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Question 1 

Prove in details that log 𝑧1𝑧2 = log𝑧1 +  log 𝑧2. Is it true that log 𝑧𝑛 = 𝑛 log𝑧, where 𝑛 ≥ 2, justify your 

answer. 

See Book 

Question 2 

Let 𝑓(𝑧) =  |𝑧|2. Prove that 𝑓 is differentiable only at one point. Is 𝑓 analytic? Give reasons. 

 

 

So, using the definition of differentiability I found out that the 𝑓(𝑧) is differentiable at zero. But since it is 

not differentiable in a neighborhood of zero therefore it cannot be analytic at zero and hence is nowhere 

analytic. 

Or, using Cauchy Riemann equations, 

  

 

 

Or, 

 



Question 3 

State Liouville’s Theorem. Use this Theorem to prove that cos 𝑧, is not bounded. Explain why we can’t use this 

Theorem on tan 𝑧.  

 

Note that cos 𝑧 is not constant, but an entire function, hence it is necessary unbounded. For 𝑓(𝑧) =

tan 𝑧 =  
cos 𝑧

sin 𝑧
, we can’t apply Liouville’s Theorem since tan 𝑧 is not analytic for any 𝑧 = 𝑛𝜋, 𝑛 ∈ ℤ. 

 

Question 4 

State and prove the Cauchy’s Residue Theorem. 

See book. 

Question 5 

Find the integral  

∫𝛾
𝑒𝑧𝑑𝑧

𝑧2(𝑧2 + 4)
 

where 𝛾 is the positively oriented circle |𝑧| = 3. 

𝑓(𝑧) =
𝑒𝑧

𝑧2(𝑧2+4)
 has 3 isolated singularities, 𝑧 = 0 is a pole of degree 2 𝑎𝑛𝑑 𝑧 = ±2𝑖 are simple poles  

𝑅𝑒𝑠 𝑧=0(𝑓(𝑧)) =  
1

4
,  𝑅𝑒𝑠 𝑧=±𝑐(𝑓(𝑧)) =  lim

𝑧⟶±𝑐

𝑒𝑧

2𝑧3
, where 𝑐 = 2𝑖, thus 𝑅𝑒𝑠 𝑧=2𝑖𝑓(𝑧) =

 
−𝑒2𝑖

16 𝑖
, and 𝑅𝑒𝑠 𝑧=−2𝑖𝑓(𝑧) =  

𝑒−2𝑖

16 𝑖
, hence ∫𝛾

𝑒𝑧𝑑𝑧

𝑧2(𝑧2+4)
= 2𝜋𝑖 (

1

4
−
1

8
 (
𝑒2𝑖  − 𝑒−2𝑖 

2𝑖
)) =  

𝜋𝑖

2
(1 −

sin 2

2
). 

Question 6 

Find Laurant series expansion of the function 𝑓(𝑧) =  
1

𝑧2−5𝑧+4
  in the annulus 1 < |𝑧| < 4, then use this 

expansion to find the integral  ∫𝛾𝑧
14𝑓(𝑧)𝑑𝑧, where 𝛾 is the positively oriented circle |𝑧| = 2. 

𝑓(𝑧) =  
1

𝑧2−5𝑧+4
=  

1

(𝑧 − 4)(𝑧 − 1)
=  

−1

3(𝑧 − 4)
+

1

3(𝑧 − 1)
 

−1

3(𝑧 − 4)
=  
1

3
 ∑

𝑧𝑖

4𝑖+1

∞

𝑖=0

   𝑓𝑜𝑟 𝑎𝑙𝑙 |
𝑧

4
| < 1, 

1

3(𝑧 − 1)
=  
1

3
∑

1

𝑧𝑖+1
   𝑓𝑜𝑟 𝑎𝑙𝑙 |

1

𝑧
|  < 1

∞

𝑖=0

 , 



𝑆𝑜, 𝑓(𝑧) =  
1

3
 ∑(

𝑧𝑖

4𝑖+1
 +

1

𝑧𝑖+1
)

∞

𝑖=0

 𝑖𝑛 𝑡ℎ𝑒 𝑎𝑛𝑛𝑢𝑙𝑢𝑠  1 < |𝑧| < 4 

𝑧14𝑓(𝑧) =  
1

3
 ∑

𝑧𝑖+14

4𝑖+1
 +
1

3
  (𝑧13 + 𝑧12 + ⋯+

1

𝑧
)

