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Question 1

Prove in details that log z;z, = logz; + logz,. Is it true that log z™ = nlogz, where n > 2, justify your
answer.

See Book
Question 2

Let f(z) = |z|%. Prove that f is differentiable only at one point. Is f analytic? Give reasons.

f is differentiable at 0 is simply to observe that

Besides, if zg # 0, then

2
Z — |2
tim P00 || |“(z|+z|)
=n 2 X =z — 20

Now, if z approaches zj along the circle centered at () passing through 2, then the previous limit is 0. And if z approaches 2z along
the ray {)\zn | X € (1,+00) }, then the previous limit is 22 # 0. Therefore the limit does not exist.

So, using the definition of differentiability I found out that the f(z) is differentiable at zero. But since it is
not differentiable in a neighborhood of zero therefore it cannot be analytic at zero and hence is nowhere
analytic.

Or, using Cauchy Riemann equations,

F(2) = |2 = 22 + 32

= u(z,y) = 2* +y* andy(z,y) = 0
Then I started off by checking whether the Cauchy-Riemann equations were satisfied, and got,
Uy = 2T, Uy = 2y

vy =0,v, =0
f(z) can only be analytic at the origin
Or,

f(z) is function of z* since |2|* = 2z* so it is not analytic



Question 3

State Liouville’s Theorem. Use this Theorem to prove that cos z, is not bounded. Explain why we can’t use this
Theorem on tan z.

Theorem 1. If a function f is entire and bounded in the complex plane, then
f(2) is constant througout the plane.

Note that cos z is not constant, but an entire function, hence it is necessary unbounded. For f(z) =
tanz = %, we can’t apply Liouville’s Theorem since tan z is not analytic for any z = nm,n € Z.

Question 4

State and prove the Cauchy’s Residue Theorem.
See book.

Question 5

Find the integral
e’dz
Y z2(z% + 4)

J

where ¥ is the positively oriented circle |z| = 3.

f(2) =

v 2+4) has 3 isolated singularities, z = 0 is a pole of degree 2 and z = +2i are simple poles

Res ,—o(f(2)) = i, Res ,—+o(f(2)) = Zl_i)rgrlciz,where c = 2i, thus Res ,_,;f(z) =

efdz 11 et e i sin 2
? and Res ,—_,if(2) = — hencef m = 2mi (Z ~3 ( . )) =7 (1 - T)

Question 6

Find Laurant series expansion of the function f(z) = in the annulus 1 < |z| < 4, then use this

1
z2—-5z+4
expansion to find the integral f yZ 14 £(2)dz, where y is the positively oriented circle |z| = 2.
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1/ z 1
So,f(z) = §z<4i+1 +F> in the annulus 1< |z| < 4

i=0

1 7t 1 N 1w 1
14 13 12
z"f(2) = 3 — - + +---+—+—E—.
@ 32)41+1 3 <Z ’ z) 3 4 zzl
1= 1=

2Ti

Thus, Res ,-o(2'*f(2)) = %, hence by Residue Theorem, [ y214 f(2)dz = <

Question 7
Use the Residue Theorem to find
f xsinx dx
x*+3x2+2

All roots of x* + 3 x2 + 2 are complex, namely +v/2i, +i.

Let f(2) = m Take R > 2 and consider the two positively oriented contours Cr as shown in the graph
Thus, ¢y = i,c; = 2i are simple poles of f(z) inside Cx with residues ¥
1 —e‘/E ivel
200 5 » respectively.
R .
ze% dz Cr oi
———————=2mi| —— — z)dz
,[z4+322+2 (2 ) fCRf()
-R
< -R 0 R

Note that |f(z)| = Z4+3 =] S (RZ DR thus

oo xsinxdx ze?dz | _ 1 7
|f f(Z)dZ| = R*- 3R2+2 oo O hence [_ 0 x443x242 = Im [;Lr}gof z4+3z2+2] N T[(e )
Question 8
Use Residue Theorem to find

2T
f dae
1+ sin@ cos@
0
, 1 21 4
Using substitutions, z = e, 0<6<2m, sinf = =—Z and df = l—ZZ we obtain

21 4z dz p(z)dz
fo —1+sm9c059 fIZI 1\ Jirai,7 1 f|Z| o, and gq(z) has 4 different zeroes, that is 4 simple poles of

f(z) = p( ) The only poles inside the unit ball are ¢y ; = +( ( 2++3 ) ) since |c 01| < 1, with residues;

_ plep) 1 ae _ 20\ _ 4w
Res Z=Ci(f(z)) - ar(cy - (cp)?+2i \/_’ hencef 1+sin 6 cos 6 = 2m (\/?) V3



