Second Semester Second Exam King Saud University
(without calculators) Time allowed: 1 hand 30 m College of Science

Monday 20-10-1445 240 Math Math. Department

Q1: (a) Find (w)s, where w=(2,6,2) and S={(1,2,2), (2,4,8), (1,0,0)} a basis of R®.
(3 marks)

(b) Let V=M,, and W is the set of all diagonal matrices matrices of degree 2.
Prove that W is a subspace of V. (3 marks)

Q2: (a) Use the Wronskian to show that 1, e*, x° are linearly independent in the
vector space C*(-o,%0). (2 marks)

(b) show that the set S={(1,1,1), (2,1,2), (1,0,0)} forms a basis for R*. (2 marks)

Q3: (a) If P=H ;

transition matrix from B to B'. (2 marks).
(b) Find a basis for the column space of the matrix:

]. Find two bases B and B' of R?Such that P is the

126 -1
A=1 3 6 1
126 0

and deduce rank(AT) without using the matrix A". (4 marks)

Q4: Let R? be the Euclidean vector space. Show that the function f:RzZxXR2->R
defined by f(u,v)=0 for all u,v€R?Z, is not an inner product function. (2 marks)

Q5(a) If a,bER, then show that (acos(8)+bsin(0))’<a’+b’. (2 marks)

(b) Let v€V, where V is a vector space with a basis S={v4,v,}. Show that we can
write v as a linear combination of the basis vectors in a unique way.

(2 marks)

(c) If u and v are orthogonal in an inner product space, then show that
lu+vIIP=llull®+lIvIi®. (1 mark)

(d) If [lull=llvll=<u,v>=2, then compute d(u,v). (2 marks)



Al(a):
1 2 1|2
2 4 0|6 —2
(=2)Ry3
2 8 0]2
1 2 0
(-DRy 5|0 0 1
(2)Ry3
0 4 0
(1 0 0
(=2)Rg; 5|0 0 1
010

= (W )s = (51 -1, _1)

a 0

A1(b): For all A=[0 by

Solutions:

12 1|2 1 2
00 -2/ 2|—"5/0 0
0 4 -2|-2 0 4

3 1 2 0|3

1|—R 510 0 1|-1

4| 0 1 0/-1

5 10 05

~1|—=>»|0 1 0]|-1

-1 0 0 1]/-1

1- Wis not empty since 0EW

9- A+B =[a+b 0

ka O

3- kA=[ N

0 a + b
]. So KAEW

]. So A+BEW.

],B=[g l?’ and keR:

1, 2 and 3 implies that W is a subspace of V=M,,.

A2(a):

W (x) =

1 e
0 e*
0 e*

X3

3x 2
6X

—Bxe* —3x %e*

W (1) =6e —3% =3 #0

So 1, e*, x* are linearly independent.

A2(b):

1] 2
1]-1
—2| -2



1 2 1 1
1 2 0

So the vectors (1,1,2), (2,1,1), (1,1,0) form a basis for R?.

A3(a):
B={(1,1),(1,2)} and B'={(1,0),(0,1)}

A3(b):
12 6 -1 1 2 6 -1
AzlSGl%)OlOZ
126 0 ? 00 1

Using the leading ones, {[1 1 1], [2 3 2]',[=1 1 0]" }is a basis of col(A).

Now, rank(A')= rank(A) =3.

A4:1((1,1),(1,1)=0, but (1,1)#0=(0,0). So it is not an inner product function.

A5(a): Consider the Euclidean inner product on RZ2. Take the two vectors
u=(a,b) and v=(cos(8),sin(0)). By Cauchy-Schwarz Inequality:

|<u,v>|<llullllvll
or equivalently:
<u,v>*<|lull2]lv]I2
So,
(acos(8)+bsin(0))*=<u,v>’<|lull2]Iv]|2=(a’+b?)(cos?(8)+sin’*(8))= a’+b’
A5(b): Suppose VEV has two expressions:
V =CqVq + Cvy and v = kyvy + kyvy, SO

0= (c1-kq)v1 + (ca-ka)v2



But S = {vy4,v, } is a basis, so it is linearly independent. Thus, c;-k;= ¢c,-k,=0 and
hence c,;=k; and c¢,=k,. Hence v can be written as a linear combination of the

basis vectors in a unique way.
A5(c): Since u and v are orthogonal, then <u,v>=0 and hence:
lU+V]I°=<U+V, U+V>=<U, US+<U,V>+<V, US+LV, V>
=llull*+2<u,v>+lIvII*=llull*+lvII?
A5(d):
(d(u,v))’= lu=vll*=<u—v,u—v>
=<u,u>—2<u,v>+<v,v>=||uIIZ—2<u,v>+||v||2=4—2(2)+4=4

So, d(u,v)=(4)""=2.



