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Question 1: 6[3+3]

(a) A Markov chain X, X;, X, ... has the transition probability matrix

o 1 2

0.7 02 0.1
0 06 04
05 0 05

0
P=1
2

Determine the probabilities:
(l) PT{X2=1,X3:1|X1:0}
(b)Let {3, {5, .... be independent Bernoulli random variables with parameter p,

0<p<1.Showthat: X, =1and X, =p™ .....{,, n=1,2,...., defines a non-
negative martingale.

Question 2: 8[5+3]

(a) Suppose that the weather on any day depends on the weather conditions for the
previous 2 days. Suppose also that if it was sunny today but cloudy yesterday, then it
will be sunny tomorrow with a probability of 0.5, if it was cloudy today but sunny
yesterday, then it will be sunny tomorrow with a probability of 0.4, if it was sunny
today and yesterday, then it will be sunny tomorrow with probability 0.7, if it was
cloudy for the last 2 days, then it will be sunny tomorrow with probability 0.2.

(i) Transform this model into a Markov chain, and then find the transition probability
matrix.
(i)  Find the long-run fraction of days in which it is cloudy, and also the long-run
fraction of days in which it is sunny.



(b) Find the mean time to reach state 3 starting from state O for the Markov chain
whose transition probability matrix is:
0o 1 2 3

0)10.3 0.4 02 0.1
p=1{l0 07 01 02
2o o 09 01
3llo 0o o0 1
Question 3: 8[4+4]
(a) Using the differential equations
dp ,(t)
— =1, t 1
TR ()
dp (¢
pﬂ;f():ﬂp"—l(f)_;l,pw(f) n=12.73,.. (2)

where all birth parameters are the same constant A with initial condition X (0) = 0.

Show that

n _—At
pn(t) :%! n:Olllzl"'

(b) A pure death process starting from X (0) = 3 has death parameters u, = 0, u; = 2,
U, = 3 and uz = 5. Determine P,(t) forn =1, 2, 3.

Question 4: 8[4+2+2]

(a) Suppose that customers arrive at a facility according to a Poisson process having a
rate A = 3. Let X(t) be the number of customers that have arrived up to time ¢.
Determine the following probabilities:

(i) Pr{X(2) = 3}.
(i) Pr{X(2) =3 and X(4) = 7}.
(iii) Pr{X(4) =7|X(2) = 3}




(b)Suppose that customers arrive at a clinic according to a non-homogenous Poisson
process having the rate function:
2t+1, 0<t<1,
A(t) =43, 1<t<2,
4t2, 2<t<4,
where t is measured in hours from the clinic's opening time, what is the probability
that 5 customers arrive in the first 2 hours?

(c) Shocks occur to a system according to a Poisson process of intensity A = 2. Each
shock causes some damage to the system and these damages accumulate. Let N(t)
be the number of shocks up to time t, and let Z; be the damage caused by the it"
shock. Then

X(@)=Z1+ -+ Zyy
is the total damage up to time t. Determine the mean and variance of the total

damage at time t when the individual shock damages are exponentially distributed
with parameter a.

Question 5: 10[3+3+4]
(@) Let (B(t))sso be astandard Brownian Motion. Find the number ¢ for which
Pr{B(4) > c|B(0) = 1}.

(b) Show that, for a standard Brownian Motion (B(t)):so With B(0) = 0, and for any
s,t > 0, we have Cov[B(t), B(s)] = min(t,s).

(c) Let (B(t))sso be astandard Brownian Motion, show that the process defined by
W(t) =tB (%) with W(0) = 0, is a standard Brownian Motion too.
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