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Answer the following questions.

Q1:[3]

The number of accidents occurring in a factory in a week is a Poisson random variable with mean 3.
The number of individuals injured in different accidents is independently distributed, each with
mean 2 and variance 4. Determine the mean and variance of the number of individuals injured in a
week.

Q2: [1+3]

(@) Define a martingale.

(b) Let {;,¢,,45,..... be independent Bernoulli random variables with parameter p, 0<p<1.
Show that X, =1and X,, =p™ {; {,...{,,, n=1,2,..,, defines a nonnegative martingale.
Q3: [3]

Consider a sequence of items from a production process, with each item being graded as good or
defective. Suppose that a good item is followed by another good item with probabilty o« and is

followed by a defective item with probability 1—c. If the first item is good, what is the probability
that the first defective item to appear is the fifth item ?




The Model Answer
Q1:[3]

Let Z=¢& +&,+... +&,, where
N is # of accidents in a week and
&, is # of individuals injured for kth accident.
N ~ Poisson(3), consequently E(N)=3, Var(N)=3.
and -~ E(&) =2, Var(,)=4
S E@Z)=uv=23)=6
and Var(Z) =vo’ + u’r?
=3(4)+4(3) =24

Q2:[1+3]

@)
A stochastic process {X,; n=0,1,2,...}is a martingale if for n=0,1,2,...
() E[|X,[]<oe,
(i) B[ X, .,|Xn X, ]=X,.
(b)
(1) E[IX,|] = E[X,,] = E[p™"{,{, ... (,], and as {;,, are independent,
=p " E[{]- E[G,]
=p"p"=1as E[{] =p,
- E[X,l1=E[X,] =1< oo,
(2) E[Xn+1 |XO' """ 'Xn] = E[p_(n+1) (1(2 "'cn+1|X0' """ ’Xn]
= Elp™¢105 -Gn P a1 Xy e, X
=p 0,0, ., Elp ™11 Xg) o , X1,

as (;(,...¢, are determined by X,,,.....

=P " e G PTUE[ g 1 X gy e X
E[Xn+1|X0' """ 'Xn] = p—nqlcz Cn p_lE[{n+1]> as (n+1 is independent of Xils ’
=p "0 Gy p~'p
B E[Xn+1|XO' """ 'Xn] = P_nﬁ(z (n = Xn'
We have proved from (1) and (2) that X,, defines a nonnegative martingale.

Q3:[3]

 Xn



Pr{X,=G, X;=G, X, =G, X;=D|X, =G|

=Pr{X,=D, X, =G, X; =G, X, =G|X, =G}

=Pr{X, =D|X, =G} -Pr{X, =G| X, =G}-Pr{X, =G| X, =G}-Pr{X, =G|X, =G |
= PenPic

=(l-a)a’

=a’(l-a)

Also, you can solve it as follows.

PiP1P2sP3Pss: Py = Pr(X, =G) =1

= PePecPan, Po =1

=a’(l-a)




