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 ـــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ ــــــــــــــــــــــــــــــــــــــــــــــــ  

Answer all questions. 
 ـــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ ــــــــــــــــــــــــــــــــــــــــــــــــ  

Q1: 8 pts [4+4] 

(a)  An insurance policy is written to cover a loss X, where X has a uniform distribution on [0, 

2000]. At what level must a deductible be set in order for the expected payment to be 25% 

of what it would be with no deductible? 
 

(b)  A loss random variable has density function  𝑓(𝑥)  = 1 −  𝑥  , for  0 ≤ 𝑥 ≤ 1.  At what 

level should a policy limit be set so that the expected insurer payment is one-half of the 

overall expected loss? 

      Hint: recall the quadratic solution formula 𝑥 =
−𝑏±√𝑏2−4𝑎𝑐

2𝑎
  for  𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 0. 

 ـــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ ــــــــــــــــــــــــــــــــــــــــــــــــ  

Q2: 4 pts [2+2] 

(a) A Markov chain 𝑋0, 𝑋1, 𝑋2, . . .. on states 0, 1, 2 has the transition probability matrix 

                   0     1    2 

    𝑃 =  
0
1
2

‖
0.5 0.2 0.3
0.5 0.1 0.4
0.3 0.2 0.5

‖ 

and initial distributions     𝑝0 = 𝑃𝑟{𝑋0 = 0} = 0.3,      𝑝1 = 𝑃𝑟{𝑋0 = 1} = 0.3,     and   

    𝑝2 = 𝑃𝑟{𝑋0 = 2} = 0.3.  Determine 𝑃𝑟{𝑋0 = 1, 𝑋1 = 0, 𝑋2 = 2}. 

(b)  Let 𝑋𝑛 denote the quality of the nth item produced by a production system with 

 𝑋𝑛 = 0 meaning “good” and 𝑋𝑛 = 1 meaning “defective”. Suppose that 𝑋𝑛 evolves as a 

Markov chain whose transition probability matrix is: 

                   0      1   

    𝑃 =  
0
1

‖
0.4 0.6
0.7 0.3

‖ 

What is the probability that the fifth item is defective given that the first item is good? 
 ـــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ ــــــــــــــــــــــــــــــــــــــــــــــــ  
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 ـــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ ــــــــــــــــــــــــــــــــــــــــــــــــ  

Q3: 10 pts [6+4] 

(a) An airline reservation system has two computers, only one of which is in operation at any given 

time. A computer may break down on any given day with probability 0.3. It takes 2 days to restore 

a computer to normal. There is a duplicate repair facility so that both computers can be repaired at 

the same time. Form a Markov chain by taking states as the pairs (x, y), where x is the number of 

machines in operating condition at the end of a day, and y is 1 if a day’s labour has been expended 

on a machine not yet repaired, and 0 otherwise. 

(i) Find the transition probability matrix. 

(ii) Find the probability in the long run that neither computer is operating. 

     (iii) What is the availability that at least one computer is operating in the long run? 
 

(b) Find the mean time to reach state 3 starting from state 0 for the Markov chain whose 

transition probability matrix is: 

                0        1        2       3 

    𝑃 =  

0
1
2
3

‖

0.3 0.4 0.1 0.2
0 0.2 0.1 0.7
0 0 0.1 0.9
0 0 0 1

‖ 

 ـــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ ــــــــــــــــــــــــــــــــــــــــــــــــ  

Q4: 9 pts [5+4] 

(a)  Suppose that customers arrive at a facility according to a Poisson process having rate 𝜆 =

3. Let 𝑋(𝑡) be the number of customers that have arrived up to time 𝑡. Determine the 

following probabilities: 

(i)   𝑃𝑟{𝑋(2) = 3}.  

(ii)  𝑃𝑟{𝑋(2) = 3 and 𝑋(4) = 7}. 

(iii)  𝑃𝑟{𝑋(4) = 7 | 𝑋(2) = 3}. 

(b) A pure birth process starting from 𝑋(0) = 0 has birth parameters 𝜆0 = 2, 𝜆1 = 4, 𝜆2 = 3 

and 𝜆3 = 6. Determine 𝑃𝑛(𝑡) for  𝑛 = 0, 1, 2. 

 ـــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ ــــــــــــــــــــــــــــــــــــــــــــــــ  

Q5: 9 pts [2+3+4] 

(a) For a Brownian motion 𝐵(𝑡), evaluate 𝑃𝑟{𝐵(8) ≤ 6 | 𝐵(0) = 2}. 

(b) For a Brownian motion 𝐵(𝑡) with 𝐵(0) = 0 and for any 𝑠, 𝑡 > 0, show that    

𝐶𝑜𝑣[𝐵(𝑡), 𝐵(𝑠)] = 𝑚𝑖𝑛(𝑡, 𝑠). 

(c) Define a martingale for a continuous time process, and show that if  𝐵(𝑡)  is a Brownian 

motion , then the process:  

𝑋(𝑡) = 𝐵2(𝑡)  −  𝑡 

is a martingale. 
 ـــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ ــــــــــــــــــــــــــــــــــــــــــــــــ  
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