3X, =2} =Pr{¢=3}=04

The elements of fourth row are given by

P,, =P;, =P,, =0 where X | cannot decrease
P, =Pr{X,=3X,, =3 =Pr{¢<3}=01+03+02+04=1

11



The transition probability matrix will be of the form

o 1 2 3
0/0.1 03 02 04
1/ 0 04 02 04
2 O 0 06 04
3| O 0O 0 1

Q5: [8]
The LP pb. is of form:

max 3z, +2z,
S5z, + 2z, <900
8z, +10x, <2800 =
20, 2,20

The canonical form:

max 3z, + 2z,
Sz, + 2z, + 2, =900
8z, +10z, + z, = 2800

2,20, 2,20
where z, and z, are slack variables.
Let 2,=2,=0 = NBVs= {z,,z,} and BVs = {z;,z,}

z; =900 -5z, — 2z,
= z,=2800- 8z, -10z,
z=0+43z, + 22,
1st dictionary

Let z, be incoming variable (it has a +ve coefficient In the equation for 2 )

Ratio test

900 2800
T, — =180, x,:—— =350
5 8

Min. ratio for

12



. Ty —> outgoing variable
= T, =180-2/5T, —1/5 Ty

T, =1360-34/5T, +8/5 T,

T, =180-2/5T, —1/5 T,
= I, =1360-34/5T,+8/5 T,
Z=540+4/5T,-3/5 Ty

2nd dictionary

Let z, be incoming variable (it has a +ve coefficient In the equation for z )

Ratio test
180 1360
Ty:—— =450, T,:—— =200
215 34/5

Min. ratio forz,

. x, —> outgoing variable
= T, =200+4/17 T3 —5/34 T,

— 2
Ty =180 - £ (200+4/17 Ty —5/34 ) ~1/51,

T, =100-5/17 T, +5/85 T,
= T, =200+4/17 T, —5/34 T,
Z=700-7/17 Ty -2/17 T,

3rd dictionary

Here, we have —ve coefficients for all variables in the z equation, so we should stop.

The optimal solution is z; =100, , =200 where max > = $700
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