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Problem 1 [4 marks]:
15% of a company’s life insurance policyholders are smokers, while the rest are non-
smokers. For each smoker, the probability of dying during the year is 0.08. For each
nonsmoker, the probability of dying during the year is 0.02.

1. Given that a policyholder has died during the year, what is the probability that
this policyholder was a smoker?

2. Given that a policyholder has not died during the year, what is the probability
that this policyholder was a nonsmoker?

Problem 2 [3 marks]:
An actuary has discovered that policyholders are five times as likely to file three
claims as to file five claims. If the number of claims filed has a Poisson distribution,
what is the variance of the number of claims filed?

Problem 3 [5 marks]:

1. State the memoryless property for a random variable X.

2. Show that an exponential random variable X ∼ exp(λ) is memoryless.

3. Give a necessary and sufficient condition for a continuous random variable to
satisfy the memoryless property.

4. A piece of equipment is being insured against early failure. The time from
purchase until failure of the equipment is exponentially distributed with mean
10 years. The insurance will pay an amount x if the equipment fails during the
first year, and it will pay 1

2
x if failure occurs during the second or third year. If

failure occurs after the first three years, no reimbursement will be made.

(a) At what level must x be set if the expected payment made under this
insurance is to be 1000?

(b) If supposed to fail after 15 years, what is the probability that the equipment
will fail by 25 years?

Problem 4: [3 marks]
Suppose that the claim severity random variable for an insurance company follows
a lognormal distribution, and the normally distributed exponent has mean 7.75 and
standard deviation 0.7. What is the probability that a claim is greater than $1860 ?
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Problem 5: [6 marks]
Let X and Y be two random variables with joint density function:

fXY (x, y) =

{
α(1− y), for 0 ≤ x ≤ y ≤ 1,
0, otherwise.

1. Find the value of the constant α so that fXY defines a joint density function.

2. Calculate the joint probability P
(
X ≤ 3

4
, Y ≥ 1

2

)
.

3. Find the marginal densities fX(x) and fY (y).

4. Are X and Y independent?

5. Calculate the conditional expectation IE[X|Y = y].

Problem 6 [4 marks]:

1. Let X1, X2, . . . , be independent and identically distributed (i.i.d.) random
variables with IE[Xi] = 0 and Var[Xi] = IE[X2

i ] = σ2. Consider their partial
sum Sn defined as follows:{

S0 = 0,
Sn = X1 + . . . +Xn, n ≥ 1.

Show that Mn = S2
n − nσ2 is a martingale, (Justify your work rigorously).

2. Let X0 = 0, Xn = ε1 + ε2 + . . . εn, n = 1, 2, . . . , where (εj) is an i.i.d.
collection of Bernoulli random variables ∈ {±1} with p = 1

2
. Determine for

which values of α ≥ 0 the stochastic process Yn := eXn−αn defines a martingale.

### Good Luck ###
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