
(a) A stochastic process { }X ; 0,1,2,...n n = is a martingale if for all  𝑛𝑛 ≥ 1, 

(i) 𝐸𝐸|𝑋𝑋𝑛𝑛| < ∞ 
(ii) 𝐸𝐸[𝑋𝑋𝑛𝑛+1|ℱn]  =  𝑋𝑋𝑛𝑛 

 

 

(b) 

For 𝑛𝑛 ≥ 1, 

1- 𝐸𝐸|𝑋𝑋𝑛𝑛|  =  𝐸𝐸|𝑆𝑆1 + 𝑆𝑆2+. . . . +𝑆𝑆𝑛𝑛|  ≤ 𝐸𝐸|𝑆𝑆1|  +  𝐸𝐸|𝑆𝑆2|+. . . . . +𝐸𝐸|𝑆𝑆𝑛𝑛|  < ∞,  
since  𝐸𝐸|𝑆𝑆𝑖𝑖| < ∞ for all i=1,2,…,n. 

 
 
2- 𝐸𝐸[𝑋𝑋𝑛𝑛+1|ℱn] =  𝐸𝐸[(𝑆𝑆1 + 𝑆𝑆2+. . . . +𝑆𝑆𝑛𝑛 + 𝑆𝑆𝑛𝑛+1)|ℱn] 
   =(𝑆𝑆1 + 𝑆𝑆2+. . . . +𝑆𝑆𝑛𝑛)  + 𝐸𝐸[𝑆𝑆𝑛𝑛+1|ℱn] 
   = 𝑋𝑋𝑛𝑛  +  𝐸𝐸[𝑆𝑆𝑛𝑛+1]  

= 𝑋𝑋𝑛𝑛  if and only if  𝐸𝐸[𝑆𝑆𝑛𝑛+1] = 0 . 
 

Therefore, 𝑋𝑋𝑛𝑛 is a martingale if and only if 𝐸𝐸[𝑆𝑆𝑛𝑛] = 0 for all 𝑛𝑛 ≥ 1. 

  

 

 

 

 

 

 

 

 

 

 

 

 

 



The fortune for player A is  $5i =  and the total amount is  $5 $10 $15N = + =  

 p=0.5071  q=0.4929⇒  

{ }0 reaches state 0 before state i nu pr X N X i= =  
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Pr X i ,X i ,X i , ... ,X i

Pr X i ,X i ,X i , ... ,X i .Pr X i X i ,X i ,X i , ... ,X i  

= Pr X i ,X i ,X i , ... ,X i .P   Definition of Markov
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Solving (1) and (2), we get  

 8 11
1 221 21 and u u= =  

Starting in state 2, the probability that the Markov chain ends in state 0 is 

11
2 20 21

0.52            
u u= =

≈
 

Also, the mean time to absorption can be found as follows 
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Solving (1) and (2), we get 

∴The mean time to absorption is 10
1 2 3   v v= =  
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And It’s an absorbing Markov Chain,  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

The Markov chain 0 1 2X ,X ,X , ... represents the day’s weather  

0 1

0 2

 ( 1)  3 / 8
  ( 2)  5 / 8 
pr X p
pr X p

= = =
∴ = = =


 

  The initial probability distribution is [3 / 8 5 / 8]⇒  

To get the prob. of weather will be rainy on 2nd  June: 
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To get the prob. of weather will be rainy on 3rd   June:  
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