Second Semester First Exam King Saud University

(without calculators) Time: 90 minutes College of Science
Monday 2-8-1445 240 Math Math. Department
Ll 2 5 3
Ql:IfA={1 0 1|and B :[2 3 O}' then find the following:
110
(a) det(A) (2 marks) (b) BB™+1, (2 marks)
(c) tr(A%) (3 marks) (d) adj(A) in details (4 marks)

Q2: Find the inverse of the following matrix by using elementary row
operations: (4 marks)

N NN WD
aa b~ &~ b

W b~ W W

1
1
1

_1 .

Q3: Solve the following linear system By Gaussian elimination: (4 marks)
2X +4X, —2%, =4
X, +3X, +3%, =2
X, +3X, +5%X; =4
Q4: (a) Prove that if a square matrix A has a row of zeros, then |A|=0.
(1 mark)
(b) Prove that if A is an invertible symmetric matrix, then A™ is symmetric.
(1 mark)
(c) If Ais an 2 x 2 matrix such that det(A)=2, then find |2AA'A—"| (2 marks)
(d) Solve the following system by Cramer's rule:

X, +2bx,—-3x, =1
X, +aX,+3dx; =1
X, +mx, +nx,; =1

Where the coefficient matrix of the system is invertible. (2 marks)



Solutions of the first mid-term exam

240 Math
Q1(a):
1 1 2 1 1 1
(-DRy,
det(A)=[1 O 1(1;130 -1 -1=@(D(-2)=2
11 0 0O 0 -2
Q1(b):
. 2 5 3 10
BB +1,= 3|+
2 30 0
3
_[38 19 [1 0]_[39 19
119 13| [0 1| |19 14
Ql(c):
1 1 2|11 1 2
tr(A2)=tr(AA)=tr||1 0 1|1 0 1
11 0|1 1 O
4 3 3
=tr||2 2 2||=4+2+3=9
2 1 3
Q1(d):

Adjoint A is equal to the transpose of the matrix of cofactors C from A, where
C11 C12 C13
C=C, C, C23
C31 C32 C33



Such that

So

and then

0
C, =] de{

R

C,, = (-1)*? de{

[

C,, = (—1)"* det

— 1
[HEN

1

1
C,, = (-1)*" det L

C,, = (1> det

1
=

C,, = (~1)>° det

1
= e

1
C,, = (-1)*" det{

1
Cap = (1) det|

C., = (-1)* det

! =(-D)*(-D)=-1
0|~ ED =
1] 3 B
0|~ VD=1
O— 4
IR

2 3 B
=2
2 =(-D*(-2)=-2
O}—(— )'(-2) =~
NE 1)°(0)=0
1}—(—) ()=
2_- D) =1
AR

2_ 5
|-V -t
1

O} = (- (- =-1

1 1
-2 0
1 -1
-1 2 1



Q2:

1 2 3 41 0 0 O] 1 2 3 41 00 0
1 3 3 40 1 0 0] W= |0 1 0 011 00
[A“]: (1)R13)
1 2 4 40 0 1 0| ¢mRs |0 O 1 01 0 1 O
12 3500 0 1) 0 00 1-10 0 1]
1 0 3 43 -2 0 O] 1 0 0 46 -2 -3 0]
oz, |01 00-1 1 00| 4 |01 00-11 0 0
421) —31)
0010-1010 0010-10 1 0
000 1-1 0 0 1] 000 1-1 0 0 1]
1 0 3 010 -2 -3 -4
0100-11 0 O
(DR :[||Afl]
0010-110 1 0
000 1-1 0 0 1|
(10 -2 -3 -4
A_l_—lloo
-1 0 1 o0
-1 0 0 1
Q3:

We will solve the system by reducing the augmented matrix of the system in
the row echelon form (R.E.F.) and then solving the corresponding system of
equations:

2 4 214 | 1 2 -12

Ry

[Alb]=|1 3 3[2|—2>|1 3 3|2

1 3 5|4 13 54
1 2 -12 1 2 -12
—>§2§ 01 40—"F=510 1 40
) 1 62 00 22
1 2 -12
2% 1o 1 40
00 101

=X, =2-2X, +X5,X, =—4X,,X; =1
=X, =41 =-4,x,=2-2(-4)+1=2+8+1=11



Q4(a):

Suppose A is of order n and the row of zeros is the row number i. Computing
the determinant using the cofactor expansion, we get that:

det(A) = Y a,C, = > 0C, =0
=1 j=1

Q4(b):

From a theorem, we have that

But A is symmetric, so

(A7) =(A)"

Hence

(A7) =(a)"

Q4(c): [2AATA-|=2%|A| |AT| |A-|=4|A||A]|A|-'=4|A|=4(2)=8

Q4(d): Observe that:

1 2b -3 1 2b -3 11 3 1 2b 1
A=|1 a 3 [[A=|1 a 3Ad [=AA,=11 3 [,A;,=|1 a
1 m n 1 m n 11 n m
|A|-‘/—'0:>X1—|A1|—1,X2_|A2|—120,X3:|A3|=l20
|A | |A] [A] A [A]

= (Xl’XZ’X3) :(1’0’0)