∞

𝑖=0

+ 
1

3
∑

1

𝑧𝑖

∞

𝑖=2

 

Thus, 𝑅𝑒𝑠 𝑧=0(𝑧
14𝑓(𝑧)) =  

1

3
, hence by Residue Theorem, ∫

𝛾
𝑧14𝑓(𝑧)𝑑𝑧 =  

2𝜋𝑖

3
 

Question 7 

Use the Residue Theorem to find 

∫
𝑥 sin 𝑥  𝑑𝑥

𝑥4 + 3 𝑥2 + 2

∞

−∞

 

All roots of 𝑥4 + 3 𝑥2 + 2 are complex, namely ±√2𝑖, ±𝑖. 

Let 𝑓(𝑧) =
𝑧𝑒𝑖𝑧 

𝑧4+3 𝑧2+2
, Take 𝑅 > 2 and consider the two positively oriented contours 𝐶𝑅  as shown in the graph 

Thus, 𝑐0 = 𝑖, 𝑐1 = 2𝑖 are simple poles of 𝑓(𝑧) inside 𝐶𝑅  with residues 

1

2𝑒
,
−𝑒√2

2
 , respectively.  

∫
𝑧𝑒𝑖𝑧  𝑑𝑧

𝑧4 + 3 𝑧2 + 2

𝑅

−𝑅

= 2𝜋𝑖 (
1

2𝑒
− 
𝑒√2

2
) −∫

𝐶𝑅  
𝑓(𝑧)𝑑𝑧 

Note that |𝑓(𝑧)| = |
𝑧𝑒𝑖𝑧 

𝑧4+3 𝑧2+2
|  ≤  

𝑅

(𝑅2−2)(𝑅2−1)
,  thus  

 

|∫
𝐶𝑅  
𝑓(𝑧)𝑑𝑧| ≤

𝜋𝑅2

𝑅4−3 𝑅2+2
  
𝑅→∞ 
→    0, hence  ∫

𝑥 sin𝑥 𝑑𝑥

𝑥4+3 𝑥2+2
= 𝐼𝑚 [ lim

𝑅⟶∞
∫

𝑧𝑒𝑖𝑧  𝑑𝑧

𝑧4+3 𝑧2+2

𝑅

−𝑅
]

∞

−∞
=  𝜋(

1

𝑒
− 𝑒√2)   

Question 8 

Use Residue Theorem to find 

∫
𝑑𝜃

1 + sin 𝜃 cos 𝜃

2𝜋

0

 

Using substitutions, 𝑧 =  𝑒𝑖𝜃, 0 ≤ 𝜃 ≤ 2𝜋, sin 𝜃 =
𝑧−

1

𝑧

2𝑖
, cos 𝜃 =

𝑧−
1

𝑧

2𝑖
  𝑎𝑛𝑑 𝑑𝜃 =

𝑑𝑧

𝑖𝑧
 we obtain 

∫
𝑑𝜃

1+sin 𝜃 cos𝜃

2𝜋

0
= ∫|𝑧|=1

4𝑧 𝑑𝑧

𝑧4+4𝑖𝑧2−1
= ∫|𝑧|=1

𝑝(𝑧)𝑑𝑧

𝑞(𝑧)
, and 𝑞(𝑧) has 4 different zeroes, that is 4 simple poles of  

𝑓(𝑧) =
𝑝(𝑧)

𝑞(𝑧)
.  The only poles inside the unit ball are 𝑐0,1 = ±( (−2 + √3)𝑖)

1

2,  since |𝑐20,1| < 1, with residues; 

𝑅𝑒𝑠 𝑧=𝑐𝑖(𝑓(𝑧)) =  
𝑝(𝑐𝑖)

𝑞′(𝑐𝑖)
=  

1

(𝑐𝑖)
2+2𝑖

=
−𝑖

√3
, hence ∫

𝑑𝜃

1+sin 𝜃 cos𝜃

2𝜋

0
= 2𝜋𝑖 (

−2𝑖

√3
) = 

4𝜋

√3
     

 


