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Answer the following questions:
Q1:[5+3]
a) Given the following joint distribution. Calculate E(X) E(Y) Var(X), Var(Y),

Cov(X,Y) p(X,Y), and verify E(X) using the law of total Expectation.

X 0 1
0 0.1 0.3
1 0.4 0.2

b) The lifetime, in years, of a certain class of light bulbs has an exponential
distribution with parameter 2=2. What is the probability that a bulb selected at
random from this class will last more than 1.5 years? What is the probability that a
bulb selected at random will last exactly 1.5 years?

Q2: [4+4]

a) Given independent exponentially distributed random variables S and T with
common parameter A, determine the probability density function of the sum
R=S+T and identify its type by name.

b) Let X and Y two random variables have the joint normal (bivariate normal)
distribution. What value of a that minimizes the variance of Z=aX+(1-a)Y ?
Simplify your result when X and Y are independent



Q3: [3+3+3]
a) Let X and Y are jointly distributed random variables having the density

function f,, (x,y) :ie'(x’y)‘y forxy>0 find f, (x]y)

b) If T~ exp(2) prove that: pr(T'>t+s|T>s)=pr(T'>t) Vt 520

c) Suppose that a number of miles that a car can run before its battery wears out is

exponentially distributed with an average value of 10000 miles. If a person desires
to take a 9000-mile trip, what is the probability that he will be able to complete his

trip without having to replace the car battery?




Q1:[5+3]
a)
X 0 1 P, (¥)
0 0.1 0.3 0.4
1 0.4 0.2 0.6
P, (X) 0.5 0.5 Sum=1
E(X)=0.5, E(X?)=0.5, Var(X)=0.25
E(Y)=0.6, E(Y?)=0.6, Var(Y)=0.24
E(XY)=0.2, Cov(X,Y)=-0.10, p(X,Y)=-0.4
p
P(X|Y:y): X,Y(X’y)
Py (y)
P(X=0|Y=0) = 01_ 1, P(X=1]Y=0) = 03_3
04 4 04 4
P(X=0|Y=1) = 04 _ 3, P(X=1]Y=1) = 02 _1
06 3 06 3
X|Y 0 1 E[X|Y]
=0 1/4 3/4 3/4
y=1 273 1/3 1/3

E()=3" E(X|Y=y)P, ()

E)= 2Py (0)+ 5Py ()
_3 10e=

EOQ=-, (0.4)+3(0.6)05

b) X ~exp (2)




i) Pr(T>1.5)=¢"° =0.0498
i) Pr(T=15)=0

Q2: [4+4]

a)

S, T~exp(l), R=S+T

. R~ Gamma(2,1)

= () =fgre”

o fe()=2%re™, r>0
Which is the Gamma probability density function.

b) Z=aX+(1l-a)Y

Var(2)=c’c’ +2a(l-a)po o, +(1-a)’c?

To get " that minimizes Var(Z) let (Z—V =0
a

=

o = O} = POyOy

o’ -2poc.c, +0f
For independent random variables X and Y p=0

2

* O
Consequently, " = —5——
Oy +O'Y

Q3: [3+3+3]

a) fxy(x,y)=ie'(X/y)'y for x, y >0



T (XY)
fy (y)

f, (y) = [f(xy) dx

fx\v (X |y) =

ool ] ]
:jie (xly)-y dx
0 Y

y
:LJ.e'X/y dx
Y o

_ ey {e')‘/y T
_7 -y |,
=e”[0+1]

- fo(y) =e?, y>0
Note: lim e™ =0

X—0

fX\Y (x|y) = Lo gor X,y >0
y
b)
pr(T >t+s|T > s) _pr(T>t+5T>5)
pr(T > s)
_prI>1+s)
pr(T > s)
o T~ exp(4)
—A(t+s)
sopr(T>t+s|T>s)= —
=e " = R(1)
=pr(T > 1)

c)

v X~ exp( )
Pr(X>gooo) =09
~ 0.4066



