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Question 1: [Marks: (1+2+2) + (1+2)]  
a) Determine whether the following statements are true. Justify your answers. 

i) {(a, b, c) | a, b, c are non-negative real numbers} is a subspace of ℝଷ. 
Solution:  This statement is not true because the set {(a, b, c) | a, b, c are non-negative real numbers} is not closed under scalar  
                   multiplication; for example, take the scaler k = −1.                                                                                                [Mark 1] 

ii) For any fixed matrix Y ∈ 𝑀௡(ℝ), {A∈ 𝑀௡(ℝ) | 𝐴𝑌 = 𝑌𝐴} is a subspace of the vector space 𝑀௡(ℝ) of all real 
matrices of type 𝑛 𝑛 

Solution: This is a true statement because 𝑂𝑌 = 𝑂 = 𝑌𝑂 and (𝛼𝐴 + 𝐵)𝑌 = 𝛼(𝐴𝑌) + 𝐵𝑌 = 𝑌(𝛼𝐴) + 𝑌𝐵 = 𝑌(𝛼𝐴 + 𝐵) for all   
                 𝐴. 𝐵 ∈ {𝐴 ∈ 𝑀௡(ℝ) | 𝐴𝑌 = 𝑌𝐴}, 𝛼 ∈ ℝ.                                                                                                       [Marks 0.5+1.5] 

iii) Any set of five 2 × 2 matrices must be linearly dependent. 
Solution: This statement is true because vector space 𝑀ଶ(ℝ) of all real matrices of type 2 2  is of dimension  4 and so any set  
                  of five 2 × 2 matrices must be linearly dependent.                                                                                           [Marks 1 +1] 

b) Consider the vector subspace W ={p(x) ∈ 𝑃ଶ | 𝑝(1) = 𝑝(2)}  of   𝑃ଶ,  where 𝑃ଶ denotes the vector space of all real 
polynomials in x with degree at most  2 under the usual addition and scalar multiplication. Then:   
i) Show that  𝑃ଶ − 𝑊 ≠ ∅. 

Solution: The polynomial q(x) = 𝑥 being of degree 1 is in 𝑃ଶ but 𝑞(1) ≠ 𝑞(2). Hence, 𝑞 ∈ 𝑃ଶ − 𝑊.                                      [Mark 1] 
 

ii) Show that {1, (𝑥 − 1)(𝑥 − 2)} is a linearly independent subset and explain why it must be a basis for W. 
Solution:  For any 𝛼, 𝛽 ∈ ℝ, 𝛼1 +  𝛽(𝑥 − 1)(𝑥 − 2) = 0 ⟹  𝛼 = 0 (𝑤𝑖𝑡ℎ 𝑥 = 1) and 𝛽 = 0  (𝑤𝑖𝑡ℎ 𝑥 = 0). Hence, the subset  
                  {1, (𝑥 − 1)(𝑥 − 2)} of W is linearly independent.  But, dimW≤ dim𝑃ଶ = 3 by Part b)/i). Therefore, {1, (𝑥 − 1)(𝑥 − 2)}  
                  must be a basis for W.                                                                                                                              [Marks 1+ 0.5+0.5] 
Question 2: [Marks: 3 + 2 + 2 + 2]  

Let B := {𝑢ଵ = (2,1), 𝑢ଶ = (5,2)} and C := {𝑣ଵ =  (1, −2), 𝑣ଶ =  (−3,7)}. Then: 
a) Show that both 𝐵 and C are bases for the vector space ℝଶ. 

Solution: If we construct the matrices 𝐵ሖ   = ቂ
𝟐  𝟓
𝟏  𝟐

ቃ and 𝑪ሖ  = ቂ
   𝟏  − 𝟑
−𝟐      𝟕

ቃ then det(𝐵ሖ ) = −1 and det(𝑪ሖ   ) = 1; so, both the matrices 𝐵ሖ  and  

                 𝑪ሖ  are invertible.; which means that  the sets B and C are linearly independent in the 2-dimensional vector space.  ℝଶ. Hence,  
                 both 𝐵 and C are bases for ℝଶ.                                                                                                   [Marks 2x0.5+2x 0.5+2x0.5] 

b) Construct the transition matrix C𝑃஻ from the basis 𝐵 to the basis 𝐶. 

