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Question I: [2+3= 5 points] 

A. For the regular curve α: 𝑅 → 𝑅3 defined by: 

𝛼(𝑡) = (2𝑡, 𝑡2,
𝑡3

3
) 

 Find the arc length parameter (arc length function 𝑠 = 𝑓(𝑡) only). 

 

 

 

 

 

 

 

 

 

 

B.  Find the curvature 𝜏 of the curve 𝛼 in part A. 
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Question II: [3.5+1.5=5 points] 

A. For the unit speed curve 𝛼(𝑠) with  

𝑇(𝑠) = (
1

2
√1 − 𝑠,

1

2
√1 + 𝑠,

1

√2
),   |𝑠| < 1. 

Compute 𝑘, 𝑁, 𝐵 and 𝜏 for 𝛼.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

B. Is the curve 𝛼 in A a plane curve? Is 𝛼 a helix? Justify your answer. 
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Question III: [3+1+2=6 points] 

A.  For the unit speed curve defined by  

𝛼(𝑠) = ( sin 𝑠 ,
1

√2
cos 𝑠 ,

1

√2
 cos 𝑠). 

Find the equation of the normal plane and deduce that 𝛼 lies on a sphere by showing that the normal plane to 𝛼 goes 

through a fixed point 𝑥0 ∈ 𝑅3. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

B. When do we say that a curve 𝛽 is an involute of a curve 𝛼? 

 

 

 

 

 

 

 



 

 

4 

 

C. Find an involute 𝛽 of the unit speed curve 𝛼(𝑠) = ( sin 𝑠 ,
1

√2
cos 𝑠 ,

1

√2
 cos 𝑠). 

 

 

 

  

 

 

 

 

 

 

 

 

Question IV: [1.5+2+2=5.5 points] 

A. Let 𝑥: 𝑅2 → 𝑅3 by be defined by 

𝑥(𝑠, 𝑡) = (𝑠, 𝑡2, 𝑡3). 

 Is 𝑥 a simple surface? Justify your answer. 
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B. For any unit speed curve 𝛾(𝑠) = 𝑥(𝛾1(𝑠), 𝛾2(𝑠))  lying on the simple surface 𝑥,  prove that the normal 

curvature is given by: 

𝑘𝑛 = ∑ 𝐿𝑖𝑗

2

𝑖,𝑗=1

(𝛾𝑖)
′(𝛾𝑗)′. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

C. Let 𝑥: 𝑈 → 𝑅3 be a simple surface. Then prove the following: 

𝑔 = ‖𝑥1 × 𝑥2‖2,  

 where 𝑔 = 𝑑𝑒𝑡(𝑔𝑖𝑗) 
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Question V: [6 points] 

Let 𝑥: 𝑅2 → 𝑅3 be the simple surface defined by 

𝑥(𝑢, 𝑣) = (𝑢 + 𝑣, 𝑢 − 𝑣, 𝑢2 − 𝑣2), 

and 𝛾: 𝑅 → 𝑅3 , be defined by 𝛾(𝑡) = 𝑥(𝑡, 0). Then answer the following: 

(i) Compute the geodesic curvature 𝑘𝑔. Is 𝛾 a geodesic? Justify your answer. 

(ii) Compute the normal curvature 𝑘𝑛.  

(iii) Compute the curvature 𝑘 of 𝛾. 
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Question VI: [12.5 points] 

Let 𝑥: 𝑅2 → 𝑅3 be the Monge patch defined by 

𝑥(𝑢, 𝑣) = (𝑢, 𝑣, 𝑢2 + 𝑣2). 

Then answer the following: 

(i) Compute the coefficients of the First Fundamental Form (metric coefficients𝑔𝑖𝑗′𝑠).  

(ii) Compute the Christoffel symbol Γ11
1  and Γ12

1  .   

(iii) Compute the coefficients of the Second Fundamental Form (𝐿𝑖𝑗′𝑠). 

(iv) Find the Weingarten map 𝐿. 

(v) Compute the mean curvature. Is 𝑥 a minimal surface? 

(vi) Compute the Gaussian curvature 𝐾. 

(vii) Show that all points of 𝑥 are elliptic. 

 

 

 

 

 

 

 

                                                                                                                                                                                                     

 

 

 

 

 

 

 

 

 

 

Good Luck        
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