Solution: C𝑃஻ = [[𝑢ଵ]஼      [𝑢ଶ]஼] = ቂ
17    41
 5      12

ቃ                                                                                                                [Marks 1+ 2 x1] 

c) Use the matrix C𝑃஻ to find the transition matrix B𝑃஼. 

Solution:  B𝑃஼ =  𝑐𝑃஻
ିଵ = ቂ

17    41
 5      12

ቃ
ିଵ

=
ଵ

ିଵ
ቂ
12   − 41
−5        17

ቃ = ቂ
−12       41
     5   − 17

ቃ.                                                                     [Marks 1+ 1] 

d) Find the coordinate vectors [𝑢ଵ]஼ and [𝑣ଶ]஻ by using the matrices C𝑃஻ and B𝑃஼, respectively. 

Solution: [𝑢ଵ]஼ =  𝑐𝑃஻[𝑢ଵ]஻ = ቂ
17    41
 5      12

ቃ ቂ
1
0

ቃ = ቂ
17
5

ቃ   and  [𝑣ଶ]஻ =   𝐵𝑃஼[𝑣ଶ]஼ = ቂ
−12       41
     5   − 17

ቃ ቂ
0
1

ቃ = ቂ
  41
−17

ቃ.            [Marks 1+ 1] 

Question 3: [Marks: 2 + 3 + 3]  

        Let  𝑅𝑅𝐸𝐹(𝐴) = ൦

1   0   1
0   1   1
0   0   0
0   0   0

൪ and 𝑅𝑅𝐸𝐹(𝐴்) = ൥
1   0   1   2
0   1   1   1
0   0   0   0

൩ be the reduced row-echelon forms of               

         a matrix 𝐴  and its transpose 𝐴், respectively. Then, find: 
i) 𝑟𝑎𝑛𝑘(𝐴) and  𝑛𝑢𝑙𝑙𝑖𝑡𝑦(𝐴). 

Solution: 𝑟𝑎𝑛𝑘(𝐴) = 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑛𝑜𝑛𝑧𝑒𝑟𝑜 𝑟𝑜𝑤𝑠 𝑖𝑛 𝑅𝑅𝐸𝐹 (𝐴) = 2. Since 𝑟𝑎𝑛𝑘(𝐴) + 𝑛𝑢𝑙𝑙𝑖𝑡𝑦(𝐴) = 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑐𝑜𝑙𝑢𝑚𝑛𝑠 𝑖𝑛 𝐴 = 3,  
                 we have 𝑛𝑢𝑙𝑙𝑖𝑡𝑦(𝐴) = 3 − 2 = 1.                                                                                                                    [Marks 1+ 1] 

ii) A basis for each of the vector spaces: 𝑐𝑜𝑙(𝐴),   𝑟𝑜𝑤(𝐴),   𝑁(𝐴). 
Solution: The set of non-zero rows in RREF(𝐴்) = {(1,0,1,2), (0,1,1,1} is a basis for 𝑐𝑜𝑙(𝐴).                                            [Mark 1] 
                 The set of non-zero rows in RREF(𝐴) = {(1,0,1), (0,1,1} is a basis for 𝑟𝑜𝑤(𝐴).                                                  [Mark 1] 
                  Since (0,0,0) ≠ (1,1, −1) ∈  𝑁(𝐴) and 𝑑𝑖𝑚 𝑁(𝐴) = 1, {(1,1, −1)} is a basis for 𝑁(𝐴).                                    [Mark 1] 

iii) Three vectors  𝑢, 𝑣 and 𝑤 such that 𝑢 ∈ ℝଷ\𝑟𝑜𝑤(𝐴), 𝑣 ∈ ℝସ\𝑐𝑜𝑙(𝐴) and 𝑤 ∈ ℝଷ\𝑁(𝐴). 
Solution: 𝑢 ≔ (0,0,1) ∈ ℝଷ\𝑟𝑜𝑤(𝐴), 𝑣 ≔ (0,0,1,0) ∈ ℝସ\𝑐𝑜𝑙(𝐴) and 𝑤: (1,0,0) ∈ ℝଷ\𝑁(𝐴).                                [Mark 1+1+1] 
